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Abstract. By studying the time series of logistic maps, dark lines in bifurcation diagrams and cobweb diagrams,
characteristics of sequential iterations of the map are found. Before the merging together two chaotic bands,
sequential iterations of the map present an ordered state. After that, with the instability of the hyperstable periodic
orbit, sequential iterations of the map appear disordered. Therefore, the statistical results of time correlation of
direction phase are introduced to describe the transition of the collective behaviour. Based on the two-dimensional
coupled map lattice, the relationship between bifurcation parameters and order parameters with the change of
coupling strength is studied. We show that when the coupling strength is weak, the critical bifurcation parameters
are positively correlated with the coupling strength. When the coupling strength is large, the phase order of the
system is not affected by the coupling strength. The transition of collective behaviour in a modular network is
also studied. By fixing modularity and bifurcation parameters, with the change of coupling strength, the collective
behaviour presents a transition process from spatiotemporal chaos to phase-ordered state. There are periodic orbits
in the spatiotemporal chaotic region. A phase synchronisation region can be present in the antiphase synchronisation
region. Furthermore, there exist multistable solutions in the region.
Keywords. Logistic map; dark lines; cobweb diagram; time correlation of direction phase.
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1. Introduction
Phase order of coupled dynamical systems may be
defined in various ways. There are many classic methods
to describe the phase sequence of logistic map and the
phase synchronisation of coupled logistic map systems.
The synchronisation according to the phase distance
between different lattices is described in [1,2]. Inspired
by the antiferromagnetic alignment spin, Wang et al [3]
introduces the definition of direction phase to describe
the change of phase order of the system. In this paper, the
research method of direction phase is used, and an interesting feature about logistic map phase order is revealed.
At present, as far as we know, it has not been studied.
Logistic map has been widely studied since it was
proposed in 1976 [4–6]. We consider the model xt+1 =
μxt (1 − xt ), 0 < xt < 1, where μ is the bifurcation
parameter, and the value range is 1–4. As μ increases
from 1 to 4, the map experiences a period-doubling
bifurcation to chaos. When 3.18 < μ < 3.6786, the
map presents two symmetrical chaotic bands. When
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μ1 = 3.6786, the two chaotic bands merge into one
band. In addition, there exist narrow periodic windows
in the chaotic region, which are called chaotic crisis.
1.1 Time series
Observing the time series of the map iteration reveals
that the value of x iterates in one or more upward directions, followed by a downward one. This phenomenon
is related to the characteristics of dynamics itself.
When μ < μ1 , the value of x always follows an
upward direction and then a downward direction during iteration (figure 1a). At this point, we call it an
ordered state. When μ = μ1 , the two chaotic bands
merge together. When μ > μ1 , the value of x is no
longer in an ordered state during iteration, and the number of successive upward iterations increases.
When μ = 3.90, as shown in figure 1b, the value of x
will follow two successive upward directions for the first
time, and then a downward direction. When μ = 3.97,
as shown in figure 1c, the value of x will follow three
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Figure 1. Time series of the map with different bifurcation
parameters for μ = 3.60, 3.90, 3.97, 3.99, 3.997, 3.9999 and
4.0 in (a)–(g).

successive upward directions for the first time, and then
a downward direction. Till μ = 4.0, the value of x will
follow seven successive upward directions for the first
time in iteration.
Wang et al [3] introduced the definition of direction
phase. Considering xt+1 = μxt (1 − xt ), if the value of
x at time t + 1 is greater than the value of x at time t,
it indicates that it is in upward phase and is marked as
‘+1’. On the other hand, if the value of x at time t + 1
is lower than the value of x at time t, it indicates that
it is in downward phase, which is marked as ‘−1’. The
direction phase is represented by St , which is defined as
follows:

+1, if xt+1 (i) − xt (i) > 0,
St (i) =
(1)
−1, if xt+1 (i) − xt (i) ≤ 0.
1.2 Dark lines in the bifurcation diagram
In the bifurcation diagram of the map, we can see some
dark lines. We can compare figure 2 with figure 4a. The
dark lines in the bifurcation diagram are the hyperstable
periodic trajectories formed by the hyperstable points
with the change of parameters. Any set of intersecting
trajectories corresponds to a superstable periodic trajectory, and each intersection point has an unstable periodic
trajectory passing through it [7–9].
We observe that the change of direction phase is
closely related to the intersection of dark lines. When
μ = μ1 , there is a collision between the unstable
periodic-1 orbit and the chaotic attractor, which leads
to the so-called merging crisis. The dark lines in the
bifurcation diagram have obvious intersection. At this
point, there will be two sequential upward directions.
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Figure 2. The function Pn (μ) is a polynomial of μ, which
depicts the curve from P0 to P8 . See ref. [7] for details.
μ1 = 3.6786, μ2 = 3.9277, μ3 = 3.9826, μ4 = 3.9957,
μ5 = 3.9989 and μ6 = 4.0.

When μ = μ2 , ..., μ5 , the dark lines in the bifurcation diagram also intersect obviously. When μ = μ6 ,
there is a boundary crisis, which is also accompanied by
the intersection of dark lines. Seven sequential upward
directions will appear for the first time when the map is
iterated.
1.3 Cobweb graph
When using cobweb graph for analysis (figure 3), we
define the following four quantities: the maximum
value, X max = μ/4, the minimum value, X min =
μ2 (4 − μ)/16, the unstable fixed point itself, X f =
(μ− 1)/μ and the pre-image of the unstable fixed point,
X c = 1/μ [3].
Obviously, the values of X min and X c decrease
monotonously as the value of μ increases. The rate of
decrease of X min is far greater than X c , and the curves
intersect at μ = μ1 . X min > X c when μ < μ1 .
X min < X c when μ > μ1 . All points in the interval [X min , X c ] will lead to multiple sequential upward
directions during iteration.

2. Phase order in the logistic map
We consider the change of time dependence of the direction phase in a period of time. When the initial conditions
are changed, two time series x and y are obtained as time
evolves. For example, the direction phase of sequence
x and sequence y is always consistent within the observation time T , indicating that the map is in an ordered
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Figure 3. Cobweb graph of the map for μ = 3.6, 3.9, 3.97
and 3.99 in (a)–(d).

state; otherwise, the image is in a disordered state. In
the numerical simulation, the 
observation time is 108 .
T
−1
The definition x y = T
t=1 St (x)St (y) is introduced. When x y = 1, it indicates that the map is in an
in-phase ordered state. When x y = −1, it indicates
that the map is in an antiphase ordered state. When
x y = 0, it indicates that the map is in a disordered
state.
When the research focusses on whether the map is
in an ordered or disordered state, and how transition
takes place between the two states, we combine the two
together and call them ordered states. When the initial
conditions are varied many times, we get the statistical
result of time correlation of direction phase between
different sequences. We use r to represent the statistical
result (r ∈ [0, 1]). When r = 1, it indicates that the map
is in an ordered state, either in-phase or antiphase state.
When r = 0, it indicates that the map is in a disordered
state.
For better understanding, we first study the relationship between μ and r in a single map, as shown in
figure 4. As can be seen from figure 4a, when μ = μ1 ,
the two symmetrical chaotic bands merge into one band.
When μ < μ1 , r = 1, it indicates that the map is
in an ordered state. It can be seen from figure 1a that
there exists only one up-phase and then one down-phase.
When μ > μ1 , r = 0, it indicates that the system is in
a disordered state of direction phase, and there are several sequential upward direction phases, as shown in
figures 1b–1g. At the same time, r has a non-zero value
at the corresponding period window.

3. Phase order in two-dimensional coupled map
lattice
We use a two-dimensional coupled map lattice with periodic boundary conditions [1,10–12], and the dynamic
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Figure 4. (a) The bifurcation diagram and (b) the order
parameter r vs. μ.

behaviour of each lattice satisfies the following equation:
xt+1 (i, j) = f (xt (i, j)) + [ f (xt (i + 1, j))
+ f (xt (i − 1, j) + f (xt (i, j + 1))+ f (xt (i, j − 1)
(2)
−4 f (xt (i, j))]/4,
where  is the coupling strength and f (x) = μx(1 − x)
(L = 100).
The time correlation of the direction phase between
nodes i and j is defined as follows [13], where the definition of direction phase remains unchanged:
i j =

T
1
St (i)St ( j).
T

(3)

t=1

If |i j | = 1, it indicates that within the limited observation time T , the direction phase of the two lattice
points is in an ordered state. i j = 1 indicates the
in-phase ordered state and i j = −1 indicates the
antiphase ordered state. i j = 0 indicates the disordered state.
We divide the links in the system into the following
three situations. In the observation time T , the two ends
of the link always keep the same direction phase, which
is called in-phase link. If the two ends of the link always
keep opposite direction phase, it is called antiphase link.
If the two ends of the link cannot keep the same or
opposite direction phase all the time, it is called out-ofphase link [14]. We use ri pl to represent the percentage
of the number of in-phase links, rapl to represent the
percentage of the number of antiphase links and ropl to
represent the percentage of the number of out-of-phase
links [15].
In the study of two-dimensional coupled map lattice,
we are mainly concerned with how the ordered and disordered states of the system change when the bifurcation
parameter is changed. Therefore, the ordered state of the
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Figure 5. The order parameter r vs. μ for a lattice with different values of coupling strength  (0 ≤  ≤ 0.017). Inset:
the onset of the transition μc vs. .
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Figure 6. Trajectory of any three neighbouring nodes for
 = 0.0, 0.013 and 0.017 in (a)–(c), respectively and
μ = 3.866.

same phase and the opposite phase are combined, which
is called the ordered state. The order parameter r and the
time series of the lattice points are used to describe the
dynamical behaviour.
3.1 Weak coupling strength
The influence of weak coupling strength on the dynamical behaviour is observed. Figure 5 describes the
variation of order parameters with different coupling
strengths for the coupled map lattice. As can be seen
from figure 5, with the increase of coupling strength,
there is a critical bifurcation parameter μc , where the
value of r suddenly becomes zero.
When μ < μc , the value of r is always kept at one.
When μ > μc , the value of r always remains zero except
for the non-zero value at the periodic window. Moreover,
it can be seen from the illustration that μc is positively
correlated with the coupling strength . In addition, the
parameter interval of the periodic window changes with
the increase of the coupling strength. Till  = 0.017, the
period window is not present. Therefore, by using the
order parameter r , we can effectively identify the state
of the direction phase of the system. Moreover, the critical bifurcation parameters, the bifurcation parameter
interval of the periodic window and the corresponding
coupling strength can be accurately judged.
Further research shows that when the coupling strength
is weak, the collective dynamic behaviour of the system
has three manifestations, which are described in detail
by the time series of x.
In the first case, the collective dynamic behaviour of
the system is disordered when there is no coupling,
and it is in a periodic state after coupling, and then

Figure 7. Trajectory of any three neighbouring nodes for (a)
 = 0.0 and (b)  = 0.016 and μ = 3.7.

becomes disordered with further increase of the coupling strength. We take μ = 3.866 as an example.
When  = 0.0, it can be seen from figure 6 that the
direction phase of any three connected lattice points is
in an out-of-order state. However, when the coupling
strength increases slightly, for example  = 0.013, the
system will be in a periodic state. With further increase
of the coupling strength, say  = 0.017, the collective
dynamic behaviour of the system becomes disordered.
In the second case, the collective dynamic behaviour
of the system is in a disordered state when there is
no coupling, and turns into an ordered state when
there is coupling. We take μ = 3.7 as an example.
From figure 7, we can clearly see that when the coupling strength increases from 0 to 0.016, the collective
dynamic behaviour of the system changes from disorder
to order.
In the third case, the collective dynamic behaviour
of the system is in a periodic state without coupling,
and becomes disordered when there is coupling. Figure 8 shows the time series of x when μ = 3.742. It is
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Figure 8. Trajectory of any three neighbouring nodes for (a)
 = 0.0 and (b)  = 0.013 and μ = 3.742.
Figure 10. The order parameter r vs. μ for a lattice with
different values of coupling strengths (0.4 ≤  ≤ 1.0). Inset:
the onset of the transition μc vs. .

Figure 9. The order parameter r vs. μ for a lattice with different values of coupling strength (0.017 ≤  ≤ 0.12). Inset:
the onset of the transition μc versus .

ordered state to disordered state, and the transition process is smooth. The system reaches a stable state and is
not affected by the coupling strength. When  = 0.95,
the value of μc suddenly increases. At this time, the
process of the system changing from ordered state to
disordered state is slow.
When μ = 1.0, the value of μc decreases slightly, but
the value of μ to maintain the ordered state of the system
is large, and the transition process from ordered state to
the disordered state is faster than that of μ = 0.95.

4. Phase order in modular network
obvious that the weak coupling changes the collective
behaviour from phase delay synchronisation of period-5
to disordered state.
3.2 Strong coupling strength
With the increase of coupling strength, 0.017 <  <
0.12, the relationship between the order parameter r and
μ is obviously different from that when the coupling
strength is weak. There is still a positive correlation
between the critical bifurcation parameter μc and the
coupling strength . As can be seen from figure 9, when
μ < μc , value of r fluctuates around the maximum
value, especially when 0.03 <  < 0.12. The value of r
is always zero for μ > μc . It shows that when μ > μc ,
the system is always in disordered state, and there is no
periodic window.
When the coupling strength increases continuously,
and 0.4 <  < 0.9, the relationship between the order
parameter r and μ remains basically unchanged (figure 10). With the increase of μ, the system changes from

After being inspired by the two-dimensional coupled
map lattice, we apply the research method to the modular network. The modular network is composed of many
groups, in which the connections within the groups are
dense, while the connections between the groups are relatively sparse [16–19]. Many practical networks, such as
railway networks, food networks, gene regulation networks, metabolic networks, social networks and so on
can be described by modular networks [20–25].
The modular network constructed in this paper divides
N nodes into M groups [26]. Therefore, the number of
nodes in each module is n = N /M. Links are independently and randomly connected, where pi is the
connection probability between nodes of the same module and p0 is the connection probability between nodes
belonging to different modules ( pi > p0 ; pi , p0 ∈
(0, 1]). We use a ratio to measure the modularity, σ =
p0 / pi . That is to say, the smaller the value of the ratio,
the better the modularity of the network.
In the numerical simulation, the connection probability within the module is fixed at one. We introduce the
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Figure 12. Trajectory of one node for  = 0.008 in (a) and
the space–time profile of the dynamical variables for  = 0.46
and 0.562 in (b) and (c).

Figure 11. The snapshots of the time correlation of direction
phases for  = 0.008, 0.032, 0.051, 0.4, 0.46 and 0.562 in
(a)–(f).

definition, p0 = l/(n ∗n), ratio σ = l/(n ∗n), where l is
the number of links between the modules and (n ∗ n) is
the number of all possible links between modules [15].
We use N = 100, M = 2, and each module contains 50
nodes.
Generally speaking, the evolution of N coupled
one-dimensional maps is described by the following
equation:
xt+1 (i) = (1 − ) f (xt (i)) +

N
 
Ai j f (xt ( j)), (4)
ki
j=1

where xt (i) is the dynamic variable of node i at time t,
 is the coupling strength (0 <  < 1), ki is the degree
of node i and A is the adjacency matrix of the network
(Ai j = 1 means that node i is connected with node j,
otherwise Ai j = 0).
We fixed the modularity ratio and bifurcation parameter as, σ = 0.4, μ = 3.76, and studied the change
of collective behaviour of the system with the increase
of coupling strength. The snapshots of the time correlation of direction phases of eq. (4) can be seen from
figure 11. Figure 12 describes the trajectory of one node
for  = 0.008 in (a) and the space–time profile of the
dynamical variables when  = 0.46 and  = 0.562 in
(b) and (c). In order to describe the dynamical behaviour
of the system in detail, we show the relationship between
the order parameters ri pl , rapl and ropl with the coupling
strength .

When the coupling strength is weak, the system
presents spatiotemporal chaos. As shown in figure 11b,
system presents a chaotic state (ropl = 1). However, we
observe an interesting phenomenon that the dynamical
behaviour shows a certain regular state (figure 11a). In
this case, ri pl has a non-zero value (figure 13b) [27]. As
shown in the figure, within the range of 0.007 <  <
0.011, the value of ri pl becomes non-zero, and the system in this region presents certain regular behaviour. We
can clearly see from figure 12a that periodic behaviours
can be observed.
When  = 0.051, the system presents four phasesynchronised clusters (figure 11c). There are two
antiphase synchronised clusters within the module. The
value of ropl decreases to 0 at c = 0.051. When
 > 0.059, the value of ri pl is always greater than rapl ,
and a platform will be maintained in different regions
(figure 13a). It shows that for  > c , the system will be
in an ordered state.
When  = 0.4, the system presents two phasesynchronised clusters, or antiphase synchronisation (figure 11d). In the same observation time series, the
direction phases within the module are completely consistent, and the direction phase between the modules is
completely opposite.
When  = 0.46, the system presents one phasesynchronised cluster, ri pl = 1, or phase synchronisation
(figure 11e). However, there are obvious differences
in the space–time evolution of dynamical variables (as
shown in figure 12b). There exist multistable solutions
in the region [28].
When  = 0.562, the system presents phase synchronisation (figure 11f). It should be noted that a few
out-of-phase links appear (figure 13a). As the coupling
strength continues to increase, the system will present
complete synchronisation.
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In conclusion, we provide a method to study the
phase order of the logistic map. Our method is useful to
understand the sequential iterations of logistic map, and
transition of collective behaviour of the coupled map
system. There are still many deficiencies in this study,
e.g., the lattice size is too small. In future, we shall do
large-scale lattice research. Furthermore, in the research
of modular network, we shall do a detailed analysis
of the 2D system where there is mean field coupling
between layers.
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