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Abstract. In this article, we applied the unified solver method to extract stochastic solutions of a new stochastic
extension of nonlinear Schrödinger equation. This solver gives the closed formula in explicit form. The acquired
stochastic solutions may be applicable for explaining some phenomena in many fields of applied sciences. The
presented results illustrate that the proposed solver is efficient and adequate. Moreover, the constraint conditions
are utilised to verify the existence of solutions. Chi-square statistical distribution is chosen to represent the dispersion
random input. In order to illustrate the dynamical behaviour of random solutions, the expectation value and their
variance are depicted graphically using suitable parameters.
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1. Introduction
It is well known that travelling wave solutions of nonlinear partial differential equations (NPDEs) are of great
importance in the study of nonlinear wave phenomena.
The wave phenomena can be seen in fluid mechanics, biology, ecology, thermoelasticity, nuclear physics,
engineering, electromagnetic theory, chemical physics,
chemistry and economy [1–10]. Recently, some random
models based on uncertainty in differential equations
or partial differential equations have been investigated
[11–14]. The random effect in the input may be due to
several faults in the data and empirical states noted or
measured. As stochastic forms are of more naturalistic
than deterministic forms, we focus our research on a new
stochastic extension of the nonlinear Schrödinger equation, called Kundu–Mukherjee–Naskar (KMN). Due to
the complexity of the nonlinear wave equations, there is
no unified technique to obtain all solutions of these equations. Recently, with rapid development of symbolic
computation systems, the search for stochastic solutions
of NPDEs has attracted a lot of attention.
Physical, biological, social, economic, financial, etc.
systems always involve uncertainties, which should be
accounted for in the mathematical models describing
these systems. Uncertainties are due to the incomplete
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knowledge of a system. In principle if not in practice, they can be reduced by additional measurements,
improvements in measuring devices and perhaps by
other means. The quantification of probabilistic uncertainties in the outputs of physical, biological and social
systems governed by partial differential equations with
random inputs require, in practice, the concretisation of
those equations. We consider the determination of statistical information about outputs of interest, that depend
on the solution of a partial differential equation having random inputs, e.g., coefficients, boundary data,
source term, etc. Additionally, probabilistic approaches
to find uncertainties in the input of probability distribution (PD) are described in terms of statistical quantities
such as probability density functions, expected values,
variances, covariance functions and higher statistical
moments. This paper develops and analyses a new
stochastic robust and efficient solver for solving stochastic partial differential equations, where the uncertainty
or variability in the dispersion parameter is considered.
Our work is focussed on the (2 + 1)-dimensional
stochastic nonlinear KMN model [15–18]. Let

iψt +a ψx y +i b ψ(ψψx∗ −ψ ∗ ψx ) = 0, i = −1,
(1.1)
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where ψ represents the nonlinear wave envelope, ∗
represents the complex conjugate, x and y are spatial
variables, while t denotes the temporal variable. The
first term denotes the temporal evolution of the wave.
The second term, that is given by the coefficient of a,
represents the disturbance of the dispersion term. The
coefficient b is distinct from the conventional Kerr law
nonlinearity or any known non-Kerr law media. Equation (1.1) describes the oceanic rogue waves and hole
waves. This model can be applied to describe optical
wave propagation through coherently excited resonant
wave guides, that is doped with erbium atoms [17,18].
This equation describes the stochastic propagation of
optical solitons in optical fibres that displays Kerr law
non-linearity. Besides the deterministic-type perturbations, the stochastic-type perturbations do have to be
taken into account for practical considerations.
Chi-square statistical distribution is one of the main
distributions in many applications. It is a special case
of gamma distributions. Physically, the observed phenomena are often the net result of various random
variables. The interplay of these variables in producing the phenomena leads to a distribution of the type
of chi-square. A chi-square distribution is a continuous distribution with n degree of freedom. It is used
to describe the distribution of the sum of squared random variables. By virtue of the central limit theorem, xi s
can be assumed to be normal because this theorem states
essentially that sum of the independent random variables
under fairly general conditions will be approximately
normally distributed, regardless of the underlying distributions. Thus, the chi-square distribution seems to be an
appropriate statistical description for most of the physical phenomena. The chi-square is also a very convenient
and useful statistical tool. Its assumption gives us a great
deal in interpreting the random phenomenon [19]. So,
in this paper, we assume that the dispersion coefficient
is a chi-square random variable.
The rest of the paper is organised as follows: Section
2 presents the random solutions for a new stochastic
extension of nonlinear Schrödinger equation. In §3, we
discuss the obtained results. Indeed, we depict the mean
and variance graphically for the obtained random solutions via chi-square distribution. Conclusions is reported
in §4.

Figure 1. Graph of expectation of the random solution ψ1 (x, y, t). a has chi-square distribution (0.3)
(top) and chi-square distribution (0.8) (bottom) with
y = 0, k1 = 3, k2 = 7, w = −6.3, n = 2, β1 = 1, β2 = 6,
θ = 1, b = 2,  = 0.5. ν = −7.5 for the top and −20 for the
bottom figures.

Here k1 and k2 denote respectively, the soliton frequencies in x and y directions, w represents the soliton
velocity and θ represents phase constant of the soliton. The parameters β1 and β2 denote respectively, the
inverse width of the soliton along x- and y-directions
and ν represents the soliton velocity.
Inserting eq. (2.1) into eq. (1.1) and dividing into real
and imaginary parts, the following two equations are
obtained:
Lq  + Mq 3 + N q = 0,
ν = −a(k1 β2 + k2 β1 ),

(2.2)
(2.3)

where L = aβ1 β2 , M = −2bk1 and N = −(w +
ak1 k2 ).
In view of the unified solver method [20], the random
solutions of eq. (1.1) are:
Rational function random solutions:
The rational random solutions of eq. (2.2) are

2. The new stochastic solutions
We use the travelling wave solution of the form [17]
ψ(x, t) = ei(−k1 x−k2 y+w t+θ ) q(η),
η = β1 x + β2 y − ν t.
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(2.1)

q1,2 (x, y, t)
 
−1
b k1
= ∓
.
(β1 x + β2 y − ν t + )
aβ1 β2

(2.4)
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Figure 2. Graph of expectation of the random solution ψ3 (x, y, t). a has chi-square distribution (0.3)
(top) and chi-square distribution (0.8) (bottom) with
y = 0, k1 = 21, k2 = 1, w = 0.75, n = 2, β1 = 1, β2 = 3,
θ = 1, b = 2,  = 0.54. ν = −19.2 for the top and −51.2
for the bottom figures.
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Figure 4. Graph of expectation of the random solution ψ7 (x, y, t). a has chi-square distribution (0.3)
(top) and chi-square distribution (0.8) (bottom) with
y = 0, k1 = 2, k2 = −7, w = 2, n = 2, β1 = −1, β2 = −6,
θ = 0.5, b = 2,  = 0.5. ν = 1.5 for the top and 4 for the
bottom figures.

Consequently, eq. (2.1) yields the random solutions of
eq. (1.1) as follows:
ψ1,2 (x, y, t) = ei(−k1 x−k2 y+w t+θ )
 
−1
b k1
× ∓
.
(β1 x + β2 y − ν t + )
aβ1 β2

(2.5)

Trigonometric function random solution:
The trigonometric random solutions of eq. (2.2) are

w + ak1 k2
q3,4 (x, y, t) = ±
2bk1


w + ak1 k2
× tan
(2.6)
(β1 x + β2 y − ν + )
2aβ1 β2
and
Figure 3. Graph of expectation of the random solution ψ5 (x, y, t). a has chi-square distribution (0.3)
(top) and chi-square distribution (0.8) (bottom) with
y = 0, k1 = 21, k2 = 1, w = 0.75, n = 2, β1 = 1, β2 = 3,
θ = 1, b = 2,  = 0.5. ν = −19.2 for the top and −51.2
bottom figures.



q5,6 (x, y, t) = ±

×cot

w + ak1 k2
2bk1


w + ak1 k2
(β1 x + β2 y − ν t + ) .(2.7)
2aβ1 β2
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Figure 5. Graph of expectation of the random solution ψ9 (x, y, t). a has chi-square distribution (0.3)
(top) and chi-square distribution (0.8) (bottom) with
y = 0, k1 = 2, k2 = −7, w = 2, n = 2, β1 = −1, β2 = −6,
θ = 0.5, b = 2,  = 0.5. ν = 1.5 for the top and 4 for the
bottom figures.

Consequently, eq. (2.1) gives the random solutions of
eq. (1.1) as follows:

w + ak1 k2
ψ3,4 (x, y, t) = ±ei(−k1 x−k2 y+w t+θ )
2bk1


w + ak1 k2
× tan
(2.8)
(β1 x + β2 y − ν + )
2aβ1 β2
and



ψ5,6 (x, y, t) = ±ei(−k1 x−k2 y+w t+θ )

× cot

Figure 6. Graph of variance of the random solution ψ1 (x, y, t). a has chi-square distribution (0.3)
(top) and chi-square distribution (0.8) (bottom) with
y = 0, k1 = 3, k2 = 7, w = −6.3, n = 2, β1 = 1, β2 = 6,
θ = 1, b = 2,  = 0.5. ν = −15 for the top and −40 for the
bottom figures.

and

q9,10 (x, y, t) = ±

× coth

w + ak1 k2
2bk1


w + ak1 k2
(β1 x + β2 y − νt + ) (2.9)
2aβ1 β2

Hyperbolic function random solution:
The hyperbolic random solutions of eq. (2.2) are

−(w + ak1 k2 )
q7,8 (x, y, t) = ±
2bk1


−(w + ak1 k2 )
× tanh
(β1 x +β2 y −νt +)
2aβ1 β2
(2.10)
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−(w + ak1 k2 )
2bk1


−(w + ak1 k2 )
(β1 x + β2 y − νt + ) .
2aβ1 β2
(2.11)

Consequently, eq. (2.1) gives the random solutions of
eq. (1.1) as follows:
ψ7,8 (x, y, t) = ±ei(−k1 x−k2 y+wt+θ )

×

−(w + ak1 k2 )
2bk1


× tanh

−(w + ak1 k2 )
(β1 x + β2 y − νt + )
2aβ1 β2



(2.12)
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Figure 7. Graph of variance of the random solution ψ3 (x, y, t). a has chi-square distribution (0.3)
(top) and chi-square distribution (0.8) (bottom) with
y = 0, k1 = 21, k2 = 1, w = 0.75, n = 2, β1 = 1, β2 = 3,
θ = 1, b = 2,  = 0.5. ν = −38.4 for the top and −102.4
for the bottom figures.
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Figure 9. Graph of variance of the random solution ψ7 (x, y, t). a has chi-square distribution (0.3)
(top) and chi-square distribution (0.8) (bottom) with
y = 0, k1 = 2, k2 = −7, w = 2, n = 2, β1 = −1, β2 = −6,
θ = 0.5, b = 2,  = 0.5. ν = 3 for the top and 8 for the
bottom figures.

and
ψ9,10 (x, y, t) = ±ei(−k1 x−k2 y+wt+θ )

−(w + ak1 k2 )
×
2bk1


−(w + ak1 k2 )
× coth
(β1 x + β2 y − νt + ) .
2aβ1 β2
(2.13)
In sequel, we discuss the results in graphs using
parameter a as a random parameter.

3. Results and discussion

Figure 8. Graph of variance of the random solution ψ5 (x, y, t). a has chi-square distribution (0.3)
(top) and chi-square distribution (0.8) (bottom) with
y = 0, k1 = 21, k2 = 1, w = 0.75, n = 2, β1 = 1, β2 = 3,
θ = 1, b = 2,  = 0.5. ν = −38.4 for the top and −102.4
for the bottom figures.

It has been reported that new stochastic solutions of a
new stochastic extension of nonlinear Schrödinger equation were achieved in explicit form. It was expected
that the obtained solutions can explain the telecommunication experiments, space observations, spatiotemporal
solutions, nuclear physics, capillary profiles and quantum mechanics [21–26]. The behaviour of the solutions

157

Page 6 of 7

Figure 10. Graph of variance of the random solution ψ9 (x, y, t). a has chi-square distribution (0.3)
(top) and chi-square distribution (0.8) (bottom) with
y = 0, k1 = 2, k2 = −7, w = 2, n = 2, β1 = −1,
β2 = −6, θ = 0.5, b = 2,  = 0.5. ν = 3 for the top
and 8 for the bottom figures.

for eq. (1.1) being solitons, explosive, dissipative, blow
up, rough, periodic, etc., is an indication for the values of the physical parameters in the coefficients of the
new stochastic extension of nonlinear Schrödinger equation. The presented solutions are clearly illustrated in
figures 1–10. That is, these figures depict the dynamical behaviour of the constructed solutions for suitable
values of physical parameters. For example, figure 4
represents the hyperbolic periodic solution.
The dispersion perturbation relation is essential to
describe wave propagation. This is especially true for
structures that support wave propagation, such as wave
guides and artificial crystals, including photonic and
photonic crystals. The dispersion relation gives the
possible propagation modes and relates the angular frequency w with the wave vector k. Here, we shall study
the effect of randomness of the dispersion term.
Measures of central tendency are a combination of
two words, i.e.‘measure’ and ‘central tendency’. Measure means methods and central tendency means average
value of any statistical series. Thus, we can say that
central tendency means the methods of finding out the
central value or average value of a statistical series of
quantitative information. Mean is the most commonly
used measure of central tendency. The mean uses every
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value in the data and hence it is a good representative of
the data. Additionally, the measure of dispersion shows
the scattering of the data. It tells the variation of the data
from one another and gives a clear idea about the distribution of the data. The measure of dispersion shows
the homogeneity or the heterogeneity of the distribution of the observations. Here, we compute the mean
graphically for random process solutions in figures 1–5
under chi-square distribution for different values of
parameters in order to show the effective random dispersion parameter according to the mean. Also, we find the
variance graphically for our random process solutions
in figures 6–10 under chi-square distribution for different values of parameters in order to show the effective
of the random dispersion parameter according the variance. Statistically, the expected value according to the
random variable is a measure of symmetry and the dispersion of a random variable refers to how closely or
widely the values of a random variable are clustered
around the central value. The variance is a measure of
disturbance. Therefore, as we show in figures 6–8 of
the random solutions, the variance of random solutions
ψ1,3,5 tends to stability, whereas in figures 9 and 10 of
the random solutions, the variance of random solutions
ψ7,9 tends to instability.
As the dispersion coefficient is a chi-square random
variable, all solutions are considered as stochastic processes. Firstly, we find the stochastic solutions and after
that we take the expectation or the variance over them.
That is, we computed the mean value and the variance of
our random solutions under chi-square with 0.3 and 0.8
values of parameter. It is noted that, when we compute
the expected value, ν = −E[a](k1 β2 + k2 β1 ), whereas
when the variance is found, ν = −σa2 (k1 β2 + k2 β1 )
where E[·] is the expectation operator and σa2 is the variance operator.

4. Conclusions
We have implemented the unified solver technique to
accurately resolve and represent the complete wave
structure of the stochastic new extension of Schrödinger
equation. This approach gives closed formula for the
solutions. The obtained solutions may be applicable in
various fields of natural sciences, such as optical fibres
and plasma physics. The statistical properties such as
mean and variance are computed for random solutions
under the chi-square distribution. The obtained results
show that the randomness of the dispersion process has
an effect on the solutions. Suitable values of parameter
for chi-square distribution reduce the effect of randomness of the dispersion coefficient.
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