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Abstract. We give a pedagogical overview of exciting quantum phenomena that are unique to two-dimensional
electron solids. The uniqueness arises from the role of the quantum phase that influences various remarkable
attributes such as the relativistic Rashba interaction, the Berry curvature, quantum Hall effect, magnetic oscillation,
etc., which are intimately connected to Landau diamagnetism and the concomitant Aharonov–Bohm phase. These
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1. Introduction
Recent years have witnessed an upsurge of interest in
quantum effects that can be experimentally probed by
the application of an external magnetic field. These
effects are especially dominant at low temperatures
wherein thermal fluctuations cannot mask pure quantum coherence that is linked to the phase of the wave
function. Because a magnetic field induces motion of
electrons in a perpendicular plane, two-dimensional
physics under the influence of an external magnetic field
assumes importance, not only for basic studies but also
for novel technological applications. Curiously, studies
of such electron solids have triggered a strong revival
of excitement in the subject of solid-state physics per
se as was recognised by Nobel prizes awarded to K
von Klitzing (1985) as well as to R B Laughlin, H L
Störmer and D C Tsui (1998), for the quantum Hall
effect; A K Geim and K S Novoselov for graphene
(2010); and D J Thouless, J M Kosterlitz and F D M
Haldane for topological and exotic phases (2016). In
all these instances, two-dimensionality of the underlying materials plays a pivotal role. A two-dimensional
solid, by definition, is a nanomaterial because the third
dimension plays an insignificant role. As such, study
of two-dimensional systems falls within the realm of
0123456789().: V,-vol

nanoscience. Besides, in many of these solids, the spin
and the charge of the electron are ‘entangled’ and
hence, the topic belongs to what is called Spintronics.
While the latter, naturally, has immense technological
applications, our focus in this article is the set of fascinating theoretical ideas which intertwine the novel
properties of these materials. These include: Landau
diamagnetism, Aharonov–Bohm phase, Rashba effect
arising from relativistic spin–orbit interaction, Berry (or,
more generally, the geometric) phase, quantum phase
transitions, quantum criticality, etc. The overarching
factor in all these concepts is that the electrons obey
Fermi–Dirac statistics.
The two systems that will occupy our attention in
this overview are the carbon-based material of graphene
and the sandwiched layer between two oxides. While in
graphene the spin is not the real one but a pseudospin
characterising the occupancy of the electron in one or
the other sublattice sites, the sandwiched oxide material, on the other hand, has a real spin that couples to
a magnetic field arising (relativistically) from the internally generated electric field normal to the layer. We
shall use these two examples to bring out the underlying theoretical issues. We shall further touch upon the
experimental techniques to ascertain how Spintronics
influences transport as seen in planar-Hall resistivity
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and Shubnikov–de Haas oscillation measurements, in
the presence of an applied magnetic field.
We begin in §2 with a textbook-level summary of
Landau levels that occur from the quantisation of
cyclotron motion of electrons. The exotic allotrope of a
carbon-based two-dimensional solid called graphene, is
introduced in §3. In §4, we turn to another effect that has
its origin in the spin–orbit interaction due to the special
theory of relativity. An electric field creates a pseudomagnetic field in a plane normal to the electric field.
This magnetic field has a further Zeeman coupling to the
intrinsic spin of the electron leading to what is called the
Rashba interaction. The resultant effect yields a Berry
phase – discussed in §5 in terms of two-level quantum
systems – which is applicable to graphene and Rashba
materials. The omnipresent influence of the Fermi statistics is reviewed in §6. The underlying Berry phase of
Rashba-coupled materials is however independent of the
Landau physics. On the other hand, by combining the
two effects, as can be imagined by aligning the Landau
magnetic field with the Rashba electric field, we arrive at
fascinating new physics, which is treated in §7. In §8, we
highlight the significant role of the quantum phase that
has two distinct components, the Berry phase and the
Aharonov–Bohm phase, and put them in the context of
experimental investigation of Shubnikov–de Haas oscillations, in §9. Our principal conclusions are summarised
in §10. The article is written, in style and contents that
should be accessible to university students, who have
had courses in quantum and statistical mechanics.

2. Landau levels
If an electron (of charge −ve) is subjected to a magnetic
field B along the Z-axis, it starts circulating in the XYplane (in the so-called cyclotron orbit). Classically, by
balancing the Lorentz force with the centripetal force,
we obtain [1]
ev B/c = m e v 2 /a,

(1)

where m e is the free mass of the electron, v its speed,
a is the radius of the circle, c is the speed of light.
Quantum mechanics, however, tells us that not all
orbits are allowed as they are discrete, i.e. both v and
a must be quantised. The corresponding quantisation
conditions can be simply derived by invoking the Bohr–
Sommerfeld relation:
˛
dq · p = ( j + 1/2)h, j = 0, 1, 2, . . . ,
(2)
where j is a quantum number and h is the Planck constant. However, the canonical momentum p differs from
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the ‘mechanical momentum’ m e v by
p = m e v − e A/c,

(3)

where A is the vector potential, the curl of which yields
the magnetic field B. Since v in a circular orbit is always
tangential to dq, eq. (2) leads to
˛
m e v 2 πa − e/c dq · A = ( j + 1/2)h,
(4)
whereas by the Stokes theorem
˛
‹
dq · A =
dS · ∇ × A = Bπa 2 = ,

(5)

the total magnetic flux. Eliminating v from eq. (1), the
quantised radius is given by
a 2j = (2c/eB)( j + 1/2)h̄.

(6)

On the other hand, eliminating aj we obtain the quantised velocity as
v 2j = (2eB/cm 2e )( j + 1/2)h̄,

(7)

and correspondingly, the quantised energy is given by
 j = 1/2m e v j 2 = ( j + 1/2)h̄ω,

(8)

where the cyclotron frequency ω is defined by
ω = eB/m e c.

(9)

Inside a solid, the electron acquires an ‘effective mass’
m* that differs from m e . Consequently, we shall replace
ω by ω∗ . Equation (8) yields discrete Landau levels,
which are reminiscent of the energy levels of a onedimensional quantum harmonic oscillator, separated by
a constant energy h̄ω∗ , with a caveat though. The caveat
is, what a continuously distributed energy spectrum in
two-dimensional space was: ( px2 + p 2y )/2m e , has now
been split into a set of discrete levels. Therefore, each
energy level must have arisen from free-particle-like
states, i.e., must be degenerate, unlike a one-dimensional
oscillator. Another physical way to understand the
degeneracy η is to realise that the centre of a cyclotron
orbit with a given radius (and hence, energy) can be
found anywhere in the two-dimensional enclosure of
area S. Therefore, η must equal the number of cyclotron
orbits that we can fit into the area S:
η = S/πa 2 ,

(10)

where, for the square of the radius of the orbit we may
substitute the difference a 2j+1 − a 2j , realising that η is
independent of j. From eq. (6) then,
η = SeB/ch.

(11)

The striking feature of the degeneracy factor η is that it
increases with both the size of the system S as well as
the strength of the B-field, with remarkable consequence
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for orbital magnetism [2]. It is also interesting to note
that η can be expressed as the ratio
η = φ/φ0 , φ0 = hc/e,

(12)

where φ is the magnetic flux through the area S, φ0
is the flux quantum. It is noteworthy that what we are
discussing here is the diamagnetic response of a collection of independent (i.e., non-interacting) electrons in a
two-dimensional region [3]. It is clear that a circulating
charge is akin to an electric current which, on the flipside, must create a magnetic moment that is however
opposed to the external field along the Z-axis (Lenz’s
law). We can get an estimate for the ‘diamagnetic field’
by looking at the ground-state (or zero-point) energy
which has no classical counterpart. Interpreting 0 in
eq. (8) as the Zeeman energy in a fictitious magnetic
field, albeit along the same axis (denoted by BD where
subscript D stands for diamagnetic), we have
1/2h̄ω = 1/2gμB BD .

(13)

Here g is the g-factor and μB is the Bohr magneton given
by
μB = eh̄/2m e c.

(14)

This allows BD to be written as
BD = B(2m e /gm ∗ ).

(15)

Until now, we have ignored the intrinsic spin σ that
creates paramagnetic response. Incorporating the latter,
the net ground-state energy can be rewritten as
0 = −1/2gμB (B − BD ),

j = 0,

(16)

where the subtraction takes cognizance of the fact that
the diamagnetic field BD opposes the external field B. It
is convenient to re-express eq. (15), a la Bychkov and
Rashba [4] as
0 = h̄ω∗ δ,

(17)

where
δ = 1/2 − gm ∗ /4m e .

(18)

Before concluding this section, it is pertinent to mention
that Landau diamagnetism discussed here is intimately
related to the quantum phase called the Aharonov–
Bohm (AB) phase that arises from the modification
of the canonical momentum p by the vector potential
A. The AB-phase, reviewed recently [5] in conjunction
with the Berry phase, will be discussed in the forthcoming sections.
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3. Graphene – A wonder laboratory
Graphene is a material of the future with remarkable
properties of immense technological significance [6].
It is an allotrope of carbon (C) in the structure of a
single layer of C atoms, each on the vertex of a hexagonal (honeycomb) lattice. Graphene is blessed with such
extraordinary attributes as (i) mechanical strength – it
is one hundred times stronger than the strongest steel;
(ii) unusual transport – it is a highly efficient conductor of both heat and electricity; (iii) magnetism –
graphene has large and nonlinear diamagnetism facilitating levitation; (iv) catalysis – a single-layer graphene
is hundred times more chemically reactive than thicker
sheets; (v) biomaterials – it is an extremely sensitive biosensor, just to name a few. It is not surprising
then that graphene has captured the imagination and
inquisition of today’s internet-savvy high school and
undergraduate students. Yet, it is fascinating to note
that all the material characteristics of graphene are the
outcome of basic quantum mechanical principles – nonrelativistic as well as relativistic. Quantum mechanics
is generally considered to be an abstruse topic being
far-removed from the day-to-day reality of the ‘classical’ world. Given the curiosity that graphene has
generated amongst the youth, is it possible to channelise this excitement to arouse heightened awareness
of the subject of quantum mechanics? We shall see
that we can build up the story by starting from fundamental quantum chemistry that is taught to today’s
Class XI students and construct, step-by-step, a pathway to modern ideas of quantum condensed matter
[7,8].
A C-atom has six electrons which can be configured
as 1S 2 2S 2 2P2 . Here the first entry (1 or 2) stands for
n = 1 or 2, n being the principal quantum number. S and
P represent l = 0 or 1 respectively, where l is the orbital
quantum number. In writing this, we have tacitly incorporated wave–particle duality – the electrons are not just
point particles, they are in extended wave function states.
In addition, the superscript 2 implies that we can put two
electrons of opposite spins in the same quantum state
without violating the Pauli exclusion principle. Now the
two 1S 2 electrons are closest to the C-nucleus, and are
therefore called the ‘core electrons’. They do not participate in any solid-state phenomenon, and hence can be
ignored for all practical purposes. That leaves us with
four, which are called ‘valence electrons’ in the 2S 2 2P 2
orbitals. However, the two 2P 2 electrons can lower their
Coulomb repulsion energy by admitting themselves into
separate magnetic quantum number m-states, such as in
this case 2Px1 2Py1 , yielding the 2S 2 2Px1 2Py1 configuration for the four valence electrons [9].
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There is however a catch – this configuration would
imply divalency of C which is actually tetravalent, as
evidenced by the existence of methane (CH4 ). The resolution of this dilemma derives from what is called
‘promotion’ – one of the electrons in the 2S orbital can
be promoted to the still available 2Pz orbital [9]. At first
sight, it may appear that promotion would cost energy
but that is more than offset by the gain in Coulomb repulsion by physically separating the two electrons. Thus,
we arrive at the configuration, 2S 1 2Px1 2Py1 2Pz1 , for the
four valence electrons. Note that the choice of the X,
Y and Z-axes is quite arbitrary, but once made, X- and
Y -axes constitute a plane with the Z-axis perpendicular
to it. What is astonishing is that the chosen XY -plane
will turn out to be the defining layer of graphene, due
entirely to the quantum origin of bonding. A further
point to note is that because the singly occupied orbitals
2S 1 , 2Px1 , 2Py1 and 2Pz1 represent four distinct quantum
states, there is no issue with the Pauli exclusion principle – the four electrons are to be assigned the same
intrinsic spin (up or down). This empirical observation
is called Hund’s rule which reflects spin correlation –
electrons with parallel spins behave as though they have
a tendency to stay apart causing less repulsion. Thus, as
far as the intrinsic spin is concerned, it is just a trivial
label, merely for the purpose of book-keeping [7,8].
From single C-atom to graphene as is already implicit,
the wave nature of the electron makes it lose its identity – we cannot say for sure which electron belongs to
which orbital. This loss of identity can be further appreciated by what is referred to as ‘hybridisation’ – the three
electrons in the 2S 1 2Px1 2Py1 orbitals can go into three
superposed states yielding sp2 hybridisation a, b and c:
√ 
 2 
 √
sp = |2S − 2 2Py
3
a

 2 
√
 √  √
sp = |2S + 3 |2Px  + 2Py / 2 / 3
b

 2 
√
 √  √
sp = − |2S + 3 |2Px  − 2Py / 2 / 3.
c
(19)
It may be emphasised that the notation sp2 has nothing
to do with our earlier used notation for the orbitals, at
the beginning of this section. Here sp2 simply implies
hybridisation of one S electron with two P electrons,
pictorially illustrated in figure 1a. The unhybridised P
orbital is along the Z-axis, perpendicular to the plane in
which the three hybrids lie, as shown in figure 1b.
We now answer the question: what happens when two
C atoms are brought together [6]? The pattern of a C=C
double bond is shown in figure 2 (Upper). An sp 2 hybrid
on one C-atom (a, b or c, in eq. (19)) overlaps with
its neighbour to form a σ bond, and the remaining sp 2
hybrids form bonds with neighbouring C-atoms, all at an
angle of 120◦ with each other [6]. It is interesting to delve
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Figure 1. (a) Three sp 2 orbitals depicted by eq. (19) of the
text and (b) unhybridised p-orbital normal to the XY -plane in
which the three sp 2 hybrids lie.

Figure 2. C–C double bond, in which a sp 2 hybrid of one
C-atom overlaps with its partner in the neighbouring site
to form a σ -bond. This facilitates the two unhybridised 2p
orbitals to come together to form a π -bond.

into the nomenclature of the sigma (σ ) bond – sigma is
the Greek equivalent of S, implying that the underlying
bond has cylindrical symmetry around the internuclear
axis and it resembles a pair of electrons in an S orbital
when viewed along the internuclear axis. The formation of the C–C σ -bond brings the two unhybridised 2P
orbitals into a position where they can overlap to form a
π -bond. Again, it is called so because, viewed along the
internuclear axis, a π -bond resembles a pair of electrons
in the P orbital, and π is the Greek equivalent of P [9].
It is indeed fascinating to realise that it is the 120◦
orientations of the three (strongly) σ -bonded pairs of
neighbouring C atoms which lead to the honeycomb
structure of planar graphene in which each C atom finds
itself surrounded by three other nearest-neighbour C
atoms at the vertices, indicated by pink and green alternately, of an equilateral triangle (figure 3). Once the
structure is in place, it is the lone 2P z electron of a C
atom that can π -bond with a similar 2P z electron of a
neighbouring C atom. Again, Hund’s rule suggests that
the two π -bonded electrons have the same spin [9]. As
it turns out, it is the weakest bound π electron that is
responsible for all the spectacular properties of graphene
[10,11].
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Figure 3. Honeycomb lattice formed by carbon atoms in
graphene.

Figure 5. Top view of electronic energy dispersion of
graphene as shown in figure 4.

H = −t i[A]| j[B] (|+i[A] −| j[B]
+ |− j[B] +|i[A] ),

Figure 4. Left part is the electronic energy dispersion of
honeycomb lattice in graphene and in right, zoom view of a
single Dirac point of the energy band.

3.1 Tight-binding approximation (TBA)
Given this background, we now focus on the hexagonal
structure of graphene comprising two interpenetrating
lattices of equilateral triangles (figure 3). These two sublattices are denoted by A (say, pink) and B (say, green).
An electron at the site A can tunnel to the site B, with
allowance for only nearest-neighbour hops. The phrase
‘hop’ is only loosely used here – in quantum mechanical terms there is overlap of the wave function of the
electron between A and B sites. A delocalised electron
is neither at an A site nor at a B site – it is in a mixed
superposed state. If the electron is at the ith site of the Asublattice, we designate the quantum state by the Dirac
ket |+i A ; on the other hand, an unoccupied state is
denoted by |+ j[A] . The mixed states are the symmetric
and antisymmetric combinations akin to the ‘bonding’
and ‘antibonding’ states of Pauling [7,8]:
√
|Sym = (|+ + |−) / 2,

√
|AntiSym = (|+ − |−) / 2.

(20)

Using projection matrices, we can now write down a
Hamiltonian in the TBA as follows [7,8]:

23

(21)

where t is just an energy parameter depicting tunnelling.
As stressed earlier, the intrinsic spin does not enter into
H and is therefore not indicated here. The translational
periodicity of the two-dimensional layer of graphene can
be exploited to obtain for the eigenvalue of the Hamiltonian, for each value of the wave vector k, as
k = ± |t (k)|2 .

(22)

The two energy branches reflect the particle–hole symmetry of graphene, akin to the particle–antiparticle
symmetry in Dirac theory. Explicit expressions for k
can be computed which, when plotted, lead to figure 1, in
which the positive branch refers to the conduction band
while the negative branch refers to the valence band. In
correspondence with the fact that the π -electron belongs
to the half-filled 2Pz1 orbital, the valence band is completely filled while the conduction band is completely
empty. However, as will be discussed in the next section, the valence and the conduction bands touch at two
distinct points in the wave vector space called the K and
K  points, where the band gap goes to zero (figure 5).
For this reason, graphene behaves like a semimetal.
3.2 Graphene as a Dirac solid
For all solid-state properties such as heat capacity, electrical conductivity, resistivity, etc. electrons have to be
promoted to the conduction band. The process, evidently
facilitated near the K and K  points, is exemplified in
figure 5. In addition, the low-temperature properties of
graphene would be dictated by low-wave vector excitations. Hence, it makes sense to expand the energy t (k)
near K and K  . In order to carry out this exercise, we
write down below the lattice vectors with reference to
figure 3, and in terms of the basic lattice parameter a
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(∼ 0.14 nm) [7,8,10,11]:
√
√
a
a
a1 = (3, 3), a2 = (3, − 3).
2
2
The corresponding reciprocal lattice vectors are
√
√
2π
2π
(1, 3), b2 =
(1, − 3).
b1 =
3a
3a
It is easy to check that
am · bn = 2π δmn ,

(23)

4. Rashba coupling – Another relativistic story
(25)

Finally, the two special points K and K  are given by
√
√
2π
2π
(1, 1/ 3), K  =
(1, −1/ 3).
K =
(27)
3a
3a
With this machinery at hand and by writing k = K + q,
and expanding to the lowest order in q, we arrive at
(28)

with an effective Hamiltonian:
HK (q) = v(σ · q),

(29)

σ being Pauli matrices. A similar exercise around the
K  point yields
HK  (q) = v(σ ∗ q).

of relativistic quantum mechanics which have so far
eluded experimental verification in high-energy physics
and cosmology, can now find justification in the downto-earth laboratory of graphene.

(24)

δmn being a Kroenecker delta. The three nearestneighbour vectors are
√
√
a
a
δ1 = (1, 3), δ2 = (1, − 3), δ3 = a(−1, 0).
2
2
(26)

t K (q) = v(qx − iq y ), v = 3π ta ,

(2022) 96:23

Pramana – J. Phys.

(30)

Here v, which has the dimension of velocity, is estimated
to be one-three hundredth of the speed of light. In conclusion, the focus in this section has been an attempt
to reach out to students on an apparently abstract subject of quantum mechanics through the exotic material
of graphene. Most of the quantum mechanical concepts
employed here are there in the high school Plus-two syllabus, albeit scattered. For instance, ideas on orbitals,
bonding, Schrödinger equation, electron spin etc. find
places in chemistry, rudimentary notions of special relativity in physics, while matrices appear in mathematics.
Bringing all these themes together in the context of
graphene also exemplifies the importance of interdisciplinary research in materials science. Finally, it ought
to be stressed again, that calling graphene a Dirac solid
is metaphorical – the actual electrons in graphene neither have zero mass nor do they travel with the speed of
light. It is just that the so-called dispersion relation of
energy and momentum, which has its origin in the special honeycomb structure of graphene, that itself owes
its existence to hybridised orbitals in a carbon atom,
makes the analogy with massless Dirac theory a fascinating reality. What is amazing is that certain predictions

We now turn to a different example of a two-dimensional
electronic solid that is characterised by the so-called
Rashba interaction. Recall that in the special theory of
relativity, an electric field E in the laboratory creates, in
a Lorentz frame moving with a velocity v, a magnetic
field B L given by [1]
B L = (v × E)/c2 ,

(31)

v being the speed of light. If the E-field points along
the z-axis of the laboratory, the B L -field would lie in
the xy-plane. Further, the B L -field is perpendicular to
the velocity v(= h̄k/m e ), that also lies in the xy-plane
for a two-dimensional solid. Consequently, the Zeeman
coupling between B L and (now the real) spin σ – the
reason behind spin–orbit coupling in free atoms [1] –
can be cast in the form of
Hz = h x σx + h y σ y ,
h x = −αq y ,
h y = αqx ,
α = h̄ E/m e c2 ,

(32)

σ being Pauli matrices. Once again, like the Dirac solid
of graphene, the two energy eigenvalues λ± = ±α|q|,
and the energy eigenfunctions turn out to be
√
|↑q = 1/ 2
√
|↓q = 1/ 2

1 
,
i exp iϕq
1 
.
−i exp iϕq

(33)

If we additionally apply a magnetic field B0 at an angle
θ with the z-axis, the energy eigenvalues become λ± =
2
±( B0 + α 2 |q|2 )1/2 , implying that the spectrum has a
gap at the Dirac point |q| = 0, with a gap energy that
equals 2 B0 . The energy eigenfunctions are
|u +  =

cos ϑ2
i exp (iϕ) sin ϑ2

sin ϑ2
−i exp (iϕ) cos ϑ2
tan ϑ = α|q|/B0 .

|u −  =

,
,
(34)
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Clearly, for θ = π/2, these eigenfunctions reduce to
eq. (31). We find instances of such Rashba-coupled systems in the XY -planar interface of certain hetero-oxides
wherein polarity mismatch can create an electric field
E in a direction perpendicular to the XY -plane [12].
Adding the free electron Hamiltonian to eq. (30) we
have
H = p 2 /2m e + α( px σ y − p y σx ),

(35)

where the Rashba coupling strength α has been defined
in eq. (30). (The slanted notation, in addition to bold
letters – reserved for vectors – underscores the fact that
the concerned quantities are quantum operators.) The
energy eigenvalues are
E λ = h̄ 2 k 2 /2m e + λh̄α|k|,

(36)

where the so-called band index λ can be +1 or −1.
The corresponding eigenfunctions can be written as (cf.
eq. (31))
√
|λ = 1/ 2

1  · 1/L exp(ik · q).
iλ exp iϕq

(37)

Here exp(ik · q) is the familiar plane-wave solution of
the free-particle Schrödinger equation appropriate for
the first term of the Hamiltonian in the right-hand side
of eq. (31). The wave function is properly normalised in
an area L 2 of the underlying two-dimensional plane.

5. The Berry phase
Before we introduce this enigmatic topic, it is useful to
consider a generic two-level problem [13]. Imagine a
spin-1/2 particle subjected to a three-dimensional magnetic field, characterised by its magnitude h and the polar
angles ϑ, ϕ. The Hamiltonian reads as
H = (h x σx + h y σ y + h z σz ),
h = (h 2x + h 2y + h 2z )1/2 ,
h x = h sin ϑ cos ϕ,
h y = h sin ϑ sin ϕ,
h z = h cos ϑ.

(38)

It is a matter of a small exercise to verify that the following are the eigenfunctions of H:
|↑ =
|↓ =

exp (−iϕ) cos ϑ2
sin ϑ2
exp (−iϕ) sin ϑ2
− cos ϑ2

,
,

(39)
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corresponding to the energy eigenvalues +h and −h,
respectively. It is interesting to note that (cf. eq. (31))
|↑ = exp(−iϕ)|u + ,
|↓ = exp[−i(ϕ + π )]|u − .

(40)

Further, the eigenvalues are identical to that of the
problem treated earlier in §4 if we identify h with
(B02 + B 2 )1/2 . Indeed, |u +  and |u −  could have equally
well served as the eigenfunctions of H ! This flexibility in the choice of the wave functions is what is
called the gauge freedom, wherein lies the mystery of
the Berry phase, much akin to the Aharonov–Bohm
phase of electromagnetism, in combination with quantum mechanics [13]. Thus, although the problems posed
by eqs (32) and (38) refer to two distinct physical contexts of a spin: (i) in a magnetic field B0 along the
z-axis and another field of magnitude B in the XY plane at an azimuthal angle ϕ, exhibiting cylindrical
symmetry and (ii) in a field of magnitude h, arbitrarily
oriented in three-dimensional space, the two problems
are mathematically equivalent. The point is, both problems possess eigenfunctions characterised by the same
number: two, of distinct parameters −B/B0 and ϕ in
(i), and ϑ and ϕ in (ii). It is this parameter-dependence
of the eigenfunctions that is at the heart of the Berry
phase. This means that the Hamiltonian here has two
dependencies, one on the dynamical variable: the spin,
and the other is a parametric one. The issue of the Berry
phase occurs when the parameters are slowly (adiabatically) varied, as amplified below. Let us assume that
we begin from an instantaneous ground-state function,
which can be viewed as |u −  or alternately |↓, and rotate
slowly and azimuthally at a rate (dϕ/dt = ω0 ). However, ω0 is assumed to be so small that the associated
energy cannot match the energy difference between the
B0 . (Clearly, we could
Zeeman-split levels, i.e., ω0
have equally-well begun from the excited state |u +  and
carried out the same procedure. The important point is,
only one of the states would have to be made to undergo
the cyclic rotation – an odd number of times – and then
made to interfere with the unaltered state, with a finite
phase difference, so as to observe measurable effects.)
The procedure outlined above can be implemented by
rewriting the azimuthal angle ϕ as ω0 t and considering
the following Hamiltonian [13]:
Ht = B0 σz + B[σx cos(ω0 t) + σ y sin(ω0 t)].

(41)

As the time t progresses, the oscillatory field of frequency ω0 makes B precess around the z-axis in the
counter-clockwise direction in a right-handed coordinate system by an angle ω0 t. Hence, if we imagine
ourselves to be in a coordinate frame that also rotates
around the z-axis with the same angular speed, we would
expect the time-dependent field to be static. This can be

23

Page 8 of 14

Pramana – J. Phys.

formally achieved with the aid of a rotation operator
R(t) = exp(−iσz ω0 t/2).

(42)

Under this rotation, the Hamiltonian in eq. (39) transforms to a time-independent form:
H0 = R † (t)Ht ,

R(t) = B0 σz + Bσx .

(43)

The Schrödinger equation reads as (upon setting h̄ = 1)
i

∂
∂t

|ψ(t) = Ht |ψ(t) = R(t)H0 R (t)|ψ(t),
†

(44)
where we have used eq. (41) and the fact that R(t)R † (t)
= R(t)† R(t) = I, I being the unit operator. Introducing
 ∗ 
ψ (t) = R † (t)|ψ(t),
(45)
we deduce from eq. (42)
i

∂
∂t

|ψ ∗ (t) = H0 |ψ ∗ (t) − (σz ω0 /2)|ψ ∗ (t)
= [(B0 − ω0 /2)σz + Bσx ]|ψ ∗ (t),
(46)

upon substituting the right-hand side of eq. (41). The
above is a Schrödinger equation governed by a timeindependent Hamiltonian whose solution reads as
|ψ ∗ (t) = exp{−it[(B0 − ω0 /2)σz + Bσx ]}|ψ(0),
(47)
where we have noted that |ψ ∗ (0) = |ψ(0). Once we
have eq. (45), the actual Schrödinger wave function can
be obtained from eq. (43) as
|ψ(t) = R(t)
× exp{−it[(B0 − ω0 /2)σz + Bσx ]}|ψ(0).

(48)

It is interesting to note that while the last two terms in
eq. (46) involve wave function evolution under a timeindependent ‘effective’ field (having incorporated the
frequency), the pre-factor R(t), when operated upon a
state vector, would introduce an additional phase factor (see eq. (40)). This phase, normally unimportant,
turns out to be of relevance in our discussion of the
Berry phase. The effect of rotation on the resultant
wave function |ψ(t) can be estimated from eq. (44).
First, considering that ω0
B0 , the dynamic evolution
approximately yields exp[−it (B0 σz + B1 σx )]|u −  =
exp(itλ− )|u − , having used the fact that the concerned
wave function is the ground-state ket vector. The exponential involving λ− is however the dynamical phase
associated with the Schrödinger time evolution, which
is not crucial for our present consideration. But, we
still have to take into account the effect of the counterclockwise rotation triggered by the operator R(t) that
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causes ϕ to change to ϕ − dϕ(= ϕ − ω0 t). The new
wave function is then
∂
|u −  . (49)
|ψ(t + t) ≈ exp(itλ− ) |u −  − dϕ ·
∂ϕ
Taking the overlap with the bra vector u − |, we find
u − |ψ(t + t)

   
 ∂ 
= exp(itλ− ) 1 − dϕ · u −  u − .
∂ϕ

(50)

Now the adiabatic theorem states that the wave function
does not change from the original one of |u −  but for
a phase factor which, apart from the dynamical phase,
depends on a distinct phase which, for the infinitesimal
change envisioned here, may be denoted as γ . Thus,
|ψ(t + t) = exp(itλ− ) · exp(−iγ )|u − .
Taking the overlap then in eq. (48)
 
 
 ∂ 
u − ,

exp(−iγ ) ≈ 1 − dϕ u −  ·
∂φ 

(51)

(52)

where the right-hand side, upon re-exponentiation,
∂
yields exp[−dϕu − | · ( ∂ϕ
|u − )]. Hence,




 ∂ 
u − .
γ = −idϕ · u − 
(53)
∂ϕ 
Finally, taking ϕ over a closed cycle the Berry phase can
be written as
   
 ∂ 
exp(−iγ ) = exp i u −  u − .
(54)
∂ϕ
Note that the adiabatic theorem precludes ‘level crossing’ along the closed cycle path, which is ensured by
the condition ω0
B0 . This means that the degeneracy point (λ− = λ+ ) must be avoided. At this stage, it
is fair to point out that the present treatment has been
restricted to just ϕ being varied. We could have equally
well considered changes with respect to ϑ or both ϕ and
ϑ. That motivates us to introduce the notation for the
‘Berry connection’, in analogy with the gauge or vector
potential of electromagnetism [1]:
   
   
 ∂ 
 ∂ 


Aϕ = −i u −  u − , Aϑ = −i u −  u − , (55)
∂ϕ
∂ϑ
which allows us to write the Berry phase in eq. (52) in a
form reminiscent of the Aharonov–Bohm phase [5]. In
this case, however, with the cylindrical symmetry subsumed in the wave functions (eq. (52)), it can be easily
verified that
Aϑ = 0,

Aϕ = cos2 (ϑ/2).

(56)

In further simile with electromagnetism we may now
define a 2-indexed field-tensor, called the ‘curvature of
the connection’ as
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∂
∂
Aϑ −
Aϕ = 1/2 sin ϑ,
∂ϕ
∂ϑ
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(57)

in the present case. To investigate the gauge issue, it
is interesting to check on the Berry connection for the
eigenfunctions in eq. (38). We find
Aϑ = 0,

Aϕ = − sin2 (ϑ/2).

(58)

On the other hand, the Berry curvature is
Fϑϕ = 1/2 sin ϑ

(59)

identical to the expression given in eq. (55). This underscores the fact that while the Berry connection (or the
gauge potential) is gauge-dependent, the Berry curvature (like the magnetic field – as eq. (55) is like a ‘curl’)
is not. In the present case, the Berry phase γ , associated
with say, the |− state, when we trace out a closed path
in the two-dimensional k-space such that the azimuthal
angle ϕ is brought back from the value 0 to 2π , is given
by
   
˛
 ∂ 
γ = i dϕ −   − = −π.
(60)
∂ϕ
The same situation would, of course, recur if we had
decided to change the λ = + state keeping the λ = −
state fixed. A factor exp(iγ ) = exp(−iπ ) has to be
juxtaposed on the wave function in eq. (32). So far,
the plane-wave segment of the wave function associated
with exp(ik · q) has been assumed to remain unaltered
when k is traced back to its original value. That situation
would change, as dwelt-on, in §8, if an external magnetic
field is applied along the Z-axis normal to the k-plane.
As it turns out, the discussion on the Berry phase carried out in the context of a general two-level system, is
equally applicable for a pure Rashba model, treated in
§4 (see eq. (33)). In the latter, the main dynamical degree
of freedom is the spin-1/2 angular momentum whereas
the wave number k, though a constant of motion (in the
absence of a position-dependent term), acts as an additional parameter. Indeed, if k changes adiabatically, as
it obviously can because of free-particle dynamics, the
system admits of a Berry phase whose origin is purely
topological [14]. The point is, when we vary p (or k) but
eventually put it back to where we began, the ‘adiabatic
theorem’ tells us that we recover the old wave function
except that it is modified by a phase called the Berry
phase. The variation of k has to be ‘slow’ on a timescale much longer than the time-scale set by (αk) − 1.
This means that, if we start from the λ = − state, appropriate to the eigenvalue −α h̄|k|, we must not cross into
the level +α h̄|k|. This can be ensured for a sufficiently
sizeable α as long as we stay away from the |k| = 0
point. (The significance of the |k| = 0 point is discussed in §6.) Referring back to the two-level case, the
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Berry phase can in general be expressed as the closed
line integral of the inner product of two vectors:
˛
(61)
exp(−iγ ) = exp − i dφ j A j ,
which, upon further use of the Stokes theorem, can be
rewritten as
‹
exp(−iγ ) = exp − i
dS jk ∂ j Ak
‹
= exp − i
dS jk F jk
(62)
in an explicitly gauge-invariant form. The discussion
on the subtlety of the Berry phase has been illuminated
here on the basis of the simple paradigm of a two-level
system. The reader may notice an intriguing classical
analogy here in Optics – the Pancharatnam phase due
to interference of polarised light [15]. It is interesting to note that just two years after Pancharatnam’s
classic paper, the appearance of the geometric phase
– what chemists call the ‘Longuet–Higgins Phase’ –
was pointed out by Longuet–Higgins and co-workers
[16,17]. This was in the context of vibration–rotation
spectra of molecules in which the nuclear coordinates
play the role of ‘slow’ variables while the ‘much faster’
electronic coordinates are enslaved by the occurrence
of the geometric phase. Incidentally – to the illustrious
list at the beginning of §1 can be added the name of
Herzberg – who received the Nobel Prize in chemistry
in 1971, for his contribution to the electronic structure
and geometry of molecules. A comprehensive review of
the applications of the geometric phase – to classical
physics, optics, chemical physics, quantum physics and
mathematics – can be found in [18].

6. Fermi statistics
Before we discuss the influence of an applied magnetic
field, we take note of the fact that the free electron system
described by eq. (33) is governed by the Fermi distribution. At temperature T = 0, all k-states are filled,
starting from k = 0 up to the Fermi momentum kF ,
which is the radius of now a circle (and not a sphere, as
in three dimensions). There is, however, a catch – we do
not have just one Fermi circle but two (for λ = +1 and
λ = −1) because of Rashba spin-splitting. In order to
fully comprehend the underlying idea, it is sensible to
plot the energy eigenvalue E + and E − given in eq. (35).
We note that E + is always positive irrespective of the
sign of k – it is an inverted cone touching the y-axis at
k = 0 (figure 6a). For an arbitrary energy ε(> 0), this
cone is circumscribed by an ‘inner’ Fermi circle whose
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Figure 6. (a) E + vs. k, the positive energy solution, (b) E −
vs. k, the negative energy solution and (c) the superposition
of the positive (E + ) and negative (E − ) energy solutions.

radius ki is given by the solution of a quadratic equation
[19]:
ki = m e α/h̄[−1 + (1 + 2ε/α 2 m e )1/2 ].

(63)

(The sign in front of the radical is properly chosen to
ensure that ki > 0.) It is customary to refer to the
inner circle as belonging to the Fermi band (λ = +).
On the other hand, for the λ = − band, E − (k) vs. k
develops a double-well shape with minima at +m e α/h̄
and −m e α/h̄, with (E − )min = −m e α 2 /2 (figure 6b).
The double-well intersects the zero of the y-axis at three
points: k = 0, +2m e α/h̄ and −2m e α/h̄. Of these, the
k = 0 point – a ‘degeneracy’ point at which both E +
and E − vanish, deserves special mention. Note that near
k = 0, the energy eigenvalue can be approximated by
the linear term
E λ ≈ λh̄α|k|

(64)

leading to ‘massless’ Dirac-like physics, as in graphene
(§3). Thus, both positive and negative energy solutions
now yield a ‘Dirac cone’, which becomes evident by
superimposing figures 6a and 6b (see figure 6c). Negative energy (λ = −) is now attributed to ‘holes’ [19].
From now on, we shall ignore the ‘hole’ physics and
focus only on the +y-axis in figures 6b and 6c, for
electron-like physics, as appropriate to the experimental
system of sandwiched oxide material [20]. For ε(> 0),
the ‘outer’ radius for the λ = − Fermi band is now given
by (see figure 6b)
k0 = m e α/h̄[1 + (1 + 2ε/α m e )
2

1/2

].

(65)

Thus, for the same energy ε,
k0 − ki = 2m e α/h̄.

(66)

7. Landau levels in the presence of Rashba
interaction
What happens when we apply a magnetic field B along
the Z-axis to the Rashba spin-split two-dimensional
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electron solid, as relevant for the measurement of magnetic oscillations [21]? The obvious effect is the appearance of Zeeman interaction with the spin along the
Z-axis, leading to the familiar paramagnetic response,
juxtaposed with the Landau level physics discussed in
§2. However, a more subtle effect arises from the intertwining of Landau orbital magnetism with the Rashba
interaction discussed in §4. Not only would the mechanical momentum operator m e v(= p) in the kinetic energy
term of eq. (48) would have to be rewritten in terms of
the canonical momentum operator p, following the prescription of eq. (3), the same replacement would have
to be effected in the Rashba term proportional to α as
well. The comprehensive Hamiltonian operator can be
then written as [22]
H = (p + eA/c)2 /2m ∗ · I + α[(px + eAx /c)σ y
−(p y + eA y /c)σx )] + 1/2gμB Bσz · I.

(67)

An explanation for the notation employed in eq. (64)
is in order. It should be stressed that the Hamiltonian now is an operator in the product space of the
infinite-dimensional Hilbert space of coordinates (the
A-operators) and momenta and the two-dimensional
discrete Hilbert space of the spin operator σ . Consequently, the straight unit operator I is taken to operate
in the 2×2 space while the oblique unit operator I
is presumed to live in the infinite-dimensional space.
Recognising that the piece of the Hamiltonian that
lives in the infinite Hilbert space belongs to harmonic
oscillator-like entities, eq. (64) can be easily diagonalised. For this, we follow the treatment in §2. A of
[22], though the essential results were already written
down, somewhat cryptically, by Bychkov and Rashba
[4]. The trick is to write the following prescription for
annihilation (b) and creation (b+ ) operators for harmonic oscillators as
√
b+ = a0 (1/ 2)( p+ + e A+ /c)/h̄,
(68)
where
p+ = p x + i p y ,

A+ = A x + i A y

(69)

and a0 is the radius of the cyclotron orbit for the Landau
level (n = 0), defined in eq. (6), which is also called the
‘magnetic length’ [2]. Clearly, the annihilation operator
b is obtained by taking the Hermitian adjoint of eq. (65).
It can be seen that b and b+ follow the expected commutation algebra by checking that
[b, b+ ] = 1.

(70)

In arriving at eq. (87), we have used the symmetric
gauge and have employed the usual commutation relations between the momentum and coordinate operators.
With the definition in eq. (65) at hand, it is instructive to
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write down the matrix of H within the two-dimensional
subspace of the eigenstates |+ and |− of σz [22]:
N + 1 − δ −iξ b
,
iξ b† N + δ

H/h̄ω∗ =

(71)

where δ has been defined earlier in eq. (18), N is the
number operator (= b+ b) and
∗

∗ 1/2

ξ = α(2m /h̄ω )

.

(72)

(If spin is ignored, δ = 1/2.) Evidently, in the occupation number representation,
N |n = n|n, b|n = n 1/2 |n − 1,
b+ |n = (n + 1)1/2 |n + 1.

(73)

The n = 0 eigenstate of (68) can be ascertained by
inspection:
0
|ψ =
, with the eigenvalue ε0 = δ h̄ω∗ .
|0
(74)
Keeping eq. (18) in mind, ε0 incorporates both the lowest
Landau level energy and the Zeeman energy. For n > 0,
the eigenfunction and eigenvalue split into two sets, one
for each band (λ = +1 and λ = −1). We now have
α |n − 1
, n > 0.
|ψn  =
β |n

(75)

With eq. (72) at hand, the eigenvalue equation for the
matrix in eq. (68) can be written as
√
[(n − δ)α − iβξ n]
√ |n − 1 =  α |n − 1 ,
β |n
[(n + δ)β + iαξ n] |n
n>0
(76)
which admits two separate identities for :
√
(n − δ) − iξ n/r = ,
√
(n + δ) + iξr n = , r = α/β.

(77)

Rearranging the terms, we get
√
iξr n = ( − n) − δ,
√
−iξ n/r = ( − n) + δ,

(78)
(79)

which, upon multiplication, yields a quadratic equation
for :
nξ 2 = ( − n)2 − δ 2 ,

(80)

that has two solutions:
+ = n + (nξ 2 + δ 2 )1/2 ,
− = n − (nξ 2 + δ 2 )1/2 .

(81)

Correspondingly, we have two solutions for the ratio r :
√
r+ = i[δ − (nξ 2 + δ 2 )1/2 ]/ξ n,
√
(82)
r− = i[δ + (nξ 2 + δ 2 )1/2 ]/ξ n.
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Normalisation of the wave function necessitates that the
wave function in eq. (73) can be written as
|ψn+  = 1/(1 + |r+ |2 )1/2

r + |n − 1
, n>0
|n
(83)

associated with the eigenvalue +
n , given by the first
entry of eq. (75). Replacing the + sign by −, we obtain
the corresponding expressions for the λ = − band. We
should emphasise here that while all the higher energy
Landau levels are Rashba-split, the ground state however is unique as it is not affected by the Rashba coupling
α. If we assign the ground state to the λ = + band, as is
conventional, we can have one compact expression for
εn+
εn+ = [n + (nξ 2 + δ 2 )1/2 ] · h̄ω∗ ,
n = 0, 1, 2, 3 . . .

(84)

including the ground level. For the sake of uniformity,
we can also express εn− likewise, by replacing n by n +1:
εn− = (n + 1) − [(n + 1)ξ 2 + δ 2 ]1/2 · h̄ω∗ ,
n = 0, 1, 2, 3 . . .

(85)

We ought to again stress that ε0−  = ε0+ . A final point
to note is that if the Rashba coupling vanishes (ξ =
0), the energy eigenvalues reduce to those of the pure
Landau levels, treated in §2, with additional Zeeman
(paramagnetic) splitting. This is in conformity with the
last part of the discussion in §2.

8. The issue of the quantum phase
Recall that a free-electron system in the presence of
Rashba coupling is governed by a phase factor 
appropriate for plane-wave states for an incremental
change dq of the coordinate, with however an incremental Berry phase:
 = p · dq/h̄ + γ .

(86)

The Rashba system described in §4 has cylindrical symmetry and hence the incremental coordinate dq may be
thought of as adφ, a being the radius of a closed orbit.
Thus, the total phase-change if ϕ is brought back from
φ = 0 to φ = 2π , is given by
˛
 = dφ· pφ /h̄ + γ = (n + 1/2 + γ ),
(87)
where we have employed the Bohr–Sommerfeld quantisation condition (cf. eq. (2)). The Berry phase for
our Rashba system is simply −π (cf. eq. (57)). Now,
if an external magnetic field B is applied along the
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z-axis, maintaining cylindrical symmetry, as in the Landau problem, we must rewrite the incremental phase as
eq. (3).
 = ( p + e A/c) · dq/h̄ + γ .

(88)

The extra phase, due entirely to the vector potential
A : e A/c · dq/h̄, is called the Aharonov–Bohm phase
[5]. Normally, this phase, like the Berry phase, is not
measurable unless we bring the momentum p back to
its original value, as was discussed earlier in the context of the Berry phase for a Rashba system (in §5). All
the other results derived in §2 go through except that the
phase (n +1/2) is to be replaced by n = (n +1/2+γ ),
and the quantum number n is to be reinterpreted as the
Landau index. Thus, for instance, the area of an allowed
cyclotron orbit in real space (cf. eq. (6)) is given by
Sn = (1/m ∗ ω∗ )hn ,

(89)

while the Landau levels are (cf. eq. (7))
εn = h̄ω∗ n ,
ω∗

(90)

being the cyclotron frequency (cf. eq. (8)):

∗

∗

ω = eB/m c.

(91)

(92)

The expressions (86) and (89) were quoted in a classic
paper by Onsager [23] sans the Berry phase γ , whereas
the role of the latter was stressed by Gao and Niu [24].
The significance of An can be appreciated by looking at
the density of electrons in two dimensions. If the total
number of electrons is N , for wave number k (< kF , the
Fermi wave number),
ˆ
2
2
N = (L /4π ) dkk · 2π = (L 2 /4π 2 )An .
(93)
Hence,
ρ = N /L 2 = An /4π 2 = Bn /ϕ0 ,

magnetic response (though the reverse method of varying the chemical potential is also employed). Magnetic
oscillations arise from the quantisation of cyclotron
orbits into Landau levels and their traversal by the Fermi
energy (or the chemical potential at T = 0). Most
predominantly, they are observed in the longitudinal
magnetoresistance by way of the Shubnikov–de Haas
effect, magnetisation as in the de Haas–van Alphen
effect, density of states that can be measured by scanning
tunnelling microscopy, and so on. When the chemical
potential is fixed as assumed here, magnetic oscillations
take place from the oscillations of the density of states,
which we shall enumerate now.
As our objective is to focus on the role of the quantum
phase, e.g., the Berry phase and the Aharonov–Bohm
phase on the magnetic response, we shall restrict the
discussion on the λ = +1 Fermi band, associated with
the spin-↑state, that yields the inner Fermi circle (figure 6a). For this, we collect the key results below. For a
pure Rashba system (B = 0), the radius in the k-space
of the inner circle is
ki = m ∗ α/h̄[−1 + (1 + 2ε/α 2 m ∗ )1/2 ].

On the contrary, the area in the k-space is
An = (2π m ∗ /h̄ 2 )h̄ω∗ n .
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(94)

where ρ (ϕ0 = hc/e, the flux quantum, cf. eq. (12)),
is the density of states (= N /L 2 ) for a Fermi circle of
radius k (cf. eq. (89)).

The Landau–Rashba energy level is given by (cf.
eq. (81))
εn = [n + (nξ 2 + δ 2 )1/2 ] · h̄ω∗ ,
n = 0, 1, 2, 3 . . . ,

Our aim now is to collect together all the conceptual foundations, built in §2 through §8 to arrive at a
comprehensive picture for experimentally measurable
quantities, e.g., magnetic oscillations [21]. The latter
occur in distinct laboratory conditions when either the Bfield or the chemical potential is varied. For our purpose,
we imagine a scheme to keep the chemical potential
fixed while changing the magnetic field B, and observe

(96)

where we have dropped the superscript + for brevity of
notation. The idea now is to invert eq. (93) to express
the Landau index n in terms of the energy ε in order to
arrive at a complementary relation to eq. (92)
n = (ξ 2 /2 + ε/h̄ω∗ )
−[ξ 4 /4 + εξ 2 /h̄ω∗ + δ 2 ]1/2 .

(97)

Once again we had to be careful in choosing the sign in
front of the radical, as a positive sign could never have
ensured n = 0! Substituting for ξ 2 /2 from eq. (77) and
expanding the radical for low values of B, we can rewrite
n in a more compact form:
√
√
Bn = (c0 − c1 ) − (δ 2 /2 c1 ) · B 2
+terms of order > B 2 .

9. What is measured?

(95)

(98)

Here
c0 = (m ∗ c/eh̄)(m ∗ α 2 + ε),
c1 = m ∗ α 2 (m ∗ c/eh̄)2 (m ∗ α 2 + 2ε).

(99)

Equation (95) suggests that the density of states (cf.
eq. (91)) is, in general, a nonlinear function of B. Thus,
B(n + 1/2 + γ )/ϕ0 = ρ(ε, B)
≈ ρ0 (ε) + Bρ0 (ε) + 1/2B 2 ρ0 (ε) + · · · .

(100)
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Comparing eq. (95) with eq. (97), we find
√
ρ0 (ε) = (c0 − c1 )/ϕ0 = π ki2 /4π 2 ,
ρ0 (ε) = (1/2 + γ )/ϕ0 ,
√
ρ0 (ε) = (δ 2 / c1 )/ϕ0 .
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(101)
(102)
(103)

Alternatively to eq. (97) we may write [19]
n = ϕ0 ρ0 (ε)/B + [ϕ0 ρ0 (ε) − (1/2 + γ )]
+Bϕ0 ρ0 (ε)/2 + · · · .

(104)

The quantity ρ0 (ε) is proportional to the derivative of
the magnetisation with respect to B while ρ0 (ε) is proportional to the derivative of the magnetic susceptibility
with respect to B.
A standard experimental scheme to analyse eq. (97)
is to draw what is called a Landau fan diagram by plotting the Landau index n vs. 1/B [19,20,25]. The index
n corresponds to the maxima (or the minima) of the
density-of-states oscillations [19]. For small values of
B, when the density of states is nearly a constant, the
graph yields a straight line with the intercept containing
the Berry phase. As B increases, there is deviation from
straight line because of magnetic oscillations.
What is the interpretation of higher-order derivatives of the density of states ρ0 ()? It is clear that to
observe any magnetic response and hence probe the
terms in eq. (97) we must have at least a few electrons
beyond the filled-up Fermi circle of radius kF . Therefore, we must have to deal with temperatures ∼ TF .
Hence, although we have so far (in §2 through §9)
considered only T = 0 (and therefore, pure quantum)
phenomena, we must necessarily invoke now quantum
statistical mechanics at finite, albeit low temperatures,
in which the density of states gets related to the grand
canonical partition function [21]. The three characteristic energy scales in the problem are then in the
following pecking order: m ∗ α 2  kB TF  h̄ω∗ . The
first-order response, proportional to ρ0 (), is related to
the derivative of the average orbital magnetisation (that
incorporates the Berry phase) whereas the second-order
response is proportional to the derivative of the susceptibility [19]. In taking these limits, we have to first
go to B → 0 and then T → 0. The consequences
of the largeness of Rashba coupling in experiments
have been stressed by Tokura and his collaborators
[25].

10. Conclusions
In this paper, we have put forward a review of the contemporary intriguing field of Spintronics that deals with
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the interplay of the electron’s spin with its electromagnetic properties and quantum statistics. The direct manifestation of spintronic characteristics can be tested by
observing the response of an electron solid to an applied
magnetic field. These characteristics are most prominent when the electron solid is in a two-dimensional
geometry wherein phenomena such as the Landau levels, Aharonov–Bohm effect, spin–orbit coupling, Berry
phase, etc. combine together to yield exotic experimentally realisable effects such as the de Haas–Shubnikov
oscillations in magneto-resistance and the de Haas–van
Alphen oscillations in the orbital magnetisation and the
associated susceptibility. Putting together all these theoretical and experimental ideas together in one place will
hopefully aid a research student planning to pursue this
exciting topic of Spintronics.
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