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Abstract. In this paper, we report the existence of bursting oscillations in systems governed by a second-order
differential equation with only one signum nonlinearity term and time-delay feedback, driven by the slowly varying
external force. Depending on the sign of the strength of signum nonlinearity, two cases are studied: two-well and
single-well potentials. The external force acts as the control parameter, the stability of equilibrium points is first
discussed and the condition for Hopf bifurcation is established. Secondly, we present the effect of time delay on
bursting oscillations when periodic forcing changes slowly. Our results show that the time delay is responsible
for the appearance or disappearance of the bursting phenomenon. It is also found that the amplitude, the number
of peaks and period of bursting oscillation depend on the value of the time delay. The bursting shapes obtained
theoretically are exhibited experimentally using the real microcontroller simulation.
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1. Introduction
It has been found that nonlinear systems are capable
of showing a rich variety of oscillations [1–6]. In some
nonlinear systems, the nonlinearity is induced by dissipative forces or restoring forces. For example, in Duffing
[7] and Ueda [8] oscillators, the damping is linear but
the restoring force contains a cubic nonlinearity, while
in the Van der pol [9] and Rayleigh [10] oscillators, the
dissipative force is nonlinear while the restoring one is
linear. Other types of systems where the nonlinear term
is a piecewise linear function have been studied in refs
[11–13]. This includes the Chua’s circuit [11] and systems with a signum nonlinearity terms [13].
Bursting oscillations are among different types of special behaviours exhibited by nonlinear systems with
different time-scales such as neurons, chemical kinetics and electronic circuits [14–22]. Bursting oscillation
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behaviours are characterised by the alternation of silent
phase and active phase during each evolution process.
They have been found in systems where damping is linear, but the restoring forces contain a cubic nonlinearity
[23]. They were also found in systems with quadratic
damping and linear restoring force [24]. Moreover, some
piecewise linear systems also have similar response. For
example, bursting oscillations have been studied in a
non-smooth electric circuit where the non-linearity is
introduced by Chua’s diode [25]. Its characteristic function is a piecewise linear function with more than two
linear regions. In 2016, Xianghong and Jingyu [26] also
found bursting phenomenon in a piecewise mechanical
system with parameter perturbation in stiffness. Qinsheng et al [27] analysed bursting oscillations in the
piecewise-linear system where the nonlinear characteristic of the resistor is expressed in terms of a continuous
function with multiple piecewise-linear segments.
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The initial mathematical model is the discontinuous
system where the only nonlinearity is the signum function in the restoring force term without time delay with
external excitation given by
ẍ + a ẋ − αx + b sgn(x) = f 0 sin(ωt),

(1)

where a is the damping coefficient, f 0 is the amplitude
of external excitation, ω is the external frequency and
sgn(x) is the signum function which is either +1 or
−1 depending on whether its argument x is positive or
negative respectively.
Equation (1) has been intensively studied in refs
[13,28,29]. In 2010, Kehui and Sprott [13] studied
system (1) when α > 0 and b > 0. They found
nonlinear phenomena such as onion-like strange attractor and period-doubling route to chaos. Abirami et al
[28] analysed the vibrational resonance in system (1)
in the presence of an external biharmonic force with
two frequencies. The effects of the strength of the
signum nonlinearity on vibrational resonance for different shapes of the potential have been analysed. They
constructed an exact analytical solution of the system
and used it for the computation of the response amplitude at low frequencies. In ref. [29], Santhosh et al
studied the dynamics of system (1) and the periodic and
chaotic oscillations when α > 0 and b < 0.
So far, the analysis of dynamical behaviours of system
with only signum nonlinearity in the restoring force has
been done without time delay. Time-delay effects on the
dynamics of bursting oscillations have been analysed in
refs [30–34]. The effects of time delay on the bursting oscillations of Duffing equation where the restoring
force has a cubic nonlinearity are investigated in ref.
[33]. It was shown that the time delay can lead to Hopf
bifurcation as well as its stability. The author also used
the delay as tuning parameter to modulate the dynamics
of bursting oscillations. Zheng and Bao [30] studied a
modified Chua’s circuit with multiple time scales with
time delay and the results showed that small time delay
can influence the patterns of small-amplitude oscillations and large time delay can eliminate the mixed mode
oscillations which leads to bursting oscillations.
Bursting oscillations in piecewise linear systems with
different time-scales are still open problems. The goal
of this paper is to analyse the effects of time delay on
the shapes of bursting oscillations in the discontinuous
system with signum function with time delay driven
by a slowly periodically varying external force. This is
conducted theoretically (mathematical calculation and
numerical simulation) and experimentally using microcontroller to generate in oscilloscopes the different types
of bursting oscillation shapes. The paper is organised
as follows. In §2, a discontinuous system with signum
function with time delay is theoretically analysed and
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the dynamical mechanism is obtained as a function of
the linear delayed state feedback and external periodic
excitation. The effects of time delay and certain control
parameters on bursting oscillations of system with different shapes of potential are presented in §3. The effects
of a constant perturbation on bursting oscillations are
investigated. The corresponding generation mechanism
are explained by using slow–fast analysis in §4. Section 5 presents the real electronic signals of the bursting
oscillations generated by a microcontroller. Section 6 is
devoted to the conclusion.

2. Equation of the model and stability analysis
2.1 Equation of the model
By adding a time delay position feedback to system (1),
we can obtain the following new system driven by a
slowly periodically varying external forcing:
ẍ + a ẋ − αx + b sgn (x) = f 0 sin(wt) − kxτ ,

(2)

where ω (with 0 < ω ≤ 1) is the forcing frequency,
xτ = x(t − τ ) and τ is a time delay. k is the gain coefficient about the time delay. It can be viewed as the
stiffness coefficient per unit of mass. If k > 0, it means
a positive delayed feedback and if k < 0 it means a
negative feedback.
Equation (2) can be rewritten in the following equivalent form:
⎧
⎨ ẋ = y,
ẏ = −ay + αx − bsgn (x)
(3)
⎩
+ f 0 sin (ωt) − kx(t − τ ).
The potential of the differential equation (2) is
1
V (x) = − αx 2 + b |x| ,
2

(4)

The shapes of the potential V depend on parameters
α and b. Different forms of the potential are illustrated
in figure 1. Figure 1a shows a double-well potential
obtained for α < 0 and b < 0. For α > 0 and b > 0
(as shown in figure 1b), we have a single-well potential
with a double hump.
2.2 Stability analysis
In order to facilitate the stability analysis, we can rewrite
eq. (3) into an autonomous form by introducing θ = ωt,
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(x, y) ≡ (x0 , 0), where x0 is the real roots of the following equations:

ẋ = y,
(8)
ẏ = −ay + αx − b sgn(x) + γ − kx(t − τ ),
where γ = f 0 sin(θ ) is a control parameter. x0 satisfies
the equation
x0 (k − α) + b sgn (x0 ) − γ = 0.

(9)

If k = α there is no equilibrium points in the system.
Because of the divisions into regions R1 and R2 , the stability will be studied for x > 0 and x < 0 respectively.
If k  = α, the equilibrium point x0 with respect to γ is
Figure 1. Shapes of the potential. (a) α = −1 and b = −1
and (b) α = 1 and b = 1.

leading to
⎧
ẋ = y,
⎪
⎪
⎪
⎨ ẏ = −ay + αx − bsgn (x)
+ f 0 sin (θ ) − kx(t − τ ),
⎪
⎪
⎪
⎩
θ̇ = ω.

(5)

This mathematical transformation brings about two
time-scales in the whole system. For ω < 1, the external
excitation varies more slowly than the other variables in
the system.
Let R1 be the subspace where x is positive and R2
be the subspace where x is negative. R1 and R2 are
described as subsystems:
R1 = {(t, x1 , ẋ1 ) |x > 0 } ,
R2 = {(t, x1 , ẋ1 ) |x < 0 } .

(6)

Equation (3) can be represented as a single second-order
inhomogeneous linear differential equation with linear
time delay in each of the regions R1 and R2 as
⎧
⎨ ẋ = y,
ẏ = −ay + αx − b + f 0 sin (wt)
⎩
(7a)
− kx(t − τ ).
if x0 > 0 and
⎧
⎨ ẋ = y,
ẏ = −ay + αx + b
⎩
+ f 0 sin (wt) − kx(t − τ ).

(7b)

else
We shall analyse the stability of system (5). The
equilibria of the system can be written in the form

γ −b
, if x0 > 0
k−α
γ −b
, else.
x0 =
k+α

x0 =

(10)
(11)

If γ = ±b, there is only one equilibrium in the differential equation (2). Otherwise, there are two equilibrium
points in the system governed by eq. (2), where ± correspond to R1 and R2 regions respectively.
2.2.1 Stability analysis: System with double-well potential, with no delay (τ = 0). To have an idea about the
distribution of equilibrium points of eq. (2), the curves
of equilibrium lines of variable x when the parameter
γ varies from −2.4 to 2.4 are plotted in figures 2a and
2b for k = 1.3 and k = −1.3 respectively. The curve
of equilibrium branches for other values can be plotted
accordingly. Figure 2a shows that when the value of γ
increases from −2.5 to 1 the value of x also increases.
The value of x decreases when the value of γ decreases
from 2.5 to −1. Figure 2b shows that the value of x
decreases for γ ] − 2.5, −1] ∪ [1, 2.5[. As shown in
figure 2b there is no attractor for −1 ≤ γ  1.
Based on the stability analysis, the branches SF1 and
SF2 are all stable focus and the characteristic equation
is
λ2 + λ + 2.3 = 0,

(12)

leading to λ = −0.5 ± 1.432i. For k = 1.3, the following results are obtained: For γ ∈]−2.4, −1.0] ∪
[1.0, 2.4[, there is only one equilibrium in the system,
and when γ varies from −1.0 to 0.999, there are two
equilibria in the system.
In figure 2b we have the equilibrium lines for k =
−1.3. Two stable nodes SN1 and SN2 are observed, and
the characteristic equation is
λ2 + λ − .03 = 0,
with λ1 = −1.241 and λ2 = 0.241.

(13)

90

Page 4 of 14

Pramana – J. Phys.

(2021) 95:90

Figure 2. Curves of equilibrium point related to eq. (9) with respect to γ : case of system with double-well potential. (a)
k = 1.3 and (b) k = −1.3 when α = −1, b = −1.

For k = −1.3, the following results are also obtained:
for γ ∈]−2.4, −0.999] ∪ [1.0, 2.4[, there is one equilibrium in the system.
2.2.2 Stability analysis: System with single-well potential, without delay (τ = 0). In this part we study the
stability of the system with single-well potential. The
curves of equilibrium points are presented in figure 3a
for k = −1.3 and in figure 3b for k = 1.3, respectively.
The other values are fixed as α = 1, b = 1 and a = 1.
One notes that when the value of γ increases from
−2.5 to −1 and from 1 to 2.5 the value of x increases
(see figures 3a and 3b), and the value of x decreases for
−2.4 < γ < 2.4. Figure 3a presents two stable nodes
and figure 3b presents two stable focuses. One notes
that when k is positive, the curve of the equilibrium
points has two stable focuses in the case of the system
with double-well (see figure 2a) and two stable nodes
in the system with single-well potential (see figure 3a).
Taking k = 0 and γ = 0, the equilibrium points reduce
to E 1 = ( αb , 0) or E 2 = (− αb , 0).
The characteristic equation at E 1 and E 2 is
D(λ) = λ2 + aλ − α = 0
and the eigenvalues are
√
−a ± a 2 + 4α
,
λ± =
2

of the linearised equation of system (2) near the equilibrium point (x0 , 0) in the form (x = x0 + x1 exp(λt), y =
y1 exp(λt)), x0 being the solution of eq. (9), leading to
the following system of equation:

λx1 = y1
(16)
λy1 = −ay1 + (α − kexp (−λτ ))x1
which leads to the following characteristic equation:
M (λ) = λ2 + aλ − α + ke−λτ = 0.

(17)

Equation (17) has zero as a root if k = α. Thus, we
expect a steady-state bifurcation to occur independently
of τ . Substituting α = k into eq. (17) and differentiating
with respect to λ, we get
dM
= 2λ + a − τ ke−λτ .
dλ

(18)

dM
dλ = 0 admits zero as a
a
solution if and only if τ = k . To find the condition for
the Hopf bifurcation, let us set λ = iω (with i 2 = −1,

It is obvious that equation

ω > 0) as a root of eq. (17). Substituting this root into
eq. (17), we get

(14)

− ω2 + aiω + ke−iωτ − α = 0.

(15)

Separating (19) into real and imaginary parts, one
obtains

ω2 + α = k cos(ωτ ),
(20)
aω = k sin(ωτ ).

where ± correspond to R1 and R2 regions respectively.
According to the Routh–Hurwitz criteria, the equilibrium points E 1 and E 2 are asymptotically stable if a > 0
and α > 0. They are saddle points if a > 0 and α < 0.
Since a > 0, when a 2 +4α > 0, the points E 1 and E 2
are stable nodes, while it is a stable focus for a 2 + 4α <
0.
2.2.3 Stability analysis with delay. To investigate the
time-delay effects on stability, we express the solution

(19)

It follows that ω satisfies
ω4 + ω2 (2α + a 2 ) + α 2 − k 2 = 0.

(21)

If we treat ω2 as a simple variable, eq. (21) has roots
1
2
ω±
=
(22)
−(2α + a 2 ) ± a 2 (a 2 + 4α) + 4k 2
2
provided a 2 a 2 + 4α +4k 2 ≥ 0. As ω is real, meaning
ω2 > 0, only the solution with positive sign in (22) will
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Figure 3. Curves of equilibrium point related to eq. (9) with respect to γ : case of system with single-well potential for (a)
k = 1.3 and (b) k = −1.3.

Figure 4. Bursting oscillations in system (2) when τ = 0, a = 1.0 and ω = 0.02. (a) Time series of the bursting phenomenon
with respect to x, (b) time series of the bursting phenomenon with respect to y, (c) and (d) the enlargement of (a) and (b)
respectively, (e) phase portrait on the (x, y) plane.

be considered, that is
1
ω2 =
−(2α + a 2 ) + a 2 (a 2 + 4α) + 4k 2
2
while τ can be expressed from (20) as


aω
1
,
nπ + arctan
τ=
ω
α + ω2
n = 0, 1, 2, . . .

(23)

(24)

Differentiating the characteristic eq. (17) with respect
to τ and k, for λ = iω, we obtain
 
dλ
Re
dτ λ→iω


λke−λτ
= Re
2λ + a − τ ke−λτ
ω2 (2ω2 + a 2 + 2a)
=
>0
(25)
(a − τ α − τ ω2 )2 + ω2 (2 + aτ )2

with α > 0 and a > 0
 
dλ
Re
dτ λ→iω


−e−λτ
= Re
2λ + a − τ ke−λτ


2
τ α + ω2 + a (1 + aτ ) ω2 − α
=
> 0.
k(a − τ α − τ ω2 )2 + ω2 (2 + aτ )2

(26)

Equations (25) and (26) give the conditions for the
Hopf bifurcation theorem. Let us mention that in the
theory of bifurcations, a Hopf bifurcation is a critical
point where a system’s stability switches and a periodic
solution arises. More accurately, it is a local bifurcation
in which a fixed point of a dynamical system loses stability, as a pair of complex conjugate eigenvalues [35].
The existence of Hopf bifurcation is the precursor sign
for the generation of periodic solutions. The choice of
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Figure 5. Response of system (2) when a = 1.0 and ω = 0.02. (a) Quasi-square oscillation with respect to x, (b) time series
of the bursting phenomenon with respect to y, (c) and (d) the enlargement of (a) and (b) respectively, (e) phase portrait on the
(x, y) plane.

Figure 6. Response of system (2) when τ = 0.3 with k = 1.3, a = 1, f 0 = 1.4 and ω = 0.02. One also notes that the
frequency spectra for the displacement and velocity are different.

the value of time delay depends on the condition for the
Hopf bifurcation.

3. Behaviour of the system under slow-varying
sinusoidal excitation
In this section, we analyse the effects of time delay on
the bursting activities of the system governed by eq. (2)
with different shapes of the potential. During the studies,
the parameters τ , k and a are chosen as the main control
variables.
3.1 Behavior of system (1) with double-well potential
In this subsection, we study the bursting oscillations in
eq. (2) by keeping α = −1 and b = −1. The fixed
parameters are f 0 = 1.4 and ω = 0.02.
The bursting oscillations of eq. (2) are obtained by
numerical simulation for the fixed parameters a = 1.0
(throughout this paper, y denotes ẋ). figure 4a shows
the periodic bursting phenomenon with respect to x and

figure 4b shows the periodic bursting phenomenon with
respect to y for τ = 0 and k = 0 where SP and QS represent the spiking state and quiescent state respectively.
In this case, system (2) is called a simple discontinuous
system. Obviously, the external excitation frequency is
much smaller than the natural frequency of system (2).
So, the slowly varying external force modulates the fast
variables and makes them switch between the spiking
and resting phases, leading to the occurrence of bursting activities. For τ = 0 and k = 0 we have three
peaks and four peaks in variables x and y respectively
(see figures 4c and 4d respectively). Figure 4e presents
the phase portrait in the (x, y) plane. This figure shows
the trajectories of the burster where symmetric structure oscillating between two parts associate with two
equilibrium points E1 and E2 via fold bifurcation.
The bursting oscillations are created by the switching
between different stable equilibrium branches (upper
and lower branches) located in different subsystems.
When we fix a = 3.0, k = 0 and τ = 0, the bursting oscillation is only observed in variable y and the
variable x exhibits quasi-square wave oscillation (see
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figure 5). However, as presented in figures 4b and 5b
one notes that the waveforms of the former are different
from the waveform of the latter.

3.2 The influence of time delay and damping ratio on
the bursting oscillation
In this subsection we shall study the influence of time
delay on the bursting activities. The variations of the system parameters can change the dynamical behaviours,
and the shape of bursting oscillation may be different.
3.2.1 The effects of delay τ . The effects of variation
of τ with fixed k and a are studied by fixing k = 1.3
and a = 1 and varying the delay τ in eq. (2). The results
of this investigation are shown in figures 6 and 7. The
left columns show the time series of variables x and y
and the right columns show the corresponding frequency
spectra.
Figures 6 and 7 show that the SPs exist both in the
variables x and y and the time series shows that when the
value of τ increases the number of the peaks of bursting
oscillation increases.
In figure 8, we plot the response of the system at a = 3
by increasing τ . The results show that at τ = 0.3 there is
no spiking state (SP) in variable x and in variable y there
is bursting oscillation with one peak. When the delay
becomes very large, the SPs appear in both variables x
in y. We can observe that for τ = 2 the variables x and
y exhibit bursting oscillations with two peaks and when
the value of τ increases from 2, the number of peaks
also increase. Figure 8 also shows that for τ = 3 the
bursting oscillation in variable x is more distinct that
those obtained for τ = 2.
3.2.2 The effects of damping ratio on the bursting phenomenon. With the variation of the damping coefficient
a, the dynamical behaviour of eq. (2) can be affected and
great changes can be observed. In ref. [23], the bursting behaviour is caused by the switching between the
different stable focuses or stable nodes located in different subsystems, and the periodic activity is called the
focus-type or node-type bursting oscillation. Here the
appearance of different types of bursting oscillations in
the system depends on the value of damping ratio.
Fixing the parameters k = 1.3 and τ = 0.3, figure 9 presents the time series and frequency spectrums
for different values of a. In the left column, we have
time series of variables x and y and in the right column we have frequency spectra. From this figure it
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can be seen that the SP with large-amplitude oscillation will become gradually weaker with the increase in
the damping coefficient. One notes that when the value
of damping ratio becomes very large, the SP would disappear completely in variables x and y. In variable y,
another type of busting phenomenon appears at a = 3.
The amplitude of bursting decreases by increasing the
damping ratio. When the value of damping coefficient
increases we can see the transition between focus-type
and node-type bursting oscillations. For a < 2.5 we
have focus-type bursting oscillation and when a > 2.5
the node-type bursting oscillation appears in the system
(see figure 9). About the frequency spectra, we can see
that the frequency spectra of displacement and velocity remain different when a increases. One also notes
that when 0.5 ≤ a ≤ 3, the frequency spectrum of the
variable x is similar while the frequency spectrum of
variable y changes with increasing a.

3.3 Bursting oscillations in system (1) with single-well
potential
In this section, we investigate the dynamical behaviours
of system (1) with single-well potential when b = 1 and
α = 1. The bursting oscillation is created in the system
if the delay τ  = 0. The behaviours of the system when
τ = 0.1, k = 1.3 and a = 1 are presented in figure 10.
The times series of variables x and y are shown in figures
10a and 10b, respectively and the local enlarged parts of
displacement x and velocity y are shown in figures 10c
and 10d, respectively. From the time series, we can see
that the bursting oscillation in variable y is more distinct
than that in variable x.
The phase portrait on the (x, y) plane is plotted in
figure 10e, from which we can see the transition between
the quiescent state (QS) and the spiking state (SP). One
may also find that there exist two spiking states (SP) and
two quiescent states (QS) in the bursting oscillations.
The frequency spectra of the output of system (2)
which indicates the system state is presented in figures 10f and 10g. The frequency spectra of both the
variables are very similar.

3.3.1 The influence of delay and gain coefficient on this
type of burster. If the delay τ is changed, the time series
for τ = 0.3 and 0.6 are presented in figure 11 when
k = 1.3, a = 1 and f 0 = 1.4. With the variation of τ , the
period of QS decreases while the period of SP increases.
For example, at τ = 0.3, the period of QS of variable
y is T = 70.32 and for τ = 0.6 we have T = 42.4.
In figure 12, the effects of gain coefficient of delay are
presented for τ = 0.3. Obviously, bursting oscillations
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Figure 7. Response of system (2) when τ = 0.6 with k = 1.3, a = 1, f 0 = 1.4 and ω = 0.02.

Figure 8. Response of system (2) when k = 1.3, a = 3, f 0 = 1.4 and ω = 0.02.

Figure 9. Response of system (2) when k = 1.3, τ = 0.3, f 0 = 1.4 and ω = 0.02. (1) a = 0.5, (2) a = 1 and (3) a = 3.
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Figure 10. Bursting oscillations in system (2) with single potential for a = 1.0 and ω = 0.02. (a) Time series of the bursting
phenomenon with respect to x, (b) time series of bursting with respect to y, (c) and (d) the enlargement of (a) and (b)
respectively, (e) phase portrait on the (x, y) plane, (f) and (g) the frequency spectra of variables x and y respectively.

Figure 11. Response of the system for τ = 0.3 and 0.6.

in the system (in variable y) are created if k > 0.9.
Figure 12 shows that the variation of k can affect the
period of the QS and SP and the number of peaks of the
burster. When k = 1, one observes bursting oscillation
in variable y. When the value of k increases the bursting
oscillation appears in variables x and y and the period
of QS increases while the period of SP decreases.

3.3.2 The influence of amplitude of the external periodic excitation and damping ratio on bursting oscillation. Here, we analyse the effects of forcing amplitude
on the bursting oscillations. The numerical simulation
shows that bursting oscillation is formed if f 0 ≥ 1.1.
Now we increase the amplitude of the external excitation from 1.1 to 4.4 for k = 1.3, τ = 0.3 and a = 1.
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Figure 12. Effects of k on bursting oscillation when ω = 0.02 and τ = 0.3. (1) k = 1 and (2) k = 1.7.

Figure 13. Effects of external excitation f 0 on bursting oscillation when ω = 0.02 and τ = 0.3.

The time series of system (2) are plotted in figure 13,
from which one may observe that the SP disappears in
variable x while in variable y the number of the spike
decreases when the value of f 0 increases. The variation
of f 0 also influences the period of QS and SP of bursting oscillation. In the variable y the period T0 of QS
increases while the period T1 of SP decreases.

4. Mechanism of the generation of bursting of the
system with double-well potential
Based on the aforementioned stability analysis, we shall
study the mechanism of the bursting oscillations. Figure 14 shows the equilibrium lines when x < −1 and
x > 1. The system is stable along the lines SE1 and SE2.
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Figure 14. The generation mechanism of the periodic bursting oscillation of the system with double-well potential.

One notes that the points on the lines SE2 and SE1 are
focuses. The arrows on the curve of equilibrium lines
indicate the direction of the flow and the points on the
branches SE1 and SE2 are focuses. Assuming the trajectory starts at point A, the system jumps and moves
strictly along the equilibrium curve SE2 which is the
attractor domain in the region x > 1. The trajectory at
point B may oscillate around the equilibrium line SE2
and SP appears. When γ increases from point B, the
amplitude of SP gradually decreases and SP disappears
and QS appears after point C. When the trajectory arrives
at point H2, the value of γ reaches its maximum, and
the trajectory will move backward along the equilibrium curve SE2 with the decreases of γ . The system
may maintain the QS from point H2 to point D along

Figure 16. Experimental set-up.

the equilibrium line SE2. At point D, the trajectory of
the system response jumps and falls into the attraction
domain of the low attractor in the region x < −1. At
the equilibrium point F, another SP appears in the line
SE1. The SP may quickly disappear at point E, which
is replaced by the QS. The system may keep the QS
with movement along SE1 from point E to point H1.
At point H1, γ reaches its minimum and returns to the
starting point A. When the trajectory arrives at the starting point A, one period of the bursting oscillations is
finished.

Figure 15. Electronic circuit used to implement the set of eq. (27).
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Figure 17. Periodic bursting oscillations in system (2) when ω = 0.05, a = 1, k = 1.3 and τ = 0.3.

Figure 18. Periodic bursting oscillations in system (2) when ω = 0.05, a = 1, k = 1.3 and τ = 0.6.

Figure 19. Periodic bursting oscillations in system (2) when ω = 0.02, a = 0.4, k = 1.3 and τ = 0.3.

When γ changes from −1.4 to 1.4, similar dynamics
takes place for the system with single-well.
5. Experimental results
5.1 Necessity to present real signals
This section discusses the results obtained previously
(§3 and 3.3) using an experimental approach. The

interesting signals and shapes obtained in the previous sections can be used for practical applications in
diverse fields, for instance, in robotics for the actuation processes or in bioengineering as some signals
have shapes similar to those generated by biological
cells. Most of the time, the experimental signals are
obtained from analog electronic circuits [19,34,36,37].
But, in recent years, researchers are increasingly interested using microcontrollers to produce these electrical
signals [38–40]. This is an interesting way of producing
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Figure 20. Periodic bursting oscillations in system (2) when ω = 0.02, a = 1, k = 1.3 and τ = 0.1.

electrical signals as microcontrollers are not subjected
to noises or parameter variation as is the case in analog
circuits.

6. Conclusion

We have studied the appearance and shapes of bursting oscillations in a discontinuous system with a linear
delayed feedback and slowly varying external periodic
5.2 Principles of the microcontroller simulation
force. The evolution of bursting oscillations has been
analysed in the system with two types of potentials. The
To produce signals from the microcontrollers, differen- results show that the system can generate periodic bursttial equations are discretised as in the case of numerical ing oscillations for appropriate parameters. It has been
simulation. For instance, using the Euler discretisation found that the types of bursting oscillations depend on
scheme, one obtains the following discrete equations:
the configuration of the potential. The shape, period of
occurrence and amplitude of the bursting oscillations
have been found to depend on the time delay, dissipa⎧
x(k
+
1)
=
x(k)
+
ts[y(k)],
tion coefficient and amplitude of the external excitation.
⎨
y(k + 1) = y(k) + ts[−ay(k) + αx(k) − b sgn[x(k)] The results obtained theoretically have been confirmed
⎩
experimentally with the use of microcontroller which
+ f 0 sin(ωt) − K (x(k) − τ )].
has delivered real electrical signals for bursting oscilla(27)
tions.
As can be seen in these figures, there is a good agreement between the results from the numerical simulation.
These discrete equations are inserted in the microcontroller using appropriate language. Here we use the C
language for microcontrollers. Figure 15 shows the electronic set-up used to implement eq. (27). An Arduino
Acknowledgements
Uno module board is used. And the program written in
a computer is inserted or downloaded in the Arduino
The authors thank Dr Talla Francis (Department of
Uno module using an appropriate cable. The port D of
Mechanical, Petroleum and Gas Engineering, Faculty of
the Arduino Uno is coupled to a R-2R ladder resistors
Mines and Petroleum Industries, University of Maroua,
network, which are acting as a DAC (digital to anaMaroua, Cameroon) for interesting discussions.
log converter). The output of the DAC is taken from the
resistor labelled as R16 and it corresponds to output x(t)
which is visualised in the Rigol oscilloscope (figure 16).
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