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Abstract. We model and investigate the dynamics and modulation performance of semiconductor laser integrated
with two short external cavities facing the front and back facets with the aim to enhance the modulation bandwidth of
the laser for use in high-speed photonics. The coupled cavities provide double optical feedback (DOFB) to the laser
cavity through the partially reflecting facets of the laser cavity. The study is based on modifying the rate equations
of the laser to include multiple reflections of laser radiations in the external cavities. Therefore, it accounts for
the regime of strong OFB that causes bandwidth enhancement. We introduce correspondence between the laser
stability under DOFB and the modulation response characteristics. Also, we allocate the ranges of the DOFB that
induce photon–photon resonance (PPR) effect as the main contributor to the bandwidth enhancement. We show that
the intensity modulation (IM) response can be tailored by varying the reflectivity of the external mirrors when the
external cavities are too short to stabilise the laser output. Modulation bandwidth better than 55 GHz is predicted
under strong double OFB when the external cavities are as short as 2 mm. Stronger DOFB is found to enhance the
PPR effect and induce resonant modulation over a narrow frequency range around frequencies reaching 45 GHz.
Keywords. Optical feedback; semiconductor laser; double cavity; modulation.
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1. Introduction
High-speed semiconductor lasers are crucially required
for modern communication systems that transmit dense
information with high speeds. Examples include wireless local area networks (WLANs) within radio-over
fibre (RoF) systems, 100 Gbit/s Ethernet systems and
interconnects in super computers and data centres [1–4].
These high-speed photonic applications require semiconductor lasers with modulation bandwidth in the
millimetre-waveband which enables direct modulation
of the laser with speed of several tens Gbit/s [5].
A typical constraint of increasing the modulation
speed of the semiconductor laser is the carrier-photon
resonance (CPR) frequency and thermal parasitics,
which limit the laser bandwidth to ~20 GHz [6].
Inventive designs, such as injection locking [7,8] and
modulator integration [9–11] have shown the possibility of remarkable increase in the modulation bandwidth.
The authors have contributed to studies on the function of external optical feedback (OFB) to enhance the
modulation bandwidth of lasers emitting from both the
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longitudinal edge and vertical cavity surface emitting
lasers (VCSELs) [12–16]. In the regime of strong OFB,
a photon–photon resonance (PPR) effect is induced
between the modulating signal and a beating component of the OFB-induced resonance modes [11], which
works to boost the bandwidth frequency and/or induce
resonant modulation over a narrow high-frequency band
[11,16–18].
Recently, the authors have contributed to bandwidth
enhancement of the semiconductor laser when coupled
to a very short passive cavity, predicting an increase of
about 200% [16]. The extreme of short external cavity
(whose resonance frequency is higher than the intrinsic
relaxation frequency of the laser) is helpful to stabilise
the laser dynamics [19–21] and to enable PPR under
strong OFB [8]. The study was based on modifying the
theory of semiconductor laser subject to OFB in which
OFB was treated as time delay of laser radiation due
to multiple round trips in the feedback cavity. It has
been established that the PPR effect becomes stronger
with strong OFB, which would contribute to further
enhancement of the modulation bandwidth [12,13,16].
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Therefore, the aim of this paper is to modify the coupling scheme to the semiconductor laser in such a way
to strengthen OFB. We propose to couple the laser with
two external short cavities in the longitudinal direction
facing the front and back facets of the laser cavity. The
induced double optical feedback (DOFB) then illuminates the primary laser cavity with stronger external
feedback while maintaining stable operation.
We extend our previous modelling on modulation
of semiconductor laser under strong OFB from single external cavity to include two external cavities. We
modify the rate equations of the semiconductor laser to
include light feedback coming from both cavities and
explore the boundary conditions at the front and back
facets and their influence on the threshold gain and phase
conditions of the laser. We carry out intensive numerical
integration of the developed rate equations to specify the
regimes of stable dynamics of the laser over which the
modulation bandwidth is enhanced. Also, we investigate
the DOFB parameters that induce resonant modulation
and the associated central PPR frequencies. We show
that the laser operates mostly under either continuous
wave (CW) or period-1 pulsation in the limit of short
coupled cavities. In the former regime, strong DOFB
results in PPR that works to increase the modulation
bandwidth from 40 GHz of the single OFB to higher
than >55 GHz using external cavities as short as 2 mm.
Higher values of modulation bandwidth are predicted
when the external cavity facing the front facet is equal
to or shorter than the cavity facing the back facet. DOFB
happens also to induce resonant modulation over a narrow frequency band centred around ∼45 GHz.
In the following section, we present the model of laser
dynamics under DOFB. In §3, we introduce the procedures of numerical calculations. In §4, we present
the obtained results on stability, bifurcation diagram
and modulation response with bandwidth enhancement.
Finally, the conclusions appear in §5.

2. Time-delay model of semiconductor laser under
DOFB
The present model of semiconductor laser coupled with
two longitudinal cavities is schematically illustrated in
figure 1. The laser has a resonance cavity of length L D
and refractive index n D , and is assumed to oscillate in
single longitudinal mode. The laser cavity is surrounded
in the longitudinal direction by two cavities. One cavity
(#1) is of length L ex1 and is formed between the front
facet of power reflectivity R f and external reflector #1
of reflectivity Rex1 , while cavity #2 is of length L ex2 and
is formed between the back facet of power reflectivity
Rb and external reflector #2 of reflectivity Rex2 . The
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laser is then subjected to DOFB from the forth and back
directions. Light emitted from the front facet is assumed
to travel multiple round trips in the external cavity #1
and then reflected back to the laser diode with coupling
efficiency η1 , and so does the light emitted from the back
facet which is injected back to the laser with coupling
efficiency η2 . The round trip times in the front and back
external cavities are given by τ1 = 2n ex1 L ex1 /c and
τ2 = 2n ex2 L ex2 /c, respectively.
The electric components of the electric field in the
laser cavity along the z-direction are assumed as


E (z, t) = E (+) (z, t) + E (−) (z, t) e− jωt + c.c.
(1)
for 0 ≤ z ≤ L D ,
where E (+) and E (−) are the forward and backward travelling components of the field with angular frequency
ω. The c.c. refers to the complex conjugate quantity. In
the present time-delay model, DOFB is counted as time
delay of the laser light at the front facet due to the round
trips in external cavity #1 and laser light at the back facet
due to the round trips in external cavity #2. Therefore,
the boundary conditions at the back and front facets are
E (+) (0, t) = rb U2 E (−) (0, t) ,
E (−) (L D , t) = r f U1 E (+) (L D , t) ,

(2)
(3)

where U1 and U2 are functions describing OFB induced
by the front and back external cavities, respectively, and
are given as
U1 (t − τ1 ) = 1 −

M
1− Rf  
m
η1 Rex1 R f
Rf
m=1

×

E (+) (L

D, t
(+)
E (L

= |U1 | e− jφ1
U2 (t − τ2 ) = 1 −
×

1 − Rb
Rb

E (−) (0, t

− mτ1 ) − jmψ1
e
D , t)
(4)

M


η2 Rex2 Rb

m

m=1

− mτ2 )

E (−) (0, t)

= |U2 | e− jφ2 ,



e− jmψ2
(5)

where the summation is taken over the number of round
trips from m = 1 to M. The phases φ1 and φ2 are the
phases of the complex OFB functions U1 and U2 , respectively. The phases ψ1 and ψ2 of the feedback function
are given by
ψ1 = φ f + φex1 + ωτ1
ψ2 = φb + φex2 + ωτ2 .

(6)
(7)
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Figure 1. Scheme of a semiconductor laser sandwiched between two sequent external cavities. E(t) is the electric field at
instant t, E(t − τ1 ) is the delayed electric field at instant t after delay time τ1 in cavity # 1, E(t − τ2 ) is the delayed electric
field at instant t after delay time τ2 in cavity #2, L D , n D are the length and refractive index of laser cavity, g D , κ D , β D are
the gain per unit length, internal loss and propagation constant of laser cavity, L ex1 , L ex2 are the length of feedback cavity #1
and cavity #2, n ex1 , n ex2 are the refractive index of feedback cavity #1 and cavity #2, R f , Rb are the power reflectivity at the
front and the back facets and Rex1 , Rex2 are the power reflectivity at reflector #1 and reflector #2.

The last terms ωτ1 and ωτ2 correspond to the time-delay
phase changes due to the round trips of laser radiation
in external cavities #1 and 2, respectively.
By substituting the definitions of the forward E (+)
and backward E (−) components of the field in the laser
cavity
E
E

(+)

amplitude E (t) as

(+)

(z, t) = E (0, t)
× exp {(g D − κ D ) z/2 − jβ D z}

(−)

(8)

E(r, t) = E (t)

(r ) e jωt + c.c.

(14)

(−)

(z, t) = E (L D , t)
× exp {(g D − κ D ) (L D − z)/2 − jβ D (L D − z)}
(9)

and the oscillation condition of the lasers under the
DRFB becomes

1 = R f Rb |U1 | |U2 |
× exp {(g D − κ D ) L D }

 
(10)
× exp − j 2β D L D + ϕ f + ϕb + φ1 + φ2
which is then separated into the following gain and phase
conditions at the threshold:
c
nDL D
× [ln |U1 (t − τ1 )| + ln |U2 (t − τ2 )|] ,
2β D L D + ϕ f + ϕb + φ1 + φ2 = 2qπ,
G th = G th D −

(11)
(12)

where q is an integer. In eq. (11), G th D = (c/n D ) gth D
is the threshold gain per second in the solitary (without
OFB) laser and gth D is the corresponding gain per unit
length, which is determined by the total loss in the cavity
as
gth D = κ D +

Equation (11) then denotes variation of the laser threshold G th due to DOFB, which is responsible for the
complexity in the laser dynamics.
By denoting the electric field E(z, t) in the laser cavity as a time-harmonic field with a slowly time-varying

1
1
ln
.
2L D
R f Rb

(13)

with (r ) being the spatial field distribution of the field
in the laser cavity and substituting it in Maxwell’s equations, we obtain the following rate equation of E(t) [22]:
dE
1
= (1 + jα) (G − G th ) E,
dt
2

(15)

where G is the optical gain per second and a is its
slope versus variation in the injected carrier number N .
 is the confinement factor of the field in the active
region whose volume is V , Nth is the carrier number at
the threshold and α is the linewidth enhancement factor. The second term describes the phase variation by
the stimulated emission, which represents the imaginary part of susceptibility [22]. G th = (c/n D ) gth is
the threshold gain per unit length, and is then determined by the feedback functions U1 and U2 as given
in threshold-gain condition (11). In this approach and
at time t, the amplitudes of the time-delayed propagating fields E (+) (L D , t − mτ1 ) and E (−) (0, t − mτ2 ) in
eqs (4) and (5) are replaced by the slowly time-varying
amplitudes E(t − mτ1 ) and E(t − mτ2 ), respectively,
and the amplitudes E (+) (L , t) and E (−) (0, t) change to
E(t1 ). Therefore, the double OFB U1 and U2 in eqs (4)
and (5) are rewritten as
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U1 (t − τ1 ) = |U1 | e− jφ1
=1−

1− Rf
Rf

M




η1 Rex1 R f

U1 and U2 suitable for rate equations (16) and (17) are
rewritten as

m

m=1

E(t − mτ1 ) − jmψ1
(16)
e
E(t)
1 − Rb
U2 (t − τ2 ) = |U2 | e− jφ2 = 1 −
Rb
M

m E(t − mτ2 ) − jmψ
2.
×
η2 Rex2 Rb
e
E(t)
m=1
×

(17)
Rate equation (15) can be transformed to a couple of
equations for the photon number S(t) contained in the
lasing mode and the phase θ (t) by writing the complex
field amplitude with the phase term as
E(t) = E(t) e jθ (t)

(18)
2

with S (t) ∝ E(t) . Therefore, the following rate
equations are obtained:
dS
1
c
=
G − G th D +
[ln |U1 (t − τ1 )|
dt
2
nDL D
+ ln |U2 (t − τ2 )|]

S +  RSP

(19)

dθ
c
α
= (ω −ω)+ (G − G th D )−
(φ1 +φ2 )
dt
2
2n D L D
α
= (ω − ω) + (G − G th D )
2


c
(20)
−
arg(U1 ) + arg(U2 )
2n D L D
which in addition to the following rate equation of N
describe the laser dynamics.
dN
I
N
= −
− G S.
dt
e
τs

(21)

The optical gain G is defined by including the gain suppression as
a N − Ng
,
(22)
V 1 + εS
where ε is the gain suppression factor. In the above rate
equations, RSP is the rate of inclusion of the spontaneous
emission into the lasing mode, I is the injection current,
τs is the electron lifetime due to spontaneous emission
and e is the electron charge. In eq. (20), the first term
represents the frequency chirp due to the variation of the
lasing angular frequency ω in the presence of OFB from
the free angular oscillation frequency ω [23], while the
last term represents the chirp originating from the feedback functions U1 and U2 . The forms of these functions
G=
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U1 (t − τ1 ) = |U1 | e− jφ1
M
1− Rf  
m
=1−
η1 Rex1 R f
Rf
m=1

S(t − mτ1 ) e jθ (t−mτ1 ) − jmψ1
×
e
S(t)
e jθ (t)
U2 (t − τ2 ) = |U2 | e− jφ2
M
1 − Rb  
m
=1−
η2 Rex2 Rb
Rb
m=1

S(t − mτ2 ) e jθ (t−mτ2 ) − jmψ2
×
e
.
S(t)
e jθ (t)

(23)

(24)

In this case, the terms exp { j [θ (t − mτ1 ) − θ (t)]} and
exp { j [θ (t − mτ2 ) − θ (t)]} represent deviations in the
optical phase due to chirping induced by time delay
in the external cavities #1 and 2, respectively. The
present model takes into account multiple reflections
through both external cavities which add to the complexity of the model. Therefore, the present modelling can
analyse cases of strong DOFB, for example semiconductor lasers with antireflecting coated facets used as the
pumping sources in fibre-grating lasers [24], and lasers
used in radio-over fibre links to enhance the modulation bandwidth and/or induce high-frequency resonance
modulation [12].

3. Numerical calculations
The laser dynamics under the longitudinal DOFB are
simulated by numerical integration of rate equations
(19)–(21) by means of the fourth-order Runge–Kutta
method. The time step of integration is set to be 0.5
ps and the integration is carried out over a period of
T = 3−5 μs over which the operation reaches steady
state. The calculations are done for 1.55-μm InGaAsP
laser coupled with two air feedback cavities on both longitudinal sides. Numerical values of the laser parameters
are listed in table 1. The corresponding threshold current
is Ith0 = 10.5 mA. These parameters were found to correspond to modulation bandwidth of the solitary laser
(without OFB) as high as 27 GHz when the bias current
is 49 mA [25]. Two external air cavities are assumed with
lengths as short as L ex1 = 2 mm and L ex2 = 3 mm,
which correspond to time delays τ1 = 13.3 ps and
τ2 = 20 ps and external cavity resonance frequency
spacing of 1/τ1 = 75 GHz and 1/τ1 = 50 GHz, respectively.
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Table 1. Values of the parameters of 1.55 μm InGaAsP lasers used in
calculations.
Parameter

Value

Unit

Tangential coefficient of gain, a
Electron number at transparency, N g
Gain suppression factor, ε
Electron lifetime, τs
Threshold gain in primary laser cavity G th D
Rate of spontaneous emission RSP
Linewidth enhancement factor, α
Refractive index of the active region, n D
Length of the active region, L D
Volume of the active region, V
Field confinement factor, 
Reflectivity at the front facet, R f
Reflectivity at the back facet, Rb

8.25 × 10−12
5.12 × 107
9.2 × 10−7
796
5.92 × 1011
2.0 × 1012
3.5
3.513
120
30
0.15
0.2
0.6

m3 s−1
–
–
ps
s−1
s−1
–
–
μm
μm3
–
–
–

4. Results and discussions

N = Ng +

1+εS

4.1 Steady-state solutions of laser rate equations
S=

The steady-state solutions of eqs (19) and (20) are
c
 RSP
ln (|U1 | |U2 |) −
G − G th D = −
nDL D
S
c
ln (|U1 | |U2 |) ,
≈−
nDL D
α
0 = (ω − ω) + (G − G th D )
2


c
−
arg(U1 ) + arg(U2 ) ,
2n D L D

1+ aε

τe

G th D −

(29)
(25)

(26)

where the rate of spontaneous emission RSP is ignored
in eq. (25) compared to that of the stimulated emission
to simplify the calculation. The phase variations under
DOFB are then determined as the solution of the following equation:
cτ
ω τ − ωτ =
2n D L D


× α ln(|U1 | |U2 |) + arg(U1 + U2 )

τ 
α ln(|U1 | |U2 |) + arg(U1 + U2 ) ,
=
τin

1
V

c
ln (|U1 | |U2 |) . (28)
nDL D


N0
I
1
e − τs
.
−
G th D − n DcL D ln(|U1 | |U2 |) a
V τs

a
V

(27)

where τin = 2n D L D /c is the round trip time in the laser
cavity. The above equation may have multiple solutions
depending on the strength of OFB, which correspond to
oscillation of the laser in multiple external modes. The
appropriate solution will be the one that corresponds to
lower level of the threshold gain G th . The steady-state
values of the carrier number N and photon number S
are obtained by solving the steady-state version of rate
equations (19) and (21) of S(t) and N (t), respectively, as

The feedback functions U1 and U2 are calculated using
the solutions of phases ωτ1 and ωτ2 as given in eqs (6),
(7), (16) and (17).
Examples of the steady-state calculations as functions
of the reflectivity η2 Rex2 of external mirror #2 is given
in figure 2 using reflectivity of external mirror #1 of
η1 Rex1 = 0.04. This level of OFB corresponds to CW
operation of the laser when it is subjected to feedback
from external mirror #1 only. Figures 2a–2c correspond
to three cases of L ex2 = 3 mm (> L ex1 ), L ex1 = L ex2 =
2 mm and L ex2 = 0.5 mm (< L ex1 ), respectively,
which help to clarify the influence of the time delay
on the steady-state characteristics. The figures plot variations of the photon number S and frequency chirp
ω = ω − ω with variation of η Rex2 . Each of these
solutions corresponds to the minimum level of threshold gain at the corresponding value of η2 Rex2 . Figure 2a
indicates that both S and ω are almost constant in
the regime of low reflectivity η Rex2 , indicating stable
dynamics of the laser. Then both S and ω jump to
higher values over the range η2 Rex2 = 0.265–0.57,
which indicates that OFB becomes strong enough to
excite resonance modes in the external cavity and the
laser is expected to jump to one of these modes. If
η2 Rex2 increases further, both S and ω decrease with
the increase of η2 Rex2 . However, they still maintain values larger than those of the regime of weak reflectivity
η2 Rex2 . This rise and drop of both S and ω indicate
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of η2 Rex2 which could indicate that the addition of OFB
from mirror #2 may not change the CW operation of the
laser under OFB from mirror #1.
4.2 Dynamics and stability of the non-modulated laser

(b)

(c)

Figure 2. Steady-state solutions of the non-modulated laser
under DOFB: photon number S and frequency chirp ω as
functions of reflectivity η2 Rex2 with η1 Rex1 = 0.04 and
L ex1 = 2 mm when (a) L ex2 = 3 mm, (b) L ex2 = 2 mm
and (c) L ex2 = 0.5 mm.

that the laser is attracted to a route to instability [26].
These conclusions will be confirmed in the next subsection, which shows that the laser is attracted to a route
to chaos. OFB happens to induce internal and external
modes and the relaxation oscillation modes in addition
to their sums and differences [27–29] and the laser may
jump to one or more of these modes depending on the
OFB parameters. DOFB parameters include strength of
OFB from either external cavity, length of the two cavities and phases of injected light compared with the phase
of light inside the laser cavity. Chaotic laser oscillates at
the mixed frequencies of the internal and external modes
and the relaxation oscillation mode [26].
In figure 2b where L ex1 = L ex2 = 2 mm, S decreases
slowly with the change of η2 Rex2 , and so does the frequency chirp ω but after η2 Rex2 = 0.35. ω drops
to lower values with the increase of η2 Rex2 . These
results could be an indicator of instabilities of the laser
dynamics under strong OFB of η2 Rex2 = 0.35, but
such instabilities are not so sever as in the case of
L ex2 = 3 mm (>L ex1 ) in figure 2b. In figure 2c where
L ex2 = 0.5 mm (<L ex1 ), both S and ω decrease
slowly with the change of η2 Rex2 over the relevant range

In this subsection, we study the oscillation behaviour
of the non-modulated laser when subjected to the double OFB. The study is given in terms of the bifurcation
diagram of the emitted photon number S(t). Figures 3a–
3d plot the bifurcation diagrams of the non-modulated
laser in terms of the power reflectivity η2 Rex2 of external reflector #2 when η1 Rex1 = 0.04, 0.06, 0.08 and
0.1, respectively. When the laser is coupled to cavity
#2 with these levels of OFB, it is characterised by CW
operation. The bifurcation diagram is constructed by
picking up the peak Speak of the photon number S(t),
normalised by its average value S, when the feedback
induces time variation of S(t) and plotting Speak /S vs.
η2 Rex2 . As shown in figure 3a, the laser operates under
CW in the regime of weak OFB (low values of η2 Rex2 ).
The feedback strength of η2 Rex2 = 0.265 behaves like
a Hopf-bifurcation point at which the laser starts to
emit period-1 pulsation which extends over the period
of η2 Rex2 = 0.265–0.57. Since the laser operates in
CW under OFB of η2 Rex1 = 0.04 from external mirror
#1, the induced pulsation corresponds to external cavity
#2. When η2 Rex2 reaches 0.58, the bifurcation diagram
indicates a chaotic state. That is, the laser is attracted
to a route-to-chaos under strong OFB [30,31]. These
results are in good agreement with the steady-state stability results and discussion of figure 2a. Examples of
the temporal trajectories of the laser intensity in the
investigated dynamic states of CW, period-1 oscillation
and chaos are shown in figures 4a–4c, respectively. In
figure 4a, the CW operation is characterised by a constant value of the photon number S(t). In this case, the
laser exhibits transient damped oscillations due to CPR
before it relaxes to the steady state. The frequency of
these relaxation oscillations is comparable to that of the
CPR of the solitary laser f CP0 = 7 GHz. In figure 4b, the
laser output is a periodic self-pulsation with a frequency
of f SP = 43 GHz, which is, much higher than the CPR
frequency. That is, the laser jumps to one of the external
cavity modes excited by DOFB. In figure 4c, the chaotic
dynamics are characterised by irregular variation of S(t)
with time variation. Chaos could be explained as a competition between the internal laser resonance and the
resonances in the external cavities [32].
It is useful to correlate the characteristics of the bifurcation diagram of figure 3a when η2 Rex2 = 0.04 with
the corresponding steady-state solutions plotted in figure 2a. The regime of constant values of S and ω
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Figure 4. Temporal trajectories of the photon number S(t)
when (a) η2 Rex2 = 0.3 (CW), (b) η2 Rex2 = 0.4 (period-1
pulsation) and (c) η2 Rex2 = 0.6 (chaos) that correspond to
the bifurcation diagram of figure 3a.

Figure 3. Bifurcation diagram of the non-modulated laser
under double feedback in terms of η2 Rex2 when (a)
η1 Rex1 = 0.04, (b) η1 Rex1 = 0.06, (c) η1 Rex1 = 0.08 and
(d) η1 Rex1 = 0.1.

in figure 2 corresponds to the stable CW operation
when η2 Rex2 ≤ 0.26. The Hopf bifurcation point of
η2 Rex2 = 0.265 in figure 3a corresponds to the values of η2 Rex2 in figure 2 at which the laser jumps to
one of the induced external cavity modes. This regime
of laser oscillations in external cavity mode(s) corresponds to the regime of self-pulsation in figure 3a. As
shown in figure 3a, this regime is terminated and the
laser exhibits chaotic dynamics when η2 Rex2 = 0.59
which is the same value at which the laser intensity and
phase (S and ω) abruptly decrease in figure 2a.
Figures 3b and 3c indicate bifurcation diagrams similar to that in figure 3a without revealing the chaos state.
Instead, the laser restores the CW operation with further
increase of η2 Rex2 beyond the regime of period-1 pulsation. The figures indicate that the increase in the value

of η1 Rex1 to 0.06 and 0.08 results not only in shifting the
Hopf bifurcation point to lower values of η2 Rex2 but also
in shorting the range of η2 Rex2 over which the laser emits
period-1 pulsation. In these two cases, the strong DOFB
induces period-1 oscillations and the lasing mode jumps
to external cavity modes without exhibiting unstable
oscillations or mode hopping that characterises chaotic
dynamics [26]. This pulsation corresponds to regime V
in the classification of laser dynamics under OFB developed by Tkach and Chraplyvy [21]. On the other hand,
figure 3d of stronger feedback from mirror #1, η1 Rex1 ≤
0.1, indicates instabilities and chaos in the intermediate
range of η1 Rex1 . That is, strong DOFB induces instabilities in the laser dynamics, which could be associated
with hopping among the variety of modes of either or
both external cavities [26].
The bifurcation diagrams in figures 5a and 5b can
add more clarification to the influence of time delay
in the two external cavities on the laser output, which
correspond to the cases of L ex2 = L ex1 = 2 mm
and L ex2 = 2 mm (<L ex1 ), respectively. The feedback from mirror #1 is kept at the same strength of
figure 3 (η1 Rex1 = 0.04). Figure 5a indicates that the
laser operates in CW up to η2 Rex2 = 0.36, and then
emits period-1 pulsation up to η2 Rex2 = 0.6 beyond
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Figure 5. Bifurcation diagram of the non-modulated laser
under double feedback in terms of η2 Rex2 when (a)
L ex2 = 2 mm and (b) L ex2 = 0.5 mm, using η1 Rex1 = 0.04
and L ex1 = 2 mm.

which the pulsation is damped again and the CW operation is restored. In this case, the chaotic dynamics of
the case of L ex2 > L ex1 in figure 3a are not represented.
These finding are again in good correspondence with
the steady-state analysis in figure 2b. However, similar
to the case of L ex2 = 3 mm > L ex1 the increase of the
feedback to η1 Rex1 ≥ 0.9 results in instabilities in the
laser output like those presented in figure 3d. On the
other hand, figure 5b of L ex2 = 0.5 mm (<L ex1 ) indicates CW operation over the relevant range of feedback
η2 Rex2 , which supports the predicted stable operation
in figure 3c. In this case, however, the increase of feedback from mirror #1 induces period-1 pulsation over a
narrow range of η2 Rex2 in the regime of weaker feedback (η2 Rex2 < 0.1). Instabilities in the laser operation
including chaotic dynamics are induced when the feedback from mirror #1 becomes as strong as η1 Rex1 ≥
0.15. In conclusion, the laser operation under DOFB is
more stable when the time delay of laser radiation in the
external cavity facing the back facet of the laser cavity
is shorter than that in the external cavity facing the front
facet, and instabilities are induced at stronger levels of
DOFB.
It is worthy to gain insight into the resonance frequency of the laser oscillations over the relevant range
of reflectivity η2 Rex2 . This relationship is plotted in figure 6 for the bifurcation diagram of figure 3a when
η1 Rex1 = 0.04. The figure shows little variation of the
frequency f CP of the damped relaxation oscillations that
characterise the CW operation as long as η2 Rex2 ≤ 0.26.
At the bifurcation point of η2 Rex2 = 0.265, the laser
exhibits two oscillation components, one component is
with low frequency of f CP = 6.7 GHz that corresponds
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Figure 6. Resonance frequency in the laser oscillation
in both the CW regime (relaxation CPR frequency) and
self-pulsing oscillation as functions of reflectivity η2 Rex2
when η1 Rex1 = 0.04.

to the relaxation oscillations while the other component
is with higher frequency of f SP = 43 GHz of selfpulsation. In the regime of self-pulsation, the oscillation
frequency f SP increases with the increase of η2 Rex2
reaching f SP = 45.5 GHz when η2 Rex2 = 0.57. These
DOFB-induced high-frequency oscillations is the main
cause of the PPR effect in semiconductor laser under
OFB [16] as will be discussed below.
4.3 Modulation characteristics under DOFB
In this subsection, we assume that the laser is subjected
to the current modulation I (t) = Ib + Im sin(2π f m t)
in rate equation (21), where Ib is the biasing current of
the laser and Im is the amplitude of the signal (modulation current) whose frequency is f m . The calculated
IM response corresponds to the regime of small-signal
modulation for which we set Im = 0.01Ib . In figure 7a, we present examples of the IM-response spectra
with higher bandwidth when the laser under DOFB is
operating in the state of CW. DOFB corresponds to
η1 Rex1 = 0.04 and η2 Rex2 ranging between 0.02 and
0.3. The IM response of the laser with single OFB from
cavity #1 is also plotted to discriminate the modulation
improvement due to OFB from cavity #2. In such a case,
the bandwidth is f 3 dB = 40 GHz while the CPR peak
occurs around f CP = 15 GHz. The figure shows that
whilst OFB from mirror #2 shares variation of the laser
threshold, several changes are seen that characterise
the IM response. The CPR peak frequency decreases
with the increase of η2 Rex2 ; f CP = 14 GHz when
η2 Rex2 = 0.02 while it decreases to f CP = 11 GHz
when η2 Rex2 = 0.3. As the CPR frequency is proportional to the square root of the threshold gain [5], this
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Figure 7. IM response spectra of the laser under DOFB with (a) bandwidth enhancement when η2 Rex2 = 0.02−0.3 and (b)
resonant modulation when η2 Rex2 = 0.45 and 0.48.

reduction of the CPR frequency indicates that the amplitude and phase of OFB at the laser facet as well as their
coupling work to lower the level of threshold gain. The
response spectra exhibit another peak stronger than the
CPR peak at much higher frequency without dropping
the IM response below the –3 dB level. This peak frequency increases from 41 GHz when η2 Rex2 = 0.02
to 43 GHz when η2 Rex2 = 0.3. These high-frequency
peaks correspond to PPR of the laser; thanks to modulation at frequencies close to the beating frequency of
the resonance modes excited by the DOFB as discussed
before. The coupling between these modes occurs due
to the carrier pulsation introduced by the applied modulation signal at their beating frequency and introduces
resonance in the IM response at this frequency [16,17].
The PPR effect becomes stronger and the response peak
becomes higher with the increase in η2 Rex2 . As seen in
the figure, the difference in the peak height is nearly 4
dB when the reflectivity η2 Rex2 increases from 0.05 to
0.5. The increase in the PPR frequency is interestingly
associated with the enhancement of the 3dB bandwidth;
bandwidth is escalated to f 3 dB = 46.5 GHz when
η2 Rex2 = 0.02 which is enhanced to f 3 dB = 48.5 GHz
when η2 Rex2 = 0.3.
Figure 7b plots IM responses with other spectral
characteristics induced when the laser is attracted to
self-pulsation in the bifurcation diagram of figure 3a.
In this case, the response enhancement around the PPR
frequency is limited to a passband and the PPR peak is
separated from the CPR peak via a gap with response
< –3dB. Ahmed et al [12] called this type of modulation
response as ‘resonant modulation’. The two response
spectra plotted in figure 7b correspond to η2 Rex2 = 0.45
and 0.48, which correspond to the shift of the PPR
frequency from f PP = 43.5 to 44.5 GHz. The figure indicates that this type of resonant modulation is

associated with the narrowing of the modulation bandwidth to values around f 3 dB = 20 GHz. The height of
the PPR peak when η2 Rex2 = 0.48 is lower than that
of the peak when η2 Rex2 = 0.45 which is due to the
higher harmonic distortion of the modulated signal that
increases the power of higher harmonics at the expense
of the power at the fundamental frequency [33]. The
values of the second and third harmonic distortions are
–22.4 dB and –20.3 dB when η2 Rex2 = 0.45 which
increase to –22.6 dB and –26.3 dB when η2 Rex2 =0.48.
The modulation is then efficient within the narrow frequency band of (35–48 GHz) when η2 Rex2 = 0.45
which is limited more to (40–48 GHz) when η2 Rex2 =
0.48.
Figure 8 plots variation of the modulation bandwidth
f 3 dB with the reflectivity η2 Rex2 of external mirror #2
at two values of OFB from mirror #1 (η1 Rex1 = 0.04
and 0.08). For both cases of η1 Rex1 the figure shows
the increase of f 3 dB with the increase of η2 Rex2 in the
regime of bandwidth enhancement when the laser operates in CW. The maximum predicted value of f 3 dB is
48.5 GHz when η1 Rex1 = 0.04 and increases to 51 GHz
when η1 Rex1 = 0.08. In the regime of resonant modulation induced by PPR the bandwidth abruptly decreases
to values smaller than 25 GHz, as discussed for figure 7b.
Now, we investigate the influence of OFB from mirror #1 on the spectral characteristics of the IM response.
Figure 9 plots examples of improved IM responses
when the reflectivity of external mirror #2 is fixed at
η2 Rex2 = 0.07 while the reflectivity η1 Rex1 increases
between 0.01 and 0.09. The figure shows the case of further enhancement of the modulation bandwidth; f 3 dB
increases between f 3 dB = 40 GHz and 51.5 GHz with
the relevant strengthening of η1 Rex1 . This increase of
the bandwidth is associated with the shift of the PPR
peak frequency to higher frequency; f PP = 35 GHz
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Figure 8. Variation of modulation bandwidth f 3 dB with
reflectivity η2 Rex2 of external mirror #2 when η1 Rex1 = 0.04
and 0.08 over both regimes of bandwidth enhancement and
resonant modulation.
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Figure 10. Variation of modulation bandwidth f 3 dB with
reflectivity η2 Rex2 of external mirror #2 when L ex2 = 2 mm
and 0.5 mm using η1 Rex1 = 0.04.

and 0.5 mm. Similar to the case of L ex2 = 3 mm in
figure 8, the figure shows an increase of f 3 dB with the
increase of η2 Rex2 in the regime of CW operation but
with higher maximum value of f 3 dB = 54 GHz when
η2 Rex2 = 0.035. The CW operation characterising the
case of shorter cavity #2 with length L ex2 = 0.5 mm
corresponds to lower values of the bandwidth f 3 dB . In
this case, the largest values of bandwidth are 30 GHz
≤ f 3 dB ≤ 38 GHz which correspond to the regime of
η2 Rex2 ≤ 0.005. In the higher levels of η2 Rex2 , f 3 dB
ranges between 22 GHz and 28 GHz. That is, higher
values of the bandwidth are predicted when cavity #2 is
equal to or longer than cavity #1.
Figure 9. IM response spectra of the laser showing bandwidth enhancement under double OFB at different reflectivities of external mirror #1 of η1 Rex1 = 0.01–0.0 when
η2 Rex2 = 0.07.

when η2 Rex2 = 0.01 while f PP = 47 GHz when
η2 Rex2 = 0.09. Compared with figure 7a, the bandwidth enhancement is more prominent, which indicates
that the damping rate of the laser is more reduced with
the increase of OFB from mirror #1 than the increase in
OFB from mirror #2.
Pal et al [34] observed different frequency responses
of semiconductor laser with two filtered OFB, depending on the cavity lengths as well as their relative OFB
strengths. Here we are interested in investigating the
influence of varying the length of external cavity #2 on
the modulation bandwidth f 3 dB keeping the length of
cavity #1 and the corresponding feedback at L ex1 =
2 mm and η1 Rex1 = 0.04, respectively. Figure 10 plots
variation of the bandwidth f 3 dB with reflectivity η2 Rex2
at two different lengths of cavity #2 of L ex2 = 2 mm

5. Conclusions
We introduced theoretical modelling on improvement
of the modulation performance and enhancement of the
bandwidth of semiconductor lasers subject to DOFB
from two external mirrors close to the front and back
facets of the laser cavity. The time-delay rate equation model of the semiconductor lasers was modified
to include multiple reflections of laser radiation in the
two external cavities. We showed that the IM response
can be tailored by varying the reflectivity of the external
mirrors when the external cavities are too short to stabilise the laser output. When the non-modulated laser
operates under CW, strong OFB results in PPR which
works to increase the modulation bandwidth. For the
present laser parameters, higher values of the bandwidth
are predicted when the external cavity facing the front
facet is equal to or shorter than the cavity facing the back
facet. Values of f 3 dB reaching 58 GHz were predicted
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using external cavity of lengths L ex1 = 2 mm. When
OFB increases more and the non-modulated laser emits
period-1 oscillations, the PPR effect causes the modulated laser to exhibit resonant modulation over a narrow frequency range around the PPR frequency which
reaches 45 GHz.
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