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Abstract. Head-on collision between ion-acoustic (IA) multisolitons propagating in opposite directions in a
magnetised spin quantum plasma having inertial ions and degenerate electrons with spin-up and spin-down states is
studied. The extended Poincaré–Lighthill–Kuo (PLK) method is adopted to derive two Korteweg–de Vries (KdV)
equations. Further, the Hirota bilinear method is employed to determine the soliton solutions of two KdV equations
for single-soliton, double-soliton and triple-soliton cases. The analytical expressions of phase shift after head-on
collision of IA multisolitons in different cases are also derived. The combined effects of different physical parameters
such as spin-density polarisation, magnetic field and other physical parameters on the characteristics of IA solitons,
and time evolution as well as phase shifts due to head-on collision between IA multisolitons have been numerically
described. It is observed that the presence of spin-density polarisation awfully affects propagation properties of IA
solitons and phase shifts for different cases. The results of the present investigation may be useful to understand the
nonlinear features of a variety of nonlinear excitations in dense astrophysical plasma regions like white dwarfs.
Keywords. Degenerate electrons; quantum plasma; ion-acoustic solitons; phase shift; head-on collision;
Korteweg–de Vries.
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1. Introduction
The interaction of solitons is a phenomenon that usually
occurs in various plasma environments. The interactions
of two solitons are of two types: head-on collision [1]
and overtaking [2]. One noticeable attribute of the solitons is that it conserves the shape and size even after
collision. The energy utilisation occurs in terms of phase
shift to conserve the form of solitons. So, the headon collision acknowledges two main concepts such as
phase shift and trajectories [1]. The head-on collision
of two solitons and between multisolitons in different
kinds of plasmas by adopting the extended Poincaré–
Lighthill–Kuo (PLK) method in the framework of
different velocity distributions has been reported by
numerous researchers [3–9,11–14]. An investigation of
head-on collision of two dust ion-acoustic solitary waves
in a weakly relativistic multicomponent superthermal
plasma in the presence of negatively charged dust grains
was reported by Saini and Singh [7]. They analysed
the impact of variation of various physical parameters including superthermality of electrons as well as
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positrons, relativistic factor and temperature of electrons on the characteristics of solitary profiles and the
collision phase shift. Singh et al [9] investigated headon collision between dust-acoustic multisolitons in a
polarised dusty plasma in the presence of ions obeying non-Maxwellian hybrid distribution. In the recent
past, El-Taibany and Zedan [12] reported an investigation of head-on collision of two IA solitary waves
in non-ideal plasma containing Cairns–Gurevich distributed electrons and analysed the role of non-thermal
trapped electrons and other physical parameters on the
collision phase shifts. Very recently, Singla and Saini
[14] have reported the study of head-on collision of IA
multisolitons and characteristics of IA rogue waves in a
superthermal plasma embedded with an electron beam.
They have reported that electron beam components and
other plasma parameters have a great influence on the
collision phase shifts and propagation properties of IA
solitons. It is reflected that the given plasma parameters
in different investigations have great influence on the
phase shifts due to head-on collision and on the characteristics of solitons. However, the amplitude of colliding
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solitons can be equal or unequal, and for subsequent
cases, the solitons having larger amplitude and higher
velocity move faster and overhaul the smaller ones with
lower velocity [15–17].
The interparticle distance is equipollent with the de
Broglie wavelength, and due to this the quantum effect
becomes active. The remarkable attribute of quantum
plasma is its extremely low temperature (T ≤ TF ,
where TF is the Fermi temperature) and ultrahigh number density leading to non-thermal degenerate pressure
by interparticle interaction and degenerate electrons
[18]. The quantum hydrodynamics model (QHD) infers
the fluid model by encompassing the quantum diffraction (i.e., Bohm potential), quantum statistics pressure
and particle spin effect in momentum equation [19–
21]. Further, investigations of quantum ion-acoustic
waves with the role of quantum diffraction and an ideal
quantum magnetohydrodynamics (QMHD) model by
including quantum diffraction effect with pertinence
to the dense astrophysical region (i.e., white dwarfs)
have been reported by different researchers [22,23].
Several nonlinear structures have been described by
employing QHD, QMHD and relativistic QMHD models in different plasma systems [24–27]. By employing
the Sagdeev potential approach, nonlinear circularly
polarised Alfvén waves with the basic equations for
Hall MHD including quantum corrections in fermionic
spin-1/2 quantum plasmas were investigated by Jan et
al [26] to analyse the properties of the Alfvén solitary structures in the presence of spin magnetisation
in quantum plasma. The extraordinary electromagnetic
waves in weakly relativistic degenerate spin-1/2 magnetised quantum plasmas using relativistic QMHD model
were investigated by Li et al [27]. In quantum plasma,
spintronics is a new emerging area of research. In the
presence of external magnetic field, the difference in the
number of spin-up and spin-down state electrons gives
rise to Fermi pressure and acknowledges a new mode,
known as spin electron-acoustic wave (SEAW) [28]. The
propagation properties of waves with degenerate electrons, evolution of electrons and the effect of magnetic
field in the Langmuir wave dispersion through spin-up
and spin-down occupancy states in magnetised plasmas
were examined. In the absence of external magnetic
field, different types of spin-up and spin-down electrons
in metal exist which as a whole exhibit zero magnetic
moment of metal [29]. But in the presence of external
magnetic field, the number of spin-up electrons aligned
along the direction of external magnetic field is more
than the spin-down electrons.
Takabayasi [30] was the first to study the spin effect
for fermions (single spin-1/2 particle). Later, the effect
of electron spin and QHD equation were evaluated for
many-particle system on plasma dynamics [31]. Shukla
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[32] proposed a model for dense degenerate plasma that
incorporates electron spin and quantum effects. The
effect of spin-induced magnetisation and Hall current
on self-gravitational instability of magnetised viscous
quantum plasma was analysed by Sharma and Chhajlani [33]. Ahmad et al [34] illustrated the nonlinear
low-frequency electrostatic solitary pulses with relative density effects of spin-up and spin-down electrons
in a magnetised quantum plasma. Using the reductive
perturbation technique, the Zakharov–Kuznetsov-type
equation was derived for the electrostatic potential and
pulse stability analysis was discussed. Hussain and
Mahmood [35] reported the study of IA shock waves in
a dense magnetised plasma with relative density effects
of spin-up and spin-down degenerate electrons. The
magnetorotational instability for both magnetised and
unmagnetised plasmas duly modified by spin correction terms, using a two-fluids model under the effect
of spin magnetisation in a rotating degenerate quantum plasma was analysed by Usman et al [36]. Kaur
et al [37] carried out a study of ion-acoustic cnoidal
waves (IACWs) in a magnetised quantum plasma having degenerate inertialess electrons with spin-up and
spin-down states. The KdV equation was derived and
from its solution, propagation properties of IACWs
were discussed. It was observed that various physical
parameters and spin-density polarisation have noteworthy impacts on the amplitude of IACWs. The effects of
static magnetic field on energy states and degeneracy of
electrons in dense plasma using perturbation theory for
strongly and weakly magnetised electrons were reported
by Al-Yousef and Khalil [38]. They noticed that the
strong magnetic field will not completely eliminate the
degeneracy, but it reduces degeneracy. Ayub et al [39]
evaluated the energy transport for IA waves in a spinpolarised quantum plasma with separate spin evolution
quantum hydrodynamics model. They investigated the
energy behaviour for IA waves with different quantum
parameters and also in the presence/absence of Bohm
potential in a degenerate quantum plasma. The effect of
spin polarisation on the beam–plasma streaming instability in a magnetised quantum plasma was evaluated by
Kumar et al [40]. They considered different concentrations of spin polarisation under the effect of magnetic
field and perceived the contribution of quantum effects
such as Fermi electron pressure, Bohm potential and
spin magnetic moment with the beam–plasma interaction.
Numerous investigations of head-on collision of various types of nonlinear structures in quantum plasma
have been studied by different researchers [41–45].
The head-on collision between two magneto-acoustic
solitons in spin-1/2 fermionic quantum plasma was
illustrated by Chatterjee et al [41] to obtain the phase
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shifts and the trajectories during the head-on collision
of two solitons. Han et al [42] studied the composite nonlinear structures within the magnetosonic soliton
interactions between three cases of colliding-situation,
namely, compressive–rarefactive solitons interaction,
compressive–compressive solitons interaction and
rarefactive–rarefactive solitons interaction, in a spin-1/2
degenerate quantum plasma. Roy et al [43] studied the
face-to-face collision between multisolitons in spin-1/2
quantum plasma for Alfvén waves using the extended
PLK method. Kohli and Saini [44] presented a study
of interaction of two dust-acoustic shocks in a quantum
dusty plasma having fluid dust, and quantum electrons as
well as ions. Two Kortweg–de Vries–Burgers (KdVB)
equations were derived using the extended PLK method
to analyse the effects of quantum diffraction, kinematic
viscosity and temperature ratio on the characteristics of
dust-acoustic shock waves and phase shifts. The head-on
collision of low frequency and small amplitude magnetosonic shocks with separated spin evolution in a
degenerate quantum magnetoplasma was reported by
Rahim et al [45]. By employing the PLK method, they
derived the KdVB equation and studied the characteristics of compressive as well as rarefactive magnetosonic
waves to analyse the effects of different parametric
regimes on colliding processes as well as phase shifts.
All earlier investigations were focussed on the study
of the characteristics of nonlinear structures (solitary,
shocks and cnoidal waves) in the presence of either
spin-1/2 electrons or both spin electrons (spin-up and
spin-down electrons) in a degenerate quantum plasma.
In addition to the importance of the study of head-on collision between nonlinear structures (shocks or solitons),
it is also of great importance to analyse the interaction of IA multisolitons in a degenerate quantum plasma
with electrons having spin-up and spin-down states. To
our best knowledge, the study on head-on collision of
IA multisolitons under the effect of both spin-up and
spin-down degenerate electrons in a magnetised quantum plasma has not been reported yet. The manuscript
is structured as follows: Fluid model is described in §2.
The derivation of two KdV equations and phase shifts
are presented in §3. Parametric analysis is illustrated in
§4. The conclusion is summarised in § 5.
2. Fluid model
The separated spin evolution quantum hydrodynamics
(SSEQHD) model is considered to study the formation of IA nonlinear structures in a degenerate quantum
plasma having inertialess electrons with spin-up as well
as spin-down states and inertial non-degenerate ions in
the presence of uniform magnetic field B (= B0 ẑ) in the
positive z-direction. Due to separate spin evolution, new
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types of longitudinal waves are located, having dependence upon the direction of propagation to an external
magnetic field and their existence depend upon different
population of spin-up and spin-down electrons in a given
plasma. The set of fluid equations (continuity, momentum and Poisson) governs the dynamics of IA solitary
waves in the present investigation. The normalised component of fluid equations and momentum equations for
inertialess electrons (with spin-up and spin-down) are
written as [37]
For ions:
∂
∂
∂
∂n i
+
(n i u i x ) + (n i u i y ) + (n i u i z ) = 0, (1)
∂t
∂x
∂y
∂z
∂
∂u i x
∂u i x
∂u i x
ui x + ui x
+ ui y
+ ui z
∂t
∂x
∂y
∂z
∂φ
+ i u i y ,
=−
(2)
∂x
∂u i y
∂u i y
∂u i y
∂
ui y + ui x
+ ui y
+ ui z
∂t
∂x
∂y
∂z
∂φ
+ i u i x ,
=−
(3)
∂y
∂
∂u i z
∂u i z
∂u i z
ui z + ui x
+ ui y
+ ui z
∂t
∂x
∂y
∂z
∂φ
(4)
=− .
∂z
∂ 2φ ∂ 2φ ∂ 2φ
+ 2 + 2
∂x2
∂y
∂z
= s↑ n e↑ + s↓ n e↓ − n i .
(5)
For electrons:
(2s↑,↓ )2/3 −1/3 ∂n e↑,↓
∂φ
− i u ey↑,↓ −
n e↑,↓
∂x
3
∂x

 √
2
2
H ∂ ∇ n e↑,↓
= 0,
+
√
2 ∂x
n e↑,↓
(2s↑,↓ )2/3 −1/3 ∂n e↑,↓
∂φ
− i u ex↑,↓ −
n e↑,↓
∂y
3
∂y

 √
2
2
H ∂ ∇ n e↑,↓
+
= 0,
√
2 ∂y
n e↑,↓
∂φ (2s↑,↓ )2/3 −1/3 ∂n e↑,↓
−
n e↑,↓
∂z
3
∂z

√
2
2
H ∂ ∇ n e↑,↓
= 0,
+
√
2 ∂z
n e↑,↓
where
n 0↑
s↑ =
n i0
and
n 0↓
s↓ =
.
n i0

(6)

(7)

(8)
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Equations (1)–(4) are continuity and momentum equations for the ion fluid, eq. (5) represents Poisson’s
equation and eqs (6)–(8) represent momentum equations for inertialess electrons. The scaling parameters
to normalise fluid equations are illustrated as
The ion cyclotron frequency
ωci
i =
,
ω pi
with



ω pi =



4π n i0 e2
eB0
, ωci =
mi
mi c

h̄ω pi
.
H=
m i m e cs 2
The number densities n i , n e↑ and n e↓ are normalised by
their respective equilibrium densities. The fluid velocity u(= u i x , u i y , u i z ) and electrostatic potential φ are
normalised by quantum ion-acoustic speed

2K B TF
2K B TF
Cs =
and
mi
e
where Fermi temperature
(3π 2 n i0 )2/3 h̄ 2
.
2K B m e

5/3

K B TFe↑,↓ n e↑,↓
5n 0↑,↓ 2/3

and Fermi temperature (for spin-up and spin-down) is
2/3

TFe↑,↓ =

6π 2 n 0↑,↓ h̄ 2
2K B m e

n e0↑ − n e0↓
.
n e0↑ + n e0↓

K (0) (η, τ ) + · · · ,
(10)
η = (l x x + l y y + l z z + λ1 t) + 2 L (0) (ξ, τ ) + · · ·
(11)
ξ = (l x x + l y y + l z z − λ1 t) +

τ=

3

t.

2

(12)

l p ( p = x, y, z) is the direction cosine. A small parameter characterises the nonlinearity strength. ξ (to the
left) and η (to the right) represent the trajectories of two
solitary waves travelling towards each other. K (0) (η, τ ),
L (0) (ξ, τ ) and λ1 are unknown quantities and can be
determined later. Let G be any of the system variables
n i,e , u (i,e)x , u (i,e)y , u i z and φ, delineating the system’s
state at a given position and time. So
G = G0 +

.

∞


j+1

G ( j) ,

(13)

j=1

At equilibrium, the charge neutrality condition yields
n 0↑ + n 0↓ = n i0 . The quantity s represents the spindensity polarisation and is defined as
s=

Two solitary waves having small amplitude in the given
plasma system travel towards each other and with the
passage of time, after collision with each other, they
depart. In this case, collision is quasielastic due to the
weak interaction between them and so only phase shift
(i.e., shifts of the post-collision trajectories) may be
affected. In order to scrutinise the effects of collision, we
employ the extended Poincaré–Lighthill–Kuo perturbation method to derive two KdV equations. The following
stretched coordinates are chosen [7]:

and

The space and time coordinates are normalised by λ D (=
Cs /ω pi ) and inverse of the ion plasma frequency ω pi
respectively. Fermi pressure of degenerate electrons is
(with spin-up and spin-down)
Pe↑,↓ =

aligned along the magnetic field direction is large in
comparison to spin-down electrons, s with negative sign
shows no significance [29]. For s = 1, electrons have
only one state, and the given system is simply electron–
ion plasma. Therefore, we can write
1+s
1−s
and s↓ =
.
s↑ =
2
2
3. Derivation of two KdV equations and phase
shifts

and the quantum parameter

TF =
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(9)

The spin-density polarisation (s) can be positive, negative or zero. When the number density of spin-up
electrons is higher (lower) than spin-down electrons, s
is positive (negative). For equal density of both spin-up
and spin-down electrons, s is zero. Since under the influence of magnetic field, the number of spin-up electrons

where G 0 represents the equilibrium state for which the
values of n i,e , u (i,e)x , u (i,e)y , u i z and φ, at equilibrium
are 1, 0, 0, 0 and 0 respectively. By using eqs (10)–(13)
in eqs (1)–(5), and then equating the powers of 3 , we
get a set of coupled equations in different orders of .
To the first order, we have




∂
∂
∂
∂
(1)
(1)
+
ni + lz
+
u i z = 0,
λ1 −
∂ξ
∂η
∂ξ
∂η
(14)


∂
∂
(2)
−l x
+
φ (1) + i u i y = 0,
(15)
∂ξ
∂η
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∂
∂
(2)
+
φ (1) − i u i x = 0,
−l y
∂ξ
∂η


∂
∂
(1)
+
ui z
λ1 −
∂ξ
∂η


∂
∂
+
φ (1) ,
= −l z
∂ξ
∂η


∂
∂
(2)
+
φ (1) − i u ey↑,↓
lx
∂ξ
∂η


(2s↑,↓ )2/3
∂
∂
(1)
lx
+
n e↑,↓ = 0,
−
3
∂ξ
∂η


∂
∂
(2)
+
φ (1) − i u ex↑,↓
ly
∂ξ
∂η


(2s↑,↓ )2/3
∂
∂
(1)
ly
+
n e↑,↓ = 0,
−
3
∂ξ
∂η


∂
∂
+
φ (1)
lz
∂ξ
∂η


(2s↑,↓ )2/3
∂
∂
(1)
lz
+
n e↑,↓ = 0,
−
3
∂ξ
∂η


(1)

(1)

(1)

0 = s↑ n e↑ + s↓ n e↓ −n i .

(16)

(17)

(1)

(18)

(1)

22/3
1/3
3(s↑

1/3

+ s↓ )

.

(19)

(20)

(22)
(23)
(24)
(25)

(26)

(1)

φξ (ξ, τ ) and φη (η, τ ) are unknown functions which
will be determined in terms of higher order. It can be seen
from eqs (22)–(26) that there are two solitary waves, one
(1)
represented by φξ (ξ, τ ) is propagating towards the left
(1)

side and the second represented by φη (η, τ ) is propagating towards the right side. From the equation for
order 5 , and after long tedious algebraic calculations,
we evaluate the following single equation:
− 2F

∂
∂
∂ 2 (3)
ui z =
(d K d V |ξ ) +
(d K d V |η )
∂ξ ∂η
∂ξ
∂η

d K d V |ξ =
d K d V |η =

The phase velocity of IA waves from the first-order
expressions is determined as
λ1 = l z

(27)
with

By solving the set of eqs (14)–(21), we obtain the following first order expressions:
(1)


∂ 2 (1)
∂ K (0)
− Dφη(1)
φ
+ C
∂η
∂ξ 2 ξ


∂2 2
∂ L (0)
(1)
− Dφξ
− C
φ ,
∂ξ
∂η2 η


(21)

φ (1) = φξ (ξ, τ ) + φη(1) (η, τ ),
l z (1)
(1)
u i z = [φξ (ξ, τ ) − φη(1) (η, τ )],
λ1
l 2 (1)
(1)
n i = z2 [φξ (ξ, τ ) + φη(1) (η, τ )],
λ1
3
(1)
(1)
[φξ (ξ, τ ) + φη(1) (η, τ )].
n e↑,↓ =
2/3
(2s↑,↓ )
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∂φξ

+

∂τ

(1)
(1) ∂φξ
Aφξ

∂ξ

(1)

+B

,

∂ξ 3

(1)

(28)

(1)

∂ 3 φη
∂φη
∂φη
− Aφη(1)
−B
,
∂τ
∂η
∂η3

where
λ3
A = 12
2l z

(1)

∂ 3 φξ

3l z4
λ1 4

3
−
(2)4/3



1
1/3

s↑

+

(1 − l z2 ) 9H 2l z
λ3
− 7/3
B = 12 1 +
2l z
2
i 2



1
1/3

s↓


1
1/3

s↑

C = 2λ1 ,



λ31 l z4
1
3
1
+
+
D= 3
2l z λ41 24/3 s 1/3 s 1/3
↑
↓
and
2λ2
F = 1.
lz

,
+

1
1/3

s↓


,

After integrating eq. (27) with respect to ξ and η, we get


(3)
−2Fu i z = (d K d V |ξ )dη + (d K d V |η )dξ

  
∂ 2 (1)
∂ K (0)
− Dφη(1)
φ dξ dη
+
C
∂η
∂ξ 2 ξ

  
∂ L (0)
∂ 2 (1)
(1)
−
C
− Dφξ
φ dξ dη. (29)
∂ξ
∂η2 η
The quantities d K d V |ξ and d K d V |η in eq. (29) must
be eradicated in order to elude counterfeit resonances.
Hence, the KdV equations are formulated as
(1)

∂φξ

+

(1)
(1) ∂φξ
Aφξ

(1)

+B

∂ 3 φξ

= 0,

(30)

∂ 3 φη
∂φη
∂φη
− Aφη(1)
−B
= 0.
∂τ
∂η
∂η3

(31)

∂τ
(1)

∂ξ

(1)

∂ξ 3
(1)

Next, the third and fourth terms on RHS of eq. (29) can
also become secular in next higher order. So we get
C

∂ K (0)
− Dφη(1) = 0
∂η

(32)
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and
C

∂ L (0)
∂ξ

(1)

− Dφξ = 0.

(33)

For determining soliton solutions for different cases,
viz., single solitons, double solitons and triple solitons,
the Hirota bilinear method employed in Singh et al [9]
has been followed. The multisoliton solutions of two
KdV eqs (30) and (31) for different cases of head-on
collision are obtained as (see details of calculations in
Appendix and Singh et al [9]):
Single-soliton solutions:
12B ∂ 2 ln T1
,
A
∂ξ 2
12B ∂ 2 ln T2
φη =
.
A
∂η2
φξ =

(34)
(35)

Double-soliton solutions:
12B ∂ 2 ln T3
,
A
∂ξ 2
12B ∂ 2 ln T4
φη =
.
A
∂η2
φξ =

(36)
(37)

Triple-soliton solutions:
12B ∂ 2 ln T5
,
φξ =
A
∂ξ 2
12B ∂ 2 ln T6
φη =
.
A
∂η2

(38)
(39)
(1)

(1)

(φη ) as φξ (φη ). The quantities Tm (m = 1, 2, 3, 4, 5,
6) mentioned in the above equations are illustrated in
Appendix.
By applying different types of soliton solutions from
eqs (34)–(39) in eqs (32) and (33), the expressions for
phase shifts after head-on collision corresponding to
single solitons, double solitons and triple solitons can
be determined in the following form. The generalised
expression for the phase shift of IA multisolitons is written as [9]
n
B 2/3 D 
K (0) = 2
kj
AC
j=1

L

(0)

=−

2

n
B 2/3 D 
kj,
AC

which implies that phase shifts obey law of conservation
of phase.
During the process of collision, for a very short
interval, a practically motionless composite structure is
formed and after collision, solitons separate and propagate along new trajectories deviated from the initial
one, and the corresponding deviation is termed as phase
shift. After head-on collision, if the pre(post)-collision
part of the soliton moves in front of the initial trajectory, then the phase shift is called the negative (positive)
phase shift. The solitons exchange some energy between
each other to preserve their shapes and sizes during
head-on collision. Physically, the concept of phase shift
can be explained on the basis of energy consumption to
preserve the soliton characteristics. The coefficients A,
C and D collectively describe the positive or negative
phase shifts. As the phase shifts of IA multisolitons are
very sensitive to the combined effects of spin-density
polarisation (SDP), direction cosine (via l z ) and magnetic field strength (via i ), it is quite noteworthy to
investigate the effects of such physical parameters on
the phase shifts occurring because of head-on collision
of IA multisolitons travelling in opposite directions.

4. Parametric analysis

For mathematical simplicity we have considered φξ

and
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(40)

j=1

where n = 1, 2 and 3 for head-on collision of singlesoliton, double-soliton and triple-soliton cases respectively. From eq. (40), it is found that a combination of
two phase-shift expressions yields K (0) + L (0) = 0,

We have executed the parametric analysis to study the
characteristics of IA solitons and time evolution as well
as phase shift retrieved after head-on collision between
single, double and triple solitons under the influence of
spin-density polarisation (via s), direction cosine l z and
magnetic field (via i ) and other physical parameters.
The typical plasma parameters corresponding to dense
astrophysical plasma in the region of white dwarfs are
considered for the present numerical analysis [46]: Temperature is 105 K, magnetic field intensity B0 = 104 G,
plasma density N0 = 1027 cm−3 and Fermi temperature
TF = 105 K.
Figure 1 depicts the variation of phase velocity (λ1 ) of
IA solitons with and without spin-density polarisation
(via s). It is observed that as the value of direction cosine
(l z ) increases, the phase velocity (λ1 ) also increases.
Further, it is noticed that the value of phase velocity
without SDP is larger than the value of phase velocity
with SDP for the same value of direction cosine (l z ). This
implies that the presence of spin-density polarisation
reduces the value of phase velocity of IA solitons.
4.1 Characteristics of IA solitons
In this section, we numerically evaluate the emphatic
effects of spin-density polarisation and other parameters
such as l z and i on the characteristics of IA solitons
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in the given plasma. By employing the single variable
transformation as ς = ξ − u 0 τ , stationary soliton solution of the KdV equation (30) in ξ is evaluated as
 
ς
2
φξ = φm sech
,
(41)
ωξ
where φm = 3u 0 /A and ωξ = (4B/u 0 )1/2 are the
peak amplitude and width of IA solitons respectively.
u 0 represents the speed of solitons. In this investigation, as nonlinear coefficient A is positive, only positive
potential IA solitons are formed. Figure 2a illustrates
the variation of amplitude of IA solitons for different
physical parameters without SDP (i.e., s = 1): Black
curve stands for i = 0.30, l z = 0.30, magenta curve
for i = 0.35, l z = 0.30 and blue curve for i = 0.30,
l z = 0.50. It is observed that the amplitude is decreased
with increase in l z but remains the same for change in i .
Figure 2b depicts that the amplitude of IA solitons in the
presence of SDP (i.e., for s = 0) is reduced but the variation with other parameters (l z , i ) is similar as seen for
the case without SDP. Further, it is highlighted that the
nonlinearity is reduced under the influence of SDP, leading to a decrease in amplitude of IA solitons. It is stressed
that with spin-density polarisation, the amplitude of IA
solitons is crucially modified due to the change in nonlinearity.

Figure 1. The variation of the phase velocity (λ1 ) vs. l z , with
spin-density polarisation (SDP) (s = 0) and without SDP
(s = 1).
(a)
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4.2 Time evolution and phase shift of IA multisolitons
In this section, the dependence of time evolution and
phase shift of IA multisolitons on different plasma
parameters are described. We have carried out numerical analysis for various studies related to phase shift
and time evolution occurred due to head-on collision
of IA single solitons, double solitons and triple solitons under the influence of s, i , l z and other plasma
parameters. Different explorations on head-on collision
between solitons revealed that phase shift can be positive
or negative in different plasmas [7–9,47–49]. Negative
or positive phase shift depends upon the sign of coefficients A, C and D but the nature of IA mode has no
influence on the sign of phase shifts. Since the numerical
values of coefficients A, C and D are always positive,
the phase shift of IA multisolitons after head-on collision for different cases is positive. As seen from eq. (40),
phase shift is mainly a function of coefficients A, C and
D. Those further depend on different plasma parameters, and so the magnitude of phase shift in this case is
modified with any change in i , l z and s.
4.2.1 Time evolution of IA multisolitons. The time
evolution of single solitons is presented in figure 3. Due
to the interaction between two-sided solitons, a composite structure is formed during collision having both
amplitude and width larger than that of the original solitons. At later time, they gradually separate and attain
their original shape. The variation in propagation of single soliton profiles φξ and φη for different time τ with
spin-density polarisation (via s) is illustrated in figure 3.
It is perceived that the soliton profiles φξ [eq. (34)] and
φη [eq. (35)] propagate in opposite directions towards
each other. With the passage of time, the composite
structure formed by these two IA solitons with spindensity polarisation is shown in figure 3c. The entire
collision process is illustrated in figure 3f.
Figure 4 depicts the variation of double-soliton profiles φξ with ξ and φη with η for different values of τ
(b)

Figure 2. The variation of profile of IA solitons with ς (a) without SDP (i.e., s = 1) and (b) with SDP (i.e., s = 0), when
l z = 0.30, i = 0.30 and H = 0.2.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3. Interaction of single-soliton profile φξ and φη for different values of τ with spin-density polarisation (for s = 0)
for fixed values of l z = 0.90, i = 0.5 and H = 0.5.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 4. Interaction of double-soliton profiles φξ and φη for different values of τ with spin polarisation density and other
parameters the same as in figure 3.

with spin-density polarisation. With the passage of time,
i.e., increase in time (τ ), IA soliton profiles represented
by eqs (36) and (37) propagate in opposite directions
towards each other. Figure 4d represents a merged structure that is formed for a very short interval of time during
interaction and with the passage of time, both solitons
are separated out. The entire layout of the process of
collision is represented by figure 4h.
The variation of triple-soliton profiles φξ with ξ and
φη with η for different values of τ with spin-density
polarisation is outlined in figure 5. With the passage

of time (τ ), the solitary profile expressed by eqs (38)
and (39) propagate in opposite directions towards each
other. A merged IA soliton structure having amplitude
larger than individual profiles of IA solitons is formed
for a very short interval of time during interaction (see
figure 5d). With the passage of time, both solitons again
split out and regain their original amplitudes. The entire
process of collision is depicted in figure 5h.
4.2.2 Phase shift of IA multisolitons. The energy consumption by the IA solitons during head-on collision

Pramana – J. Phys.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

140

Figure 5. Interaction of triple-soliton profiles φξ and φη for different values of τ with spin-density polarisation (for s = 0)
and other parameters are the same as in figure 3.
(a)

(b)

(c)

(d)

Figure 6. The variation of phase shift K (0) vs. l z for single-soliton collision for different values of i : (a) and (b) with
spin-density polarisation (for s = 0); (c) and (d) without spin-density polarisation (for s = 1).

causes phase shift which is further dependent on different physical parameters. The change in phase shift
of IA multisolitons after the head-on collision in different cases is significantly modified. It is observed from
numerical analysis of the nonlinear coefficient A, coefficient C and coefficient D that the phase shift is always
positive (see figure 6). The phase shift is sensitive to the
variation in the amplitude of IA solitons in the present

investigation. The variation of phase shift K (0) for
single soliton in the l z –i plane, i.e., variation with
direction cosine l z and ion cyclotron frequency i is
illustrated in figures 6a and 6c with (s = 0) and without
(s = 1) spin-density polarisation respectively. From the
colour bar, it is expressed that with the increase in the
values of l z and i , the phase shift K (0) decreases. So
the energy consumption by single solitons is reduced
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(a)

(b)

(c)

(d)

(2021) 95:140

Figure 7. The variation of phase shift K (0) vs. l z for double-soliton collision for different values of i : (a) and (b) with
spin-density polarisation (for s = 0); (c) and (d) without spin-density polarisation (for s = 1).

with increase in the values of l z and i . But from the
comparison of results in these two figures, it is observed
that the value of phase shift is more when spin-density
polarisation is absent (i.e. for s = 1). Thus, it is stressed
that the presence of spin-density polarisation suppresses
the phase shift with any change of physical parameter.
More clearly, the variation of K (0) for single-soliton
collision with l z for different values of i is described in
figures 6b and 6d for cases with and without spin-density
polarisation respectively.
Figures 7a and 7c show the variation in phase
shift K (0) for double solitons in the l z –i plane
with/without spin-density polarisation (s = 0/s = 1).
The change in K (0) with l z for different values of
i is depicted in figures 7b and 7d with and without
spin-density polarisation respectively. K (0) decreases
with increase in value of l z and i . It is concluded
that energy consumption by double-soliton collision is
reduced with the enhancement of l z and i values.
Further, the variation of phase shift for triple-soliton
collision with direction cosine (l z ) and ion cyclotron frequency (i ), with/without spin-density polarisation is
portrayed in figures 8a–8d. Again in this case, phase shift
reduces with increase in the values of direction cosine
(l z ) and ion cyclotron frequency (i ) in the presence of

other physical parameters. However, the magnitude of
phase shift in triple-soliton case is much larger than that
of the single-soliton as well as double-soliton cases. It
is seen from numerical analysis that the amplitude of
IA triple solitons are larger than the amplitudes of single and double solitons. Further, it is highlighted that
with increase in the speed of solitons for double and
triple solitons, there is more deviation in their trajectories after head-on collision, leading to an increase in
phase shift for different cases (i.e. phase shift for the case
of head-on collision of triple solitons > double solitons
> single solitons). It is remarked that after the head-on
collision, the phase shifts of solitons are very sensitive to direction cosine (l z ), magnetic field (via (i ))
and spin-density polarisation (via s) and energy consumption is reduced with increase in l z and i values.
The deviation of solitons from the original trajectories is
also enhanced as the head-on collision of the number of
solitons is increased.
Figures 9a and 9b demonstrate the space–time contour variation of single-soliton collision profiles at s = 0
(with SDP) and s = 1 (without SDP). With increase
in time (τ ), one soliton propagates towards the left
direction and the other is shifted towards the right direction. Hence, both solitons collide and move in opposite
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(a)

(b)

(c)

(d)
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Figure 8. The variation of phase shift K (0) vs. l z for triple-soliton collision for different values of i : (a) and (b) with
spin-density polarisation (for s = 0); (c) and (d) without spin-density polarisation (for s = 1).

Figure 9. Space–time contour variation of single-soliton collision profile φξ and φη (a) with spin-density polarisation (for
s = 0) and (b) without spin-density polarisation (for s = 1) for fixed values of l z = 0.30, i = 0.35 and H = 0.2.

directions. The spin effect changes the path of the
two oppositely propagating solitons after the head-on
collision. The space–time contour variation of doublesoliton profiles with SDP is illustrated in figures 10a
and 10b. Two solitons move towards the left and other
towards the right directions, and with the passage of time
(τ ), they interact with each other and spilt out again
and move in opposite directions. For double-soliton
collision, the deviation is more and is increased after

collision. It is reflected that the solutions of four evolution equations provide the taller solitons and smaller
solitons, the taller ones move fast and during interaction
overtake the smaller ones. Figures 11a and 11b portray
the space–time contour variation of triple-soliton profiles for s = 0 and s = 1. With increase in time τ , three
solitons travel towards the right direction, and others
towards the left direction. For triple solitons, the deviation is increased remarkably as the speed of solitons is

140
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Figure 10. Space–time contour variation of double-soliton collision profile φξ and φη (a) with spin-density polarisation (for
s = 0) and (b) without spin-density polarisation (s = 1). Other physical parameters are the same as in figure 9.

Figure 11. Space–time contour variation of triple-soliton collision profile φξ and φη (a) with spin-density polarisation (for
s = 0) and (b) without spin-density polarisation (for s = 1). Other physical parameters are the same as in figure 9.

more in this case. It is reflected that the solutions of six
evolution equations provide taller solitons and smaller
solitons, the taller ones move fast and during interaction
overtake the smaller ones.
Finally, it is highlighted that the phase shift increases
as collision of number of solitons increases, which is
illustrated in different cases of head-on collision of IA
multisolitons.

5. Conclusion
In this investigation, we have presented the study of
head-on collision between IA multisolitons in a magnetised spin quantum plasma having inertial ions and
inertialess degenerate electrons with spin-up and spindown states. The separated spin evolution quantum
hydrodynamic model is considered to derive two KdV
equations by employing the extended PLK method.
Further, the Hirota bilinear method is used to derive
soliton solutions of two KdV equations for different

cases of head-on collision of IA multisolitons (such as
single solitons, double solitons and triple solitons) and
the corresponding phase-shift expressions. The combined effects of different plasma parameters including
spin-density polarisation (via s), direction cosine l z and
magnetic field (via i ) on the characteristics of IA solitons, and time evolution as well as phase shift occurred
due to head-on collision between IA single, double and
triple solitons are analysed. The important results are
epitomised in the following manner:
(i) Only positive potential (compressive) IA solitons
are observed.
(ii) The amplitude of IA solitons is significantly
reduced with SDP and increase in the value of
direction cosine l z but no change is observed in
the amplitude for increase in the magnetic field
strength (via i ).
(iii) The time evolution of head-on collision of IA
multisolitons in different cases is illustrated at
different intervals and it is observed that the
amplitude of the composite structures of solitons
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after head-on collision is larger than the individual solitons in each case.
(iv) Increase of head-on collision between the number
of solitons leads to an increase in the amplitude
of individual solitons. Thus, the amplitude of IA
solitons for the case of head-on collision between
triple solitons is larger than the amplitude for
double solitons case and amplitude for double
solitons is larger than the case of head-on collision between single solitons.
(v) The phase shift of IA multisolitons in each case
decreases with increase in the value of direction cosine l z , magnetic field (via i ) and with
spin-density polarisation (via s). However, the
magnitude of phase shift is enhanced as headon collision between the number of solitons is
enhanced, i.e., phase shift for triple soliton >
double soliton > single soliton cases.

arbitrary constant respectively. From linear analysis, by
(1)
using φξ = exp(k j β − ω j τ ), the dispersion relation is
determined as ω j = k 3j . Hence, the single-soliton solution of KdV equations (30) and (31) can be determined
as

The findings of the present investigation may be useful for understanding the salient features of a variety of
nonlinear IA structures in dense astrophysical plasma
regions like white dwarfs.

Next, double-soliton solutions of eqs (30) and (31) are
determined as
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12B ∂ 2
(ln T1 ),
A ∂ξ 2
12B ∂ 2
φη =
(ln T2 ),
A ∂η2
φξ =

(A.2)
(A.3)

where
T1 = 1 + exp(k1 B −1/3 ξ − k13 τ )

(A.4)

and
T2 = 1 + exp(−k1 B −1/3 η − k13 τ ).

(A.5)

12B ∂ 2
(ln T3 ),
A ∂ξ 2
12B ∂ 2
φη =
(ln T4 ),
A ∂η2
φξ =

(A.6)
(A.7)

where
T3 = 1 + exp(θ1 ) + exp(θ2 ) + q12 exp(θ1 + θ2 ), (A.8)
T4 = 1 + exp(δ1 ) + exp(δ2 ) + q12 exp(δ1 + δ2 ). (A.9)
Finally, triple-soliton solutions are determined as

Appendix A. Derivation of multisoliton solutions of
eqs (30) and (31)
By implementing the Hirota bilinear method (as followed in Singh et al [9]), and using the variable
(1)
transformation ξ → ξ B 1/3 , η → ηB 1/3 , φξ,η →
(1)

6φξ,η A−1 B 1/3 in eqs (30) and (31), we can easily
congregate the multisoliton solutions of these KdV
equations. By applying variable transformation, we find
the following equation in the general form:
∂
∂ ∂ 3 
+ 6
+
= 0,
∂τ
∂β
∂β 3
(1)

(A.1)

where  represents φξ,η and β represents ξ and η.
We employ  = 2(ln g)ββ to transform the general KdV equation (A.1) into Hirota bilinear form
(Dβ Dτ + Dβ 4 )(g.g) = 0. Hence, the multisoliton soluN
tions are determined as g =
j=1 exp(θ j ), where
θ j = k j β − ω j τ , k j and ω j are wave number and

12B ∂ 2
(ln T5 ),
A ∂ξ 2
12B ∂ 2
φη =
(ln T6 ),
A ∂η2
φξ =

(A.10)
(A.11)

where
T5 = T3 + exp(θ3 ) + q23 exp(θ2 + θ3 )
+q31 exp(θ3 + θ1 ) + q123 exp(θ1 + θ2 + θ3 ),
(A.12)
T6 = T4 + exp(δ3 ) + q23 exp(δ2 + δ3 )
+q31 exp(δ3 + δ1 ) + q123 exp(δ1 + δ2 + δ3 ),
(A.13)
In the above expressions, θ j = K j B −1/3 ξ − k 3j τ , δ j =
−K j B −1/3 η − k 3j τ for j = 1, 2 and 3. The coefficients
with q are q12 = (k2 − k1 )2 /(k1 + k2 )2 , q23 = (k2 −
k3 )2 /(k2 +k3 )2 , q31 = (k3 −k1 )2 /(k1 +k3 )2 and q123 =
q12 q23 q31 .
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