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Abstract. Fourier transform (FT) corresponding to the diffuser has a comb function realised from uniform
illumination, and hence the speckle image is nearly equal to comb point spread function (PSF). Consequently,
the resulted distribution permits computation of the speckle size from the FWHM corresponding to the PSF of
the HGnm annular aperture. In the second method, the numerical autocorrelation of the speckle images using new
apertures are computed and the speckle sizes are obtained. The results in both methods are compared with the
speckle images obtained using circular aperture. It is noted that, the maximum number of spots produced in the
HGnm modes given by combinations m, n ∈ [0, 5] is (m + 1) (n + 1) = 36 and all images and plots are obtained
using Mat-Lab codes.
Keywords. Higher-order laser transverse modes; Hermite–Gaussian annular aperture; autocorrelation of the
speckle images; point spread function.
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1. Introduction
It is known that when laser beam is incident on a diffuser
considered as a rough surface, the reflected and scattered
light from the surface has a granular structure called
speckle. In this way, the intensity of the scattered field
will be due to the locus of bright spots, constructive
interference, interlaced with dark spots, of destructive
interference.
Numerous studies on speckle formation using uniform illumination and Gaussian illumination of singlemode TEM0,0 beam are presented in many publications
[1–5]. Surface-roughness measurement based on the
intensity correlation function of scattered light is investigated in [4,5].
Even though originally the speckle was regarded as
an undesired noise that should be removed for digital
holography [2], it has turned into a powerful optical
tool that has found applications in fields such as optical
metrology, imaging, medicine, to mention a few [6–13].
The speckle formation by higher-order Laguerre–
Gaussian modes is characterised by a non-homogeneous
intensity distribution and it is demonstrated that the
mean speckle size is independent of the intricate structure of the modes [14–16]. Hermite Gaussian beam is
considered in the formation of speckle images and the

0123456789().: V,-vol

speckle size has been computed from the autocorrelation
of speckle images [16]. In refs [17–19], linear Hamming
aperture and other modulated apertures are considered
in the formation of the speckle images and additionally,
the computation of the autocorrelation of the speckle
images is outlined in [17].
In this paper, annular Hermite Gaussian aperture
of different transverse laser modes is suggested. The
speckle formation using this new aperture is investigated
using two different methods allowing speckle size computation. Finally, results are discussed followed by a
conclusion.
2. Theoretical analysis
A transverse Hermite Gaussian laser beam is incident on
a diffuser limited by annular aperture and the reflected
light from the diffuser is gathered by a converging lens
L and in the focal plane, the diffracted intensity has a
granular speckle pattern affected by the non-uniform
beam. This process is mathematically described in the
following analysis.
Starting from the beam propagation, the complex
amplitude of the laser beam or the electric field is
 √ 
described as follows: √ 
x 2
y 2
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Figure 1. Intensity distribution corresponding to the Hermite Gaussian laser beam for different transverse modes HGn,0 ,
where n ∈ [1, 5].
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For lower-order modes, m = 0, 1, 2 and n = 0, 1, 2.
The intensity distribution of the beams at different
orders are computed and represented as follows:
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The intensity for other modes I0,1 , I0,2 , . . . , I0,5 is
obtained by replacing x by y in eqs (3)–(7). Similarly,
I1,2 , I2,1 , I1,1 , I2,2 , etc. are obtained from the combinations of eqs (3) and (4).
The intensity distribution corresponding to the different modes are plotted in figure 1. If the Hermite Gaussian
laser beam of amplitude Am,n is incident on the diffuser
obstructed by annular aperture, then the reflected beam
is represented as follows:
B (x, y) = A (x, y) · d (x, y) · annul(δr ) ,

(8)

Figure 2. Intensity distribution corresponding to the Hermite Gaussian laser beam for different transverse modes
HGn,0 , where n ∈ [1, 5]. The beam is surrounded by annular
aperture. The internal radii = 48, 60, 72 and 80 pixels which
are selected to be tangential with the outer modes.

where d(x, y) is the complex amplitude of the diffuser
and represented as follows:
d(x, y) = exp {2πi rand(x, y)},
where rand(x, y) represents randomly distributed function in the diffuser plane while annul(δr ) represents the
annular aperture of width δr = rext. − rint. and the
annulus radius = 0.1× total radius, e.g. δ r = 10 pixels for rext. = 100 pixels. The radial amplitude A(r ) is
obtained by taking the squared root of eqs (2)–(7), where
r = (x, y) is the radial coordinate in the aperture plane.
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Figure 3. Speckle images produced from a diffuser limited
by annular aperture and the illumination with HGnm laser
beam of intensity distribution shown in figure 2.

A converging lens L of focal length f is used to gather
the scattered and reflected light from the diffuser limited
by the HGnm annular aperture using eq. (8). Hence, in
the focal plane of the lens L, the speckle pattern formed
in the case of non-uniform laser beam is computed by
operating the Fourier transform (FT) upon eq. (8) giving
the following:
B̃(ρ) = FT{A (r ) · d (r ) · annul( δr )} .

(9)

From the properties of FT and convolution operations,
the FT of the multiplication is transformed into convolution of the FT corresponding to each function. Hence,
we write eq. (9) as follows:
B̃(ρ) = FT{A (r )} ⊗ FT {d (r )} ⊗ FT{annul( δr ) } ,
(10)
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Figure 4. (a) In the left, the intensity distribution for the
HG0,1 aperture is shown while in the right, the HG0,1 beam
is surrounded by an annulus with width = 25.6 pixels and
the aperture radius = 256 pixels, (b) the speckle pattern corresponding to the apertures shown in a and (c) plot at the
horizontal line at 128 pixels in the range [16: 96 pixels]. The
plots correspond to the speckle images shown in b.

where the symbol ⊗ stands for convolution operation.
Solving the FT for each term gives [20]
 
 
r
r
FT {annul( δr )} = FT circ
− circ
r1
r2
J1 (W1 )
J1 (W )
=2
− 2
,
(11)
W
W1
where
 = 0.9 =

W1
,
W

r1 is the external radius of the circle and the reduced
coordinate
2πr1 ρ
.
W =
λf
ρ = (u, v) is the radial coordinate in the focal plane.
FT {d (r )} = d̃(α ρ),

(12)
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Table 2. The spot size and the corresponding speckle size
computed from eq. (18), using HGnm laser beam.
Hermite–
Gaussian
aperture

n
n
n
n
n

= 1, m
= 2, m
= 3, m
= 4, m
= 5, m

Spot size in √
mm
w = rinternal π

=0
=0
=0
=0
=0

Speckle size =
FWHM in
μm
λ = 633 nm,
f = 100 mm

0.789
0.897
0.976
1.039
1.092

80.23
70.57
64.86
60.92
57.97

Figure 5. The PSF corresponding to the Hermite Gaussian
laser modes. FWHM = 110, 79, 69, 60 and 53 μm, where 1
pixel = 10 μm.
Table 1. The spot size and the corresponding speckle size
using PSF for HGnm laser beam.
Hermite–
Gaussian
aperture

n
n
n
n
n

= 1, m
= 2, m
= 3, m
= 4, m
= 5, m

Spot size in mm
w0 = 300 μm

=0
=0
=0
=0
=0

0.770
0.920
0.930
1.040
1.110

Speckle size =
FWHM in
μm
λ = 633 nm,
f = 100 mm
110
79
69
60
53

where
2 πr1
α =
λf
and r1 is the external radius of the annulus limiting the
diffuser.
The FT of the Hermite Gaussian amplitude is dependent upon m and n transverse modes.

Figure 6. The PSF corresponding to the annular Hermite
Gaussian aperture. FWHM = 100, 87, 78, 74 and 69 μm,
where 1 pixel = 10 μm.

Substitute eqs (11) and (12) in eq. (10), we get
B̃(ρ) = Ã(ρ) ⊗ d̃ (α ρ)
⊗2

J1 (W1 )
J1 (W )
− 2
W
W1

.

(13)
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Table 3. The spot size and the corresponding speckle size using annular HGnm aperture.
HGnm annular
aperture

Dinternal in μm
From figure 2

Spot size
in√mm =
β π (Dinternal )
α = 0.5

890
1070
1290
1390
1470

0.787
0.946
1.141
1.23
1.30

HG10
HG20
HG30
HG40
HG50

In the case of uniform illumination, the Hermite Gaussian non-uniform illumination is replaced by a constant
amplitude a, and hence FT{A (r )} = FT{a} = aδ(ρ).
Equation (13) becomes
B̃(ρ) =

d̃ (αρ) ⊗ 2

J1 (W1 )
J1 (W )
− 2
W
W1

.
(14)

In the case of open circular aperture, the speckle pattern
is represented as the convolution of the static speckle and
the PSF corresponding to the circular aperture where the
central width of the diffraction pattern nearly represents
the speckle size. Equation (14) becomes
B̃(ρ) =

d̃ (αρ) ⊗ 2

J1 (W )
.
W

(15)

The intensity distribution of speckle images using either
uniform illumination or non-uniform Hermite Gaussian
illumination is the modulus square of B̃(ρ). For uniform
illumination using circular apertures
J1 (W )
I (ρ) = d̃ (αρ) ⊗ 2
W

2

.

(16)

For non-uniform illumination, in the case of Hermite
Gaussian laser beam, the intensity for uniform illumination without apertures is
2

I (ρ) = d̃ (αρ) ⊗ Ã(ρ) .

(17)

The theoretical formula relating the spot size for the HG
laser modes and the speckle size is [16]:
1
λ
, where NA = 2w0 [(2n+1) (2m + 1)] 4 / f ].
S=
NA
(18)

NA is the numerical aperture in the case of HG illumination and f is the focal plane of the converging lens
gathering the reflected and scattered light from the diffuser.

λf
S = β √π (D
internal )
in μm

S = FWHM in μm
λ = 633 nm, f = 100 mm

80.43
66.9
55.48
51.46
48.69

100
87
78
74
69

3. Computation of the speckle size from the
FWHM of PSF
The complex amplitude corresponding to the speckle
image obtained in eq. (13), in the case of HGmn annular
aperture, is rewritten as follows:
B̃(ρ) = d̃(u, v) ⊗ H̃ ( u, v)
J1 (W1 )
J1 (W )
− 2
W
W1

⊗2

,

(19)

where Ã (ρ) = Hmn (u, v) and d̃ (αρ) = d̃ (u, v).
For parallel beam of uniform illumination in the
absence of the aperture, the FT corresponding to the diffuser may be approximated by a comb function written
as follows:
M

N

d̃ (u, v) =

δ (u − u i , v − v j ).

(20)

i=1 j=1

We have assumed square matrix of dimensions M × N
pixels and hence M = N .
Substitute eq. (20) in eq. (19), and we finally get
repeated pattern of PSF arranged randomly over the
speckle image. Hence, the complex amplitude of the
speckle pattern is written as follows:
⎧
⎨ M N
B̃ (u, v) =
H̃mn (u − u i , v − v j )
⎩
i=1 j=1

⊗2

J1 (W1 )
J1 (W )
− 2
W
W1

.

(21)

Equation (21) represents the repeated PSF of the
HGmn annular aperture and the FWHM is deduced
from the speckle pattern representing approximately the
speckle size. Consequently, the speckle size is nearly
equal the FWHM of the PSF. This result can be applied
for any aperture.
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Figure 7. 3D plot of the speckle intensity obtained using a diffuser and illuminated with HGnm annular apertures of different
modes where m = 0 and n ∈ [1, 5].
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Figure 8. (a) 2D plot of speckle intensity in the absence of
aperture using HG10 beam and (b) 3D plot of speckle intensity
in the absence of aperture using HG10 beam.
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Figure 9. (a) 2D plot of speckle intensity in the absence of
aperture using HG20 beam and (b) 3D plot of speckle intensity
in the absence of aperture using HG20 beam.

4. Results and discussion
The intensity distribution corresponding to the Hermite Gaussian laser beam for different transverse modes
HGn,0 , where n ∈ [1, 5] shown in figure 1 is computed
using eqs (3)–(7). In this study, annular apertures are
selected where the internal radii for the modes = 48,
60, 72 and 80 pixels and the annular width = 12 pixels.
Hence the outer radii = internal radii + annular width
and the intensity distribution is plotted in figure 2. We
compute the speckle images originated from this annular
Hermite Gaussian aperture when incident on a diffuser
using eq. (13) and we get the images shown in figure 3. It
is shown that all speckle images are different as expected
because the PSF for the annular apertures is affected by
the non-uniformity of the beam. We used the same random distribution of the diffuser in the formation of all
speckle images.
A comparison between the speckle images formed
using HG0,1 with annular aperture and without aperture
is shown in figure 4. The speckle image in the LHS in
the absence of the annular aperture shows an elongation normal to the column number of the modes giving
three spots along the x-direction. Hence, the elongation

is along y-direction as shown in figure 4b. The other
speckle image in figure 4b has spiral and random distributions as the elongation is affected by the presence
of the annulus. In addition, plots of the speckle images
in both cases has a remarkable difference as shown in
figure 4c. In addition, more randomness in the case of
the annulus is shown in the plots which is attributed to
the legs appeared in the diffraction pattern of the annular
aperture.
The PSF computed for the Hermite Gaussian laser
beam is obtained by operating the FFT technique upon
the complex amplitude of laser beam using eq. (1).
Hence, in the absence of the annular aperture, we get
the results shown in figure 5 for different transverse
modes HGn,0 , where n ∈ [1, 5]. FWHM is deduced
from the obtained PSF plots to represent the speckle
size approximately and tabulated in table 1 and comparative previous results given in ref. [18] are shown in
table 2. It is noted that the spot size is computed from
the square root of the rectangular area surrounding the
HG modes. Theoretical values are calculated using eq.
(18) and are tabulated as in table 2, where λ = 633 nm,
w0 = 300 μm and f = 100 mm.
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Figure 10. (a) Autocorrelation along the x-direction corresponding to the speckle images using HG10 beam and annular HG10
aperture, (b) autocorrelation along the y-direction corresponding to the speckle images shown in a and (c) autocorrelation
along the x- and y-directions corresponding to the speckle image using HG10 beam in the absence of the annulus. FWHM =
42 pixels = 84 μm along the x-direction while it is equal to 20 pixels = 40 μm along the y-axis.

An agreement can be seen between the speckle sizes
computed from tables 1 and 2 except that a variance is
occurred for n = 1 and 2 which is attributed to the measurement accuracy. The theoretical speckle size range
is nearly from 58 to 80 μm as shown in table 2 while
the values extracted from the FWHM range from 53 to
110 μm. Hence, it is shown that the FWHM of PSF and
the speckle size are nearly equal
The PSF computed for the above modes of the Hermite Gaussian but surrounded by annular apertures of
radii touching the outer surface of modal spots are
plotted in figure 6. The computed FWHM are tabulated in table 3. The FWHM is nearly considered as
the average speckle size corresponding to the spots
of the HG modes shown in figure 2. The corresponding spot sizes are computed by taking the square root
of the internal radii 
shown in figure 2. Hence, spot
√
size = 2w = 2β π( r 2 )internal = 2βrinternal π
where 1 pixel corresponds to 10 μm. In this experiment,
rinternal = 0.9 rexternal . β = 0.5 as the spot size surrounding the HG modes is smaller than the cross-sectional
area. Consequently, the relation between the speckle

size and the spot size which is related to the numerical aperture is given for this annular HG aperture as
follows:
λ
λ
=
NA
(w/ f )
λf
λf
= √
= √
,
β π (2rinternal )
β π(Dinternal )

Speckle size (S) =

(22)

where Dinternal = 2rinternal is the diameter of the internal
circle.
The speckle size computed from formula (22) for the
Hermite Gaussian annular aperture ranges from 49 to
80 μm compared with the results obtained in the absence
of the annular aperture presented in table 1.
3D plot of the speckle intensity obtained using a diffuser and illuminated with HGnm annular apertures of
different modes where m = 0 and n ∈ [1, 5] is shown in
figure 7. A 2D plot of the speckle intensity in the absence
of aperture using HG10 beam is shown in figure 8a, while
the corresponding 3D plot is shown in figure 8b. Another
plot for 2D and 3D corresponding to the speckle image
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produced in the case of HG20 illumination is shown in
figures 9a and 9b.
The autocorrelation along the x-direction corresponding to the speckle images using HGnm and annular HGnm
apertures where n = 1 and m = 0 are computed
and plotted using Mat-lab code as shown in figure 10a.
The autocorrelation computed along y-direction corresponding to the speckle images shown in figure 10a are
plotted as in figure 10b. The autocorrelation along the
x- and y-directions corresponding to the speckle image
using HG10 beam in the absence of the annulus is shown
in figure 10c. FWHM = 42 pixels = 84 μm along the
x-direction while it is equal to 20 pixels = 40 μm along
the y-direction.

5. Conclusion
Firstly, we computed the intensity distribution for the
new Hermet Gaussian annular aperture and plotted it
for different transverse modes.
Secondly, we calculated the speckle images corresponding to these apertures using the FFT technique
showing the dependence of the speckle pattern upon
the beam non-uniformity. In addition, the elongation
of the speckle structure is normal to the line containing the modes (the case of absence of the annulus)
while with the aperture spiral and randomness of the
speckle is observed by the naked eye. We confirm
this reasoning because the speckle image is resulted
from the convolution of the speckle image in the
case of uniform illumination with the PSF of the
aperture.
Finally, the PSF is computed both the presence and
absence of annular aperture using Hermet Gaussian laser
beam. It is shown that the FWHM is decreased by
increasing the mode number in both cases. It is deduced
that the FWHM of PSF is nearly equal to the speckle
size and a formula relating the speckle size and the spot
size is deduced. In addition, the speckle size is deduced
using autocorrelation of speckle images.
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