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Abstract. Channel equalisation performs a crucial role in practical wireless communication environment to reduce
the consequence of intersymbol interference (ISI), noise and other channel distortions. Different adaptive signal
processing algorithms tuned by multiple effective weight update mechanisms have been proposed and verified
for designing the channel equaliser. In this paper, a sparse-based reweighted zero attracting incremental least
mean square/fourth (ILMS/F) algorithm is anticipated to model an efficient adaptive decision feedback channel
equaliser by taking the quadrature amplitude modulation (QAM)-modulated signal as transmitted signal which is
passed through a nonlinear channel. The performance of the equaliser based on the proposed sparse-based ILMS/F
has been analysed by using software and hardware platforms. The mean square error (MSE) table and bit error
rate (BER) plots of the proposed algorithm have been compared with different conventional algorithms using
MATLAB simulation and the hardware implementation of the proposed equaliser by using the FPGA platform has
been evaluated in this paper. Moreover, the FPGA implementation of the proposed sparse incremental least mean
square/fourth (ILMS/F) algorithm validates the robustness of the algorithm.
Keywords. Quadrature amplitude modulation; nonlinear channel; sparse incremental least mean square/fourth;
FPGA implementation.
PACS Nos 84.40.Ua; 85.40.-e; 88.80.ht

1. Introduction
In the twenty-first century, information transfer through
digital communication is a growing research platform
for the communication system. Digital communication is one of the most commonly used mode of
communication now-a-days which consists of three
major parts such as transmitter, receiver and channel.
The data transferred through transmitter and channel
get distorted by different types of noise and intersymbol interferences (ISI). So, before getting the required
data, the signal goes through an equalisation process
by using an equaliser device which is positioned at the
front part of the receiver. Equalisation is the process of
changing the frequency of sound, remove the effect of
noise and ISI from the channel. Equalisation is generally used to correct signals which sound unnatural. As
the channel characteristics are nonlinear in nature, the
adaptive equaliser acts effectively to reduce the noise
and channel impairments added to the signal. Adaptive
equalisers are modelled using different adaptive filters.
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Adaptive filters are broadly used in any area of digital
signal processing application such as echo cancellation,
channel equalisation, noise cancellation and industrial applications. Adaptive channel equalisation is the
foremost procedure in modern communication system,
which is used to diminish channel impairments such as
intersymbol interference (ISI), noise and nonlinear distortion created due to the time-varying characteristics
of the practical channels [1]. To inherit the benefits of least-mean-square (LMS) and least-mean-fourth
(LMF), the least-mean-square/fourth (LMS/F) algorithm is introduced in [2,3]. The broadband transmission
has become an indispensable approach for high-speed
wireless communication [4,5]. Again, due to the noise
effect, ISI and introduction of nonlinearity in the practical channel, a precise channel estimator is needed at
the receiver to mitigate the disparity. Due to rapid data
transmission, the impulse response of the channel is
frequently sparse in nature, that is held up by a few
controlling taps [6,7]. Many sparse channel equalisation techniques [8,9] have been introduced in the last
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decennium. Moreover, it is found that in a practical
fading channel communication is developed between
adjacent nodes with time-varying channel information and hence incremental LMS (ILMS) algorithm is
used.
Therefore, in this paper the ILMS and LMS/F
algorithms are merged to develop a novel incremental LMS/F (ILMS/F) which is applied for channel equalisation. The ILMS/F-based adaptive channel
approximation has solicited much concentration owing
to its effortlessness of execution. Then, to address
the sparse property of the channel, numerous sparsebased LMS algorithms have been presented [10,11]
which are generally of three types: zero-attracting LMS
(ZA-LMS) algorithm, L0-norm LMS (L0-LMS) algorithm and reweighted zero-attracting LMS (RZA-LMS)
algorithm. However, ZA-LMS only encourages partial sparse information. That is why we go for an
improved algorithm, which is the RZA-LMS algorithm,
to further exploit the sparsity [10]. In this paper, a
sparse RZA ILMS/F algorithm is used to deal with
channel sparsity and accomplished better performance
than traditional algorithm. The proposed algorithm is
called the reweighted zero-attracting ILMS/F (RZAILMS/F).
The uniqueness of the paper is the formulation of
an ILMS/F algorithm that takes care of non-stationary
environment and also exhibits reduced computational
burden [12]. Moreover, a RZA sparsity has been introduced with the updated algorithm to deal with channel
sparsity and achieve better performance. Again, the
problem formulation has been tested in MATLAB 2019
as well as implemented in FPGA with target board
NEXYS4 DDR by Digilent having Xilinx’s ARTIX-7
FPGA chip.
The remaining part of the paper is organised as
follows. Section 2 describes the problem formulation
which provides the idea of equaliser designing by
using the proposed sparse-based adaptive algorithm.
The simulation result is described in §3 and FPGA
implementation is described in §4. Section 5 gives the
conclusion of the paper.

2. Problem formulation
Equalisation is the process that helps to improve the signal quality by removing ISI and noise effect added at the
practical nonlinear channel. Equalisation is a continuous
process of decreasing the MSE which is the difference
between the desired response and output of the filter
used in the equaliser. There are two types of equalisers:
linear equaliser and non-linear equaliser.
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2.1 System description
The schematic diagram of the digital communication
system with an adaptive equaliser is shown in figure 1.
A 4-QAM modulated signal represented by x(n) is
taken as input to the communication system. Then the
NL block represents nonlinearity which is introduced
by the channel. Then, additive white Gaussian noise
(AWGN) is added with nonlinear signal and the signal entered at the equaliser is X (n), where q(n) is the
white Gaussian noise sample. The error signal is defined
as e(n) = q(n) − X (n), where the desired signal is
x(n − 1) = q(n), which is the delayed form of the input
signal and n represents the delay time for the signal
transmitted over the physical channel.
The block diagram of the equaliser with the proposed
algorithm is represented in figure 2. The equaliser input
is moved over a bank of n delays to form
X (n) = [x1 , x2 , . . . ., x(n − 1)]T ,
where the superscript T represents the transpose of the
required matrix, including delayed version of the input
signal are multiplied with the weight vector
w(n) = [w1 , w2 , . . . , wn−1 ].
The error function e(n) is calculated as the difference between q(n) and X (n). When e(n) is the highest
supportable limit ε, the adaptive model will change the
weight coefficients based on LMS criterion.
X (n) = w(n) · x(n)
e(n) = q(n) − X (n).

(1)
(2)

2.2 Adaptive decision feedback equaliser
2.2.1 LMS algorithm. LMS algorithm is known for its
simplicity, robustness and stability. The weight update
equation of the LMS is
w(n + 1) = w(n) + 2μe(n)x(n),

(3)

where μ is the learning parameter. The numerical value
of μ satisfies 0 < μ < 2/λmax , where λmax is the
largest eigenvalue of the Hessian matrix. The initial values of w(n) are selected from the range of [−0.5, 0.5].
Although LMS algorithm is generally used for linearly
detachable problems, it is still popular because of its
simplicity [13]. For example, this algorithm exhibits a
vital role for designing adaptive filters.
The problem we found in the LMS algorithm is that it
is slow in convergence and very sensitive for variations
in step-size parameter.
2.2.2 ILMS algorithm. Generally, ILMS algorithm is
used in situations where several interconnected nodes
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Figure 1. Schematic diagram of the basic digital communication system.

are considered for the calculation of updated weight. By
considering k number of nodes which are having access
only to its immediate neighbouring nodes defined as one
cycle, which is used for updating the weights for ILMS
algorithm.
By using the function of LMS the weight update equation of ILMS is defined with N number of iterations and
k number of weights.
W k (n) = w(n − 1),

(4)
∗

W (n + 1) = W (n) + μ x (n) e(n),
k

k

k k

(5)

where * is the transpose and μk is the step size for ILMS
algorithm which varies according to the nodes.
2.2.3 LMS/F algorithm. By using the function of
LMS and LMF the weight update equation of LMS/F
is:
w(n + 1) = w(n) + μx(n)

e3 (n)
,
e2 (n) + cp

(6)

where cp is the control parameter.

2.3 Proposed algorithm
From eq. (7), it is found that the standard ILMS/F algorithm cannot deal with the sparse nature of the practical
channels. To improve the performance of ILMS/F in
sparse environment, a sparse penalty term is introduced
in the equation. The standard weight update equation
for the adaptive model with sparse penalty term is given
as
w(n + 1) = w(n)
+ adaptive update error
+ sparse penalty.
RZA-ILMF algorithm:
Motivated by the reweighted L 1 -norm minimisation
recovery algorithm [11], the reweighted zero-attracted
ILMS/F (RZA-ILMS/F) has been proposed in this
paper to reinforce the zero attractors, whose cost function is given as

1
L RZA = e4 (n) + λRZA
log(1 + εRZA |Wi (n)|),
4
P

i=1

(8)
2.2.4 ILMS/F algorithm. By using the function of
ILMS and LMS/F the weight update equation of
ILMS/F is
W k (n + 1) = W k (n) + μk x k (n)

e3 (n)
.
e2 (n) + cp

(7)

The ILMS/F is a combination of ILMS and LMS/F
algorithms which is used for the designed adaptive channel equaliser. However, the computation complexity of
the algorithm is higher but its performance is better
for the reconstruction of the original signal from the
distorted signal. In addition to this, to deal with the
sparseness of the practical channel a sparse penalty term
is introduced in the ILMS/F weight update equation as
discussed in the following subsection.

where λRZA is the regularisation parameter which is
used for adjusting the fourth-order error and sparsity
of the channel. The weight update equation is:
W k (n + 1)
∂ L RZA (n)
∂w(n)
k
3
= W (n) + μe (n)x(n)

= W k (n) − μ

− μλRZA εRZA

N
−1

i=0

sgn(|Wi (n)|)
1 + εRZA |W (n)|

= W k (n) + μe3 (n)x(n)
sgn(|W (n)|)
− ρRZA
,
1 + εRZA |W (n)|

(9)

(10)
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Figure 2. Equaliser model with the proposed sparse ILMS/F algorithm.

where ρRZA = μλRZA εRZA . Note that the second
term in eq. (9) attracts the filter coefficient wi (n), i =
1, 2, . . . , P whose magnitude is less than 1/εRZA to
zeros.

3.1 Case 1: Channel A
In this case, an ideal first-order channel is considered.
Nonlinearity I:
c(n) = b(n).

3. Simulation results
In this paper, a channel equaliser model is designed
by using the proposed algorithm sparse-based ILMS/F.
The performance of the channel equaliser is analysed by
using BER plots and MSE table in MATLAB 2019 software platform. In this paper, the BER plot is compared
with traditional algorithms like LMS, LMS/F, ILMS
and ILMS/F.
The input is taken as 4-bit QAM which is represented
by ±1 ± j1 from the constellation diagram. The input
after passing through the channel nonlinearity function
is added to it with the Gaussian noise. Then the signal is
passed to the channel equaliser block to recover the original signal. The behaviour of the channel equalisation is
evaluated by considering two different types of channels with various nonlinearities [14]. The normalised
impulse responses of the channels are represented as
follows:
Channel A: 0.447 + 0.894z −1

(11)

Channel B: 0.341 + 0.876z −1 + 0.341z −2 .

(12)

The first channel is the ideal channel which has unit
impulse response where the ISI value is zero. The second channel represents a channel with a minimum phase.
Different channel models are taken to justify the performance of the proposed equaliser.

(13)

Equation (13) represents an ideal case of nonlinearity
[15] which is normally considered as the linear channel. The b(n) term discussed in eqs (13) and (14) is the
input of the nonlinear block which is shown in figure 1.
The first nonlinear function is an ideal case and second
nonlinear function is a trigonometric nonlinear function
case.
Nonlinearity II:
c(n) = tanh(b(n)).

(14)

For this channel, both types of nonlinearities are verified and the BER plots are given in figure 3.
3.1.1 MSE table. The MSE values of the proposed
sparse-based ILMS/F algorithm are evaluated and compared with the traditional algorithm with sparse penalty
terms at 20, 30 and 40 dB SNR values in the channel A
environment. The MSE value can be calculated by using
the formula given in eq. (15)
MSE = 1/N

N


(q(n) − X (n))2 ,

(15)

i=1

where N is the length of the sample.
Table 1 shows the decreasing trend of MSE with
respect to the increase of SNR values. But in the case
of the proposed sparse ILMS/F algorithm, the value of
MSE is less than the other conventional algorithms. For

Pramana – J. Phys.

(2021) 95:127

Page 5 of 11

(a) Without sparse
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(b) With sparse

Figure 3. BER vs. signal to noise ratio curve for channel A, nonlinearity I.

example, by increasing the SNR value for ILMS/F algorithm to 40 dB, the MSE value of the proposed algorithm
decreases to 0.00045.
3.1.2 Channel A, nonlinearity II. In this case, channel
A is considered for the evaluation with second type of
nonlinearity which is defined in eq. (14). The BER plots
for this case is shown in figure 4.
Table 2 represents MSE variations with respect to
the SNR values. From the table it is quite clear that
by increasing the SNR value the MSE value decreases
for every adaptive algorithm. However, the decreasing
rate of the MSE with respect to the SNR is higher in the
case of the proposed sparse-based ILMS/F rather than
other traditional algorithms.
By comparing the MSE in tables 1 and 2, it is found
that MSE values in table 2 are slightly higher than the
MSE values in table 1. This MSE variation is due to the
nonlinearity. For table 1 a nonlinear function is taken
which has nearly zero nonlinearity whereas for table 2
a trigonometric nonlinear function is taken which has
higher nonlinearity. So it is quite obvious that the MSE
value increases with increase in nonlinearity values.

(a) Without sparse

Table 1. MSE table.
Method

20 dB

30 dB

40 dB

Sparse LMS
Sparse ILMS
Sparse LMS/F
Sparse ILMS/F

0.0234
0.0165
0.056
0.048

0.0153
0.0109
0.045
0.028

0.0085
0.0067
0.00031
0.00045

Method

20 dB

30 dB

40 dB

Sparse LMS
Sparse ILMS
Sparse LMS/F
Sparse ILMS/F

0.0321
0.0189
0.049
0.020

0.0155
0.099
0.0032
0.009

0.0089
0.0057
0.0027
0.0002

Table 2. MSE table.

3.2 Case 2: Channel B
In this case, a second-order channel equation is taken
for calculation.
The Z-transform of the normalised response of the
channel considered is:

(b) With sparse

Figure 4. BER vs. signal to noise ratio curve for channel A, nonlinearity II.
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Channel B: 0.341 + 0.876z −1 + 0.341z −2 .
For channel B also, two types of nonlinearity are used
for the MATLAB simulation. The nonlinear functions
are discussed in eqs (14) and (15).
3.2.1 Channel B, nonlinearity I. In this subsection,
channel B is considered with the first type of nonlinearity. The BER values are plotted in figure 5 for channel B
with first-order nonlinearity with respect to the increasing values of SNR.
3.2.2 Channel B, nonlinearity II. In this section, channel B is considered with second type of nonlinearity. The
BER plot for this case is shown in figure 6.
In all the BER plots shown in figures 3–6, the red
line shows the performance of the LMS algorithm, the
green line shows the performance of LMS/F algorithm,
pink line shows the performance of ILMS algorithm
and the blue line shows the performance of the ILMS/F
algorithm, which is our proposed algorithm. In plots (a)
the performance of ILMS/F is much better than the other
algorithms and it decreases to 10−1 , but in plots (b), we

(a) Without sparse

use sparse-based ILMS/F for better performance and
the blue line decreases very smoothly to 10−2 and we
can see that it gives better performance than plots (a).

4. FPGA implementation
To validate the performance of the proposed sparsebased ILMS/F algorithm for channel equalisation, a
hardware-based implementation is performed by using
FPGA platform with VIVADO design suit software
environment.
This paper deals with the realisation of the equaliser
model with the proposed sparse ILMS/F algorithm in a
software development environment through Xilinx in a
NEXYS4 DDR ARTIX-7 FPGA chip [16]. This set-up
was operated at 100 MHz and comprises a non-linear
channel, error generator, weight update block and estimated signal generator.
A series of 1010... is considered as the test input
signal to acquire a better analysis of accuracy and convergence rate of various algorithms. The test signal is
transmitted through a simulated non-linear channel. The

(b) With sparse

Figure 5. BER vs. signal to noise ratio curve for channel B, nonlinearity I.

(a) Without sparse

(2021) 95:127

(b) With sparse

Figure 6. BER vs. signal to noise ratio curve for channel B, nonlinearity II.
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Figure 7. Architecture design of the sparse-based ILMS/F.

Figure 8. Formation of the estimated signal from x(n).

Figure 9. FPGA-generated error using Xilinx FPGA.
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Figure 10. FPGA implementation of the equaliser using sparse ILMS/F algorithm.

simulated non-linear channel has been constructed using
a CORDIC IP which is pre-installed in the design suit.
The nonlinearity simulated here is tanh(b(n)) which is
applied after a linear channel, thus creating a nonlinear channel. Then the signal is moved through a weight
vector existing in the weight update block as shown in
figure 7.
The weight vector is updated in each iteration or cycle
by using the error generated at the end of the error generator block. The output error e(n) is produced after error
generator block is taken as the input for future analysis.
The above-mentioned state is the training phase of the
equaliser. After the training is completed, an acceptable
range of error is found. The weights are locked and the
receiver is ready to receive the intended signal (figures
8–10).
All the numbers represented in the FPGA are binary.
So, we represent positive and negative numbers by the
most significant bit (MSB). If the MSB of any number
in an experiment is ‘0’, then the number is considered
as a positive number and its magnitude is defined by
the remaining bits. If the MSB of any number is represented by ‘1’, then the number is considered as a
negative number and all the data are denoted by the
compliment.

Table 3. Numerical ranges of the signal.
Signal name
Data range

x(n)

w(n)

Y (n)

μ

e(n)

(−2,2)

(−1,1)

(−2,2)

(0,1)

(0,1)

4.1 Fixed-point representation
For any implementation on the hardware, a fixed-point
number system is used. It is required to set a decimal
point beforehand by pre-deciding the range, accuracy,
and if the number is signed or unsigned [17,18]. The
range of the required signal is calculated by taking
the pre-defined range of the signals and surplus values
received from arithmetic operation. The range for data
bits for various signals is given in table 3.
When two 8-bit numbers are multiplied, then a 16-bit
number is found. So, the value of μ is taken as a number
which is 16-bit and w(n) and e(n) values are taken as
64-bit and 32-bit numbers respectively.
As the range of w(n) is from −1 to 1, we need not
use an integer. Still, we need to compensate for overflow,
thus giving extra bits for arithmetic operation that makes
the architecture more stable.
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Table 4. Constraints used for MATLAB and FPGA simulation.
Implementation parameters
Channel output/resolution
Error signal e(n)
Equaliser weight wn (n)
Step size μ
Sampling time for FPGA implementation
Constants

LMS

Sparse ILMSF

8-bits
32-bits
64-bits
16-bits
20 ns
μ = 0.5078125

8-bits
32-bits
64-bits
16-bits
20 ns
μ = 0.5078125 ∈= 0.05 (controlling parameter)

Table 5. Evaluation of hardware resource utilisation in FPGA board.
Resource
LMS
Sparse ILMS/F

% of LUT used % of LUTRAM used % of FF used % of DSP used % of IO used % of BUFG used
4.00
14.62

0.02
0.02

4.2 Details of the different components of the FPGA
design
The detailed architecture of the proposed equaliser
model is shown in figure 7.
Channel and nonlinearity module:
In this module, the transmitted signal is moved in a
nonlinear channel, so that the signal gets distorted due
to ISI and noise. This is how we get x(n) as the output.
This x(n) is a distorted signal.
Estimated signal generator/equaliser:
In the said module, the delayed version of the distorted
input x(n) is multiplied by different values of weights
represented in weight vector w(n) to produce an output
Y (n) that is nearly equal to the original/desired output and the weight vector is modified in each iteration.
The number of weights depend upon the order of the
equaliser and higher the equaliser order more accurate
the estimated signal will be. If the order of the equaliser
is three, then the number of weights will be three such
as w1 , w2 , w3 and its internal is similiar to figure 8.
Delay:
In this module, the delay is generated just enough
so that the delayed signal and the desired signal reach
the error generator at the same time. This delay consists of D-flip-flops to generate the required amount of
delay.
Error generator:
Here, the error is calculated by taking the difference of the desired signal and the estimated signal.
The error value may be positive or negative depending upon the values of the two incoming signals. As
the error creator block is designed by using combi-

1.68
1.88

20.00
25.00

16.67
16.67

15.63
15.63

national circuit, the clock cycle is not required for
producing the output. The error is calculated as
follows.
e(n) = q(n) − X (n).
Weight update module:
The weight update formula is used for the calculation of updated weight and updated weights are given
as inputs to the signal generator block.
Table 4 provides an idea about the resolution of the
output, error signal and learning parameter used during
the implementation of the adaptive equaliser.
From table 5 it is found that even when the consumption of the look up table (LUT) for sparse-based
ILMS/F adaptive equaliser implemented in ARTIX7(xc7A100T-csg324) target board is increased by 10.62%
and for which the complexity of the algorithm has
been increased, the performance gain is very significant as the convergence time for error calculation is
reduced to 22 ms from 33 ms when compared with
the traditional LMS algorithm. The floor plan of the
proposed equaliser which shows the use of LUTS is
shown in figure 11. From the comparison of traditional with the proposed algorithm using FPGA platform
with the help of NEXYS4 DDR ARTIX-7(xc7A100Tcsg324) target board shows that the proposed model
works effectively for the channel equalisation for indoor
channels.
5. Conclusion
A nonlinear channel equaliser has been proposed by
using RZA sparse-based ILMS/F algorithm whose
results have been equated with the traditional algorithms like LMS, ILMS, LMS/F a novel ILMS/F. The
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Figure 11. Floor plan for the implementation of adaptive equaliser on NEXYS4 DDR ARTIX-7(XC7A100T-CSG324).

results reveal that ILMS/F outperforms the other variants of LMS algorithm thereby proving its robustness
and efficiency. In this paper, three different channel
models with three different types of nonlinearities were
taken to verify the performance of equaliser having the
proposed ILMS/F algorithms. The BER plot for the proposed method gave the best result compared to others.
The computational complexity is less for this proposed
method. The BER plot clearly shows a decreasing trend
with the increase in SNR which proves that the proposed
ILMS/F technique is well suited.
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