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Abstract. Noise improves the reliability of logic operations if noise parameter is in certain proper region
(reliable region), which is known as logical stochastic resonance (LSR). LSR attracts much attention due
to its potential application in new-style logic devices. However, nothing is reported about the effect of
cross-correlated sine-Wiener (CCSW) bounded noises on the reliability and agility of logic operations.
Here we explicitly demonstrate that in certain proper parameter regions of amplitude and correlation
time of CCSW noises, CCSW noises can induce LSR. In addition, cross-correlation intensity of CCSW
noises can drastically influence the range of reliable region. By comparison, moderate cross-correlation
intensity can drastically destroy the reliability of the logic system, and strongly shrink the optimal
parameter ranges, depending on cross-correlation time and amplitude. Moreover, for given amplitudes and
cross-correlation time, a little faster logic operation can be obtained with increasing cross-correlation
intensity.
Keywords. Stochastic resonance; logical stochastic resonance; cross-correlated sine-Wiener bounded noises;
bistable system.
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1. Introduction
Noise is not always destructive. On the contrary, the
interplay of noise and nonlinearity of systems sometimes leads to some constructive results, such as noiseinduced weak signal amplification [1–3], which is
referred to as stochastic resonance (SR) [4–7] and
noise-induced enhancement of spatio-temporal regularity, which is referred to as coherence resonance (CR)
[8]. Can noise also play a positive role in logical
devices? In 2009, Murali and co-workers [9] found that
the probability of obtaining a desired logic operation
can be dramatically improved in a bistable system if
noise intensity is in a proper window, and they called
this noise-induced reliability improvement as logical
stochastic resonance (LSR). After that, LSR attracts
more and more attention due to its potential applications
in realising new-style logic devices [9]. Up to now, LSR
has been successfully implemented in electronic circuits
[10] and optical systems [11] to nanomechanical devices
[12], Coulomb-coupled quantum dots [13] and synthetic
genetic networks [14–16].
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Because of convenience of analysis, Gaussian noise
is still widely used in bistable systems to yield reliable
logic operations when external input is sub-threshold.
But Gaussian noise may be inappropriate in some practical cases, and some counterfactual interferes can be
obtained if Gaussian noise is used in these circumstances
[17]. And the reason is that it is possible for the Gaussian noise to take very big value (namely, Gaussian
noise is unbounded), and thus it is contrary to the fact
that all real physical quantities take values in a limited
range [17,18]. Therefore, bounded noise, as reasonable
and versatile random model to mimic stochastic process with non-Gaussian distribution, has attracted more
and more attention. In particular, sine-Wiener (SW) and
cross-correlated SW (CCSW) bounded noises have been
extensively investigated in physical and biological areas
[19–21]. Certain non-trivial phenomena induced by SW
or CCSW noises have been observed, such as SW noiseinduced coherence resonance [22], SW and CCSW
noise-induced enhancement of weak signal detection
[23,24], CCSW noise-induced breakup of spiral wave
[25], CCSW noise-induced enhancement of temporal
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regularity and degradation of spatial synchronisation
[26]. Specifically, we had investigated the effect of SW
noise on the reliability of bistable system, and confirmed
that SW noise can induce LSR [27]. Furthermore, the
optimal window of noise intensity becomes progressively narrow if self-correlation time of SW noise is
gradually increased [27].
When noises have the same origin, they may be
cross-correlated, and cross-correlation effects should
be considered in LSR. For example, positive correlation between internal and external Gaussian noises
tends to enhance OR–NOR logic operation and suppresses AND–NAND logic operation, while negative
correlation tends to suppress OR–NOR and enhance
AND–NAND logic operations [28]. However, the crosscorrelation effects between different SW noises have not
been reported. In this study, we investigate the effect of
CCSW noises on LSR based on a typical bistable system
by calculating success probability and mean switching
time, which can be used to quantify the reliability and
agility of logic system, respectively.

2. Model and scheme
We consider a coupled bistable system subjected to two
cross-correlated sine-Wiener noises, given by the following equations [29]:
ẋ = 4(x − 5x 3 ) + b + c(y − x) + I1 (t) + η1 (t),
ẏ = 4(y − 5y 3 ) + b + c(x − y) + I2 (t) + η2 (t).

(1)
(2)

Here b is the bias parameter of the system, which controls the symmetry of potential wells. I1 and I2 are two
independent two-level aperiodic square wave input signals. Without loss of generality, when I1 and I2 encode
logic 1, the values of I1 and I2 are set to 0.8. When I1
and I2 encode logic 0, the values of I1 and I2 are set to
−0.8. Two independent logic inputs of I1 and I2 can be
combined together into four different logic input sets:
(0, 0), (0, 1), (1, 0) and (1, 1). Thus, I = I1 + I2 is a
three-level aperiodic square wave input. This coupled
bistable system responds to a random stream of external
input I as a robust logical gate by mapping the states of
x > 0 and x < 0 to logic 1 and 0, respectively. That is,
we consider the output of the system to be logic 1 if it is
located in the right potential well (x > 0), or logic 0 if it
is located in the left potential well (x < 0). According to
the logical input–output association (table 1), the basic
logic AND & OR gates are defined. Unless otherwise
specified, the results presented here are obtained based
on logic AND gate, and b = −0.28 is used for logic
AND gate. It is noteworthy that the qualitative results
are similar for logic OR gate.
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η1 and η2 are two cross-correlated sine-Wiener
(CCSW) bounded noises, and their explicit definitions
are given as follows [30]:


η1 (t) = A sin 2/τ1 ω1 (t) ,
(3)


(4)
η2 (t) = B sin 2/τ2 ω2 (t) .
A and B stand for noise intensities of η1 and η2 , respectively. Unless otherwise stated, the amplitudes A and
Bof CCSW noises are the same. τ1 and τ2 represent selfcorrelation times of η1 and η2 . ω1 (t) and ω2 (t) are two
standard Wiener processes, and the cross-correlation
 
function of ω1 (t) and ω2 (t) yields ω1 (t) ω2 t   =
(ω1 (t  )ω2 (t) = κ · min(t, t  ). κ is the correlation
 
intensity. · denotes an ensemble average and min t,t 
means the smaller value between t and t  . Therefore, for
the same correlation time (i.e. τ1 = τ2 = τ ), crosscorrelation function of η1 and η2 can be represented as
[30]
 
η1 (t) η2 t   = η1 (t  )η2 (t)
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λ and τ are cross-correlation intensity and time of η1
and η2 , respectively. As reported previously [30], an
existing decoupling procedure, which does not change
the statistical properties of noises, is used to transform η1
and η2 into ξ1 and ξ2 , given by the following equations:


2/τ ωα (t) ,
ξ1 (t) = A sin
(6)


ξ2 (t) = λB sin 2/τ ωα (t)



(7)
+ 1 − λ2 B sin 2/τ ωβ (t) .
Here ωα (t) and ωβ (t) are two independent standard
Wiener processes, and their evolution can be obtained
by the following formulae [30]:

ωα (t) = ωα (t − t) + −2 tln (χ1 )cos (2π χ2 ) ,
(8)

ωβ (t) = ωβ (t − Δt) + −2Δtln (χ3 )cos (2π χ4 ) .
(9)
χ1 , χ2 , χ3 and χ4 are four independent random numbers, which are uniformly distributed between 0 and 1.
Finally, the Euler’s forward algorithm with a fixed time
step of t = 10−3 time units is used to integrate eqs (1)
and (2).
In this study, the success probabilityP is used to measure the reliability of logic operations, and its expression
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Figure 1. Dependence of success probability P on increasing cross-correlation time log10 (τ ) for different values of λ
of the CCSW noises. The amplitudes A and B of the CCSW
noises are set as 0.75.
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Figure 3. Dependence of success probability P on increasing values of λ. log10 (τ ) = 0. The amplitudes A and B of
the CCSW noises are the same.

3. Results
3.1 Effect of cross-correlated sine-Wiener noises on
the reliability of logic operations

Figure 2. Dependence of success probability P on increasing amplitudes for different values of λ of the CCSW noises.
The amplitudes A and B of the CCSW noises are the same.
Cross-correlation time τ = 1.

is given as follows [27,31]:
P=

The number of successful runs
.
The total number of runs

(10)

The successful runs here signify that for all possible
logical input sets (table 1), logic output obtained from
the system is the desired result. In addition, the total
number of runs is 100 in our simulations. Because there
is latency between the change of the input signal and
the corresponding response of the system, the transience
processes, which are defined as the first 10% of each time
interval, are excluded from the calculation of success
probability P. Here each time interval is set to 1000
time units during which the input I remains unchanged.

Firstly, we explore the effect of cross-correlation time
log10 (τ ) and cross-correlation intensity λ of CCSW
noises on the reliability of logic operations by calculating success probability P. The dependence of success
probabilityP on increasing values of log10 (τ ) for different values of λ of CCSW noises is displayed in
figure 1. The bell-shaped curves of P vs. log10 (τ ) indicate the occurrence of CCSW noises-induced LSR. In
other words, system can yield the desired logic output
robustly only in a moderate region of cross-correlation
time log10 (τ ) (hereinafter this region is called the reliable region). It is evident that λ strongly affects the width
of the reliable region. More specifically, in contrast
with the weak and strong cross-correlation, moderate
cross-correlation makes the size of reliable region shrink
very drastically. It is noteworthy that the conclusions
obtained from the dependence of success probabilityP
on increasing amplitude A are similar, but with quantitative differences (figure 2). To illustrate this more clearly,
for a given cross-correlation time log10 (τ ) = 0 and
different noise amplitudes, the dependences of success
probability P on increasing values of λ are shown in figure 3. It is clear that the rapid transitions of P appear in
a moderate range (λ = 0.4−0.9) of λ of CCSW noises
(figure 3). Note that the effect of λ of CCSW noises
on LSR is significantly dependent on cross-correlation
time and noise amplitude.
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Table 1. Logical input–output associations of logic AND &OR gates.
Values of I1 and I2
(−0.5, −0.5)
(−0.5, 0.5) / (0.5, −0.5)
(0.5, 0.5)

Input signal I (= I1 + I2 )
−1
0
1

Logical input sets
(0, 0)
(0, 1) / (1, 0)
(1, 1)

AND
0
0
1

OR
0
1
1

Figure 4. Contour plots of success probabilityP in the plane of log10 (τ ) −A. From left to right, cross-correlation intensity
λ is sequentially set as 0, 0.65 and 1. The amplitudes A and B of the CCSW noises are the same.

Finally, in order to present an overall inspection, the
dependence of P on both noise amplitude A and crosscorrelation time log10 (τ ) is displayed in the contour plot
for different values of λ of CCSW noises (figure 4). The
red-shaded region indicates where P can achieve the
maximum value of 1. For higher values of A, smaller
log10 (τ ) is required to obtain a reliable logic operation (figure 4). Clearly, the area of red-shaded region at
moderate cross-correlation intensity λ is less than that at
weak or strong λ. Furthermore, to quantitatively characterise the change in the reliable region area, the area ratio
of red-shaded region to the whole panel is displayed in
figure 4. With the increase of λ, the area of reliable region
marked by red colour initially decreases, and reaches
a minimum at moderate λ, finally increases, which is
in accordance with the results shown in figure 5. The
figure illustrates clearly that moderate cross-correlation
intensity can drastically destroy the reliability of the
logic system, and strongly shrink the optimal parameter
ranges.
3.2 Effect of cross-correlated sine-Wiener noises on
the agility of logic operations
The fast response to the change of input signal is significant for a logical system, and it is discussed below. To
do this, the mean switching time is used here to characterise the response speed of the system to the change
of the input signal. For different values of λ of CCSW
noises, mean switching time as a function of amplitudes

Figure 5. Area of the reliable region as a function of cross–
correlation intensity λ. The parameter ranges of log10 (τ ) and
A are the same as in figure 4.

and cross-correlation time of CCSW noises are exhibited in figures 6 and 7, respectively. As shown in figure
6, it is evident that for a specific value of τ , such as
1, mean switching time is decreased monotonously as
A increases, that is to say, the system responds to the
change of the input signal more rapidly for larger values of A. In addition, for given values of A and τ of
the CCSW noises, the stronger is the cross-correlation
intensity, the smaller is the mean switching time (figure 6). The smaller mean switching time means faster
response. That is, increasing cross-correlation intensity
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Figure 6. Mean switching time as a function of amplitude
of the CCSW noises for different values of λ of the CCSW
noises. The amplitudes A and B of the CCSW noises are the
same. The cross-correlation time τ of the CCSW noises is set
to 1.

can improve the agility of the system. For moderate values of λ, such as 0.5 and 0.8, the monotonic change of
mean switching time with increasing cross-correlation
time log10 (τ ) can be observed (figure 7). However, for
weak (such as λ = 0) or strong (such as λ = 1)
cross-correlation intensity, mean switching time evolves
non-monotonically as log10 (τ ) increases, and the minimum value of mean switching time is achieved at
moderate values of log10 (τ ) (figure 7), displaying an
inverse resonance-like effect. Furthermore, for the specific amplitudes and cross-correlation time of CCSW
noises, mean switching time decreases with increasing
λ of CCSW noises. Therefore, more rapid response of
the system to the change of input signal is obtained
by increasing values of cross-correlation intensity
(figure 7).
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Figure 7. Mean switching time as function of cross-correlation time log10 (τ ) of CCSW noises for different cross-correlation intensities λ of CCSW noises. The amplitudes of both
A and B of CCSW noises are 0.75.

cross-correlation time, a slightly more rapid response of
the system is obtained by increasing cross-correlation
intensity. The results presented here have the potential
to deeply understand the dynamic behaviours of logic
devices subjected to cross-correlated noises.
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