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Abstract. By virtue of thermo-entangled state representation (TESR) and the technique of integration within an
ordered product of operators, we solve the master equations of density operators in the amplitude damping model
and examine firstly how the orthogonal coherent state (OCS) evolves in this model. The evolution formula of the
field density operator is given. The effect of decoherence on the negativity of Wigner function (WF) is discussed.
The results obtained by the numerical method are as follows: (1) its Wigner function displays negativity, which
shows that unlike the coherent state, it has non-classical property and (2) the negativity of the Wigner function is
gradually weakened, until it disappears with increased damping.
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1. Introduction
As an eigenvector of annihilation operator, coherent
state was initiated by Klauder [1]. It forms a very useful basis in quantum physics. Based on coherent state,
many novel quantum states have been constructed theoretically and experimentally [2–8]. Theoretically, in
order to meet the different needs of quantum technology, many schemes have been presented to construct
quantum states. Among these schemes, the operation
of light field operators on the known quantum states
to construct new quantum states, which have particular
quantum properties, is one of the most familiar methods. For example, squeezing state can be obtained by
applying the squeezing operator on the vacuum state
[4], and similarly the photon added and subtracted
squeezed coherent states can be generated by operating
creation operator or annihilation operator on squeezed
coherent states respectively [7]. In recent years, with
so much research in quantum state engineering, the
idea to construct orthogonal states of a known state
has been proposed. For instance, Vanner et al introduced a method for quantum state orthogonalisation
[9]. Coelho et al [10] introduced the orthogonal state
of the coherent state (OCS). So quantum state orthogonalisation is also a method to construct new quantum
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state. OCS exhibits its particular quantum properties,
which can meet the different needs of quantum information processing. On the other hand, the quantum system
interacts with the surrounding environment inevitably,
leading to decoherence directly. In refs [11,12], the thermofield dynamics (TFD) to deal with the decoherence
of open quantum system has been introduced. Based on
TFD, an exact solution to a master equation for describing non-linear propagation in a Kerr medium has been
given in ref. [13]. Shanta et al applied TFD to quantum optics field [14]. Currently, decoherence is one of
the main obstacles for implementing quantum information processing and quantum computation. The research
on decoherence in quantum open system has attracted
people’s wide attention for a long time [15–20]. For
example, Biswas and Agarwal discussed the decoherence of photon-subtracted squeezed states in amplitude
decay model [15]. Zhan and Fan examined the dissipation of two-mode squeezed state passing through
two independent amplitude-dissipative channels [16].
However, the decoherence of OCS in the amplitude
damping channel is scarcely studied. Motivated by this,
in this paper we solve the master equation of density
operator in the amplitude damping model by virtue
of thermo-entangled state representation (TESR) and
the technique of integration within an ordered product
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of operators (IWOP) [21], and discuss decoherence of
OCS by investigating negativity damping of the Wigner
function.
The remainder of this paper is organised as follows.
In the next section, a brief description has been given for
solving the master equation in the amplitude damping
model by virtue of TESR and IWOP. In §3, the OCS has
been introduced and the evolution formula of its density
operator has been obtained. In §4 and 5, the Wigner
function of OCS and its negativity volume have been
calculated. The main results are summarised in the last
section.

where |ρ(0) = ρ(0) |I , ρ(0) is the initial density operator. By using the operator identity
exp[λ(A + σ B)] = exp(λA)× exp [(1 − e−λτ )B/τ ],
(7)
whose condition is [A, B] = τ B, we have


 +
a a + ã + ã
− a ã
exp −2κt
2
= exp [ − κt (a + a + ã + ã)] × exp (T a ã),

|ρ(t) =

(ã) is a fictitious mode creation (annihilation)
operator accompanying the real mode a + (a), which
satisfy [ã, ã + ] = 1 and |0̃ denotes a fictitious mode
vacuum state. Setting η = 0, from eq. (2) we get
|η = 0 = exp(a + ã + )|00̃ = |I  .

(3)

By using the operator formula
∂
[a, : f (a, a + ) :] =: + f (a, a + ) :
∂a
from eq. (3) we can easily obtain
a |I  = ã + |I  ,
a + |I  = ã |I  ,
(a + a)n |I  = (ã + ã)n |I  ,
(aa + )n |I  = (ã ã + )n |I  .

(4)

The symbol “::” denotes the normal product. The Bose
operators a and a + are commutable within ::. Acting
both sides of eq. (1) on |I , noting [ρ, ã + ] = 0 and
[ρ, ã] = 0, eq. (1) can be transformed into
d
|ρ = κ(2a ã − a + a − ã + ã) |ρ .
(5)
dt
So its formal solution is
|ρ(t) = exp[κt (2a ã − a + a − ã + ã)] |ρ(0) ,

∞

Tn
n=0

where ã +

(6)

(8)

where T = 1−e−2kt . Substituting (8) into (6), we obtain

2. The evolution of density operator
in the amplitude damping model
The master equation describing an amplitude damping
model is
dρ
= k(2aρa + − a + aρ − ρa + a),
(1)
dt
where k denotes the damping constant and a + (a) is the
creation (annihilation) operator.
In order to solve the master equation, Fan and Hu
introduced TESR [21]. It can be expressed as


1
|η = exp − |η|2 +ηa + −η∗ ã + +a + ã + |00̃, (2)
2
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n!

× exp(−kta + a)a n ρ0 a +n exp(−κta + a) |I  ,
(9)
which leads the density operator at time t [13]
ρ(t) =

∞

Tn
n=0

n!

× exp(−kta + a)a n ρ0 a +n exp(−κta + a).

(10)

3. Evolution of OCS
In Fock representation, the coherent state can be written
as
 ∞

1 2  αn
|α = exp − |α|
(11)
√ |n ,
2
n!
n=0
√
where α = |α| eiψ is a complex number, |α| = n̄, n̄ is
the average photon number, ψ represents a phase angle
and |n denotes the Fock state. By applying the operator
(a + − α ∗ )m (m is a positive integer) on the coherent
state |α, we get
|φm = (a + − α ∗ )m |α
∂m
= Nm m exp[x(a + − α ∗ )] |α |x=0 ,
(12)
∂x
where the normalisation constant Nm = m! and the
superscript * stands for complex conjugation. Because
m φ|α = 0, |φm is an orthogonal state of the coherent
state |α, i.e. OCS.
By using the Baker–Hausdoff formula
e A Be−A
= B + [A, B] +

1
[A, [A, B]]
2!

1
+ [A, [A, [A, B]]] + · · ·
3!
and the operator formula

(13)
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Figure 1. Evolution of WF when (a) kt = 0.0, (b) kt = 0.1, (c) kt = 0.2 and (d) kt = 0.3.






1 2
2λ  λ
exp(λa a) |α = exp − |α| (1 − e ) e α , (14)
2
+

from eq. (12) we derive



1 2
2λ
exp(−kta a)a |φm = Nm exp − |α| (1 − e )
2


∂m
× m {exp[x(e−kt a + − α ∗ )](α + x)n eλ α }|x=0 .
∂x
(15)
+

n

Substituting eq. (15) into eq. (10), we get
ρ(t) =

Nm2

:

m


(m!)2
T l exp[−2kt (m − l)]
2
l![(m − l)!]

l=0
−kt

×(a − e α)m−l (a + − e−kt α ∗ )m−l
× exp[e−kt (αa + +α ∗ a)−a +a − e−2kt |α|2 ] : .
(16)

4. Wigner function of OCS
Wigner function (WF) is a quasiprobability distribution function. Its two-edge distributions indicate the
probability of measurement in coordinate space and
momentum space, respectively. Its negativity is a good
symbol of non-classical properties of light field. In
the coherent state representation, Wigner operator is
expressed as [22]
d2 z
|z
π2
× −z| exp[−2(β ∗ z − βz ∗ )],

= exp(2 |β|2 )

(17)

where |z represents a coherent state. Thus, the WF of
the state with the density operator ρ is
d2 z
−z| ρ |z
π2
× exp[−2(β ∗ z − βz ∗ )].

W (β, β ∗ ) = exp(2 |β|2 )

(18)
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Figure 2. Evolution of WF when (a) kt = 0.0, (b) kt = 0.02, (c) kt = 0.05 and (d) kt = 0.1.

Substituting eq. (16) into eq. (18), we derive
Wm (β, β ∗ , t) =
− e−2kt |α|2 )

1 2
Nm exp(2 |β|2
π

m

l=0

×

∂ m−l
∂ x m−l

(m!)2 T l
exp[−2kt (m − l)]
l![(m − l)!]2

{(−x − α ∗ e−kt )m−l exp[−x A

− αe−κt x + αe−κt A∗ ]}|x=A∗ ,

1
exp[2|β|2 − |A|2 − e−2kt |α|2 ]
π
×[e−2kt (|A + αe−kt |2 − 1) + T ],
1
W2 (β, β ∗ , t) = N22 exp[2|β|2 − |A|2 − e−2kt |α|2 ]
π
×[2 + 4e−2kt |A + αe−kt |2 (1 − 2e−2kt )
+e−4kt |A + αe−kt |4 ],
1
W3 (β, β ∗ , t) = N32 exp[2|β|2 − |A|2 − e−2kt |α|2 ]
π
×[6(T − e−2kt )3
+18e−2kt (T − e−2kt )2 |A + αe−kt |2
+9e−4kt (T − e−2kt )|A + αe−kt |4
+6e−6kt |A + αe−kt |6 ].
(21)
W1 (β, β ∗ , t) =

(19)

where A = αe−kt − 2β. In the calculation of eq. (19),
we have used the integration formula
xy
d2 z
1
exp(−h |z|2 + x z ∗ + yz) = exp
. (20)
π
h
h

Based on β =

√1 (q
2

Setting m = 1, 2, 3 respectively, from eq. (19) we
obtain

W1 (q, p, t) =

1
exp[B] × [e−2kt (C − 1) + T ],
π

+ i p), WF can be transformed into
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Figure 3. Evolution of WF when (a) kt =0.0, (b) kt =0.05, (c) kt =0.1 and (d) kt =0.2.

1 2
N exp(B)×[2+4e−2kt (1−2e−2kt )C
π 2
+e−4kt C 2 ],
1
W3 (q, p, t) = N32 exp (B) × [6(T − e−2kt )3
π
+18e−2kt (T − e−2kt )2 C
+9e−4kt (T − e−2kt )C 2 + 6e−6kt C 3 ],

W2 (q, p, t) =

B = −q 2 − p 2 − 2e−2kt |α|2
√
+2 2 |α| (q cos ψ + p sin ψ)e−kt ,
C = 2(q 2 + p 2 ) + 4e−2kt |α|2
√
−4 2 |α| (q cos ψ + p sin ψ)e−kt ,

(22)

where q stands for the coordinate and p represents the
momentum.

In order to discuss the influences of dissipation on
the WF, assuming |α| =1.0 and the phase angle ψ = π4 ,
when the decay time kt equals 0, 0.1, 0.2 and 0.3 respectively, the three-dimensional graphs of W1 (q, p, t) are
plotted in figure 1. From figures 1a–1c, it can be seen
easily that WF displays negative value, which shows that
OCS exhibits non-classical properties in the beginning.
In addition, comparing figures 1a, 1b, 1c and 1d, we
find that the negative region and the negative depth of
WF are weakened, until it disappears with dissipation.
This shows that the non-classical properties of OCS are
gradually weakened as decay time increases.
Similarly, choosing the parameters |α| =1.0 and
ψ = π4 , when the decay time equals some fixed values, we plot three-dimensional graphs of W2 (q, p, t)
and W3 (q, p, t) in figures 2 and 3 respectively. Com-
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Figure 4. The evolution of the negative volume of WF with κt.

paring figures 1–3, we find that the evolution rules
of W2 (q, p, t) and W3 (q, p, t) are similar to that of
W1 (q, p, t), i.e. their negative region and the negative
depth are all weakened, until it disappears with dissipation.

negative depth and the negative volume of WF with
increase in decay time are all weakened, until they disappear. This shows that the non-classical properties of the
OCS are gradually weakened, until it disappears with
dissipation.

5. The negative volume of WF
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Furthermore, we discuss the negative volume of WF.
The negative volume of WF is defined as
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Vm =

1
2

(|Wm (q, p, t)| − Wm (q, p, t))dqd p.

(23)

Substituting eq. (22) into eq. (23), we can perform
numerical calculations on the negative volume of WF
(Vm ). The numerical calculation results are displayed
in figure 4. For clarity, the solid line denotes V1 , the
dashed line denotes V2 + 0.5 and the dotted line represents V3 + 1.0. From figure 4, one can easily observe
that the negative volume of WF decays, until it decays
to zero with dissipation.

6. Conclusion
By using TESR and IWOP, the master equations of
density operators in the amplitude damping model are
solved, and the infinitive operator-sum representation
of density operators is given. The evolution rule of the
density operator of the OCS is obtained. Further, when
the parameter m equals 1, 2, 3 respectively and decay
time kt takes certain values, the evolution curves of WF
are given. The numerical results show that (1) WF displays negative value, which shows that OCS exhibits
non-classical properties. From the physical mechanism,
this may be caused by the superposition of the photonaddition coherent state; (2) the negative region, the
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