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Abstract. The characteristics of ion-acoustic solitary waves in rotating, weakly relativistic, magnetised and
collisionless plasma system comprising electron, positron and ion (EPI) under a periodic external force, whose
constituents electron and positron obey Boltzmann distribution, are investigated by deriving forced Zakharov–
Kuznetsov (FZK) equation. FZK equation is constructed using reductive perturbation technique (RPT) which is
based on multiple-scale analysis of dependent variables. The effects of physical parameters such as the ratio of
temperature of electron and positron, the strength of external periodic force, positron concentration in electron
background, ion temperature and magnetic field on the analytical solitary wave solution of FZK equation are
observed. It is seen that the behaviours of ion-acoustic wave are significantly affected due to the presence of
positron and the periodic external forces. The results of this work may be applied when the above-mentioned
plasma environment is found in laboratory as well as in space.
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1. Introduction
The dynamics of ion-acoustic waves (IAW) in plasma
system is an area of active interest during the last five
decades. Nonlinear theory behind the wave propagation
was initially discussed using a mechanical analogy [1].
Ikezi et al made the first attempt to study wave propagation in plasma system. Subsequently, many experimental observations and theoretical works have been done
by several mathematicians and physicists [3,4]. Study of
solitary wave propagation in plasma usually comprising
cold ions and hot electrons under the influence of weekly
or uniform magnetic field is available in the existing
literature. But, it has been found that behaviour of
wave propagation changes significantly when positrons
are concentrated in electron background [5]. Moreover,
nonlinear waves in electron–positron–ion (EPI) plasma
behave strangely different after applying an external
periodic force in the system. Due to the sufficient
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lifetime of positron, two-component electron–ion
plasma is easily converted into a three-component EPI
one. During the last decades, there is a growing interest to study linear and nonlinear wave propagation in
the plasma system in the presence of positron. Actually,
this interest originated from the physical observations in
our Universe. It is known to us that our early Universe
comprised plasma consisting of hot electron, moderate positron and ion having influence from external
periodic force. Therefore, to understand our early Universe [6–8], we need sufficient knowledge about EPI
plasma under the influence of external forces. Also, from
the astronomical observation, it has been proved that
positron exists in the plasma system in active galactic nuclei [9], pulsar magnetosphere [10,11] and solar
atmosphere [12,13]. Many researchers [14–17] studied
EPI plasma and constructed different types of models
to understand linear and nonlinear wave propagations
in the plasma system. In the existing literature, we
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see both linear and nonlinear [20–26] wave propagations in the EPI plasmas. Again, relativistic plasma
[27,28] may exist in many contexts in astronomical
objects. For example, plasma particle may be found
in relativistic speed under the influence of high-power
laser radiation. So many nonlinear phenomena have
been observed in relativistic plasma. Relativistic Langmuir and electromagnetic waves are often found in
laser–plasma interaction [29,30] and space–plasma phenomena [31]. We notice relativistic plasma effects a lot
in the propagation of IAW in nonlinear regime. Plasma
with high-energy streaming ion beams is very relevant in the Van Allen radiation belts [32] and in the
plasma sheet boundary layer of the Earth magnetosphere
[33]. Naturally, interest has grown to find the propagating characteristic of IAW in such circumstances.
Large-scale streaming ions may also exist in relativistic plasma [34]. But, this plasma model is somehow ill
conditioned because different studies assumed that the
ion temperature is zero. In reality, ion temperature in
the relativistic plasmas of solar wind [36], solar flaps
[35] and interplanetary space is comparatively higher
than that of an electron. In some cases, ratio of the
ion-to-electron temperature attains a value more than
unity. Thus, one should consider both the ion temperature and the relativistic effects in the propagation of
IAW in EPI plasma. In [34,37], the observations take
place only in the one-dimensional flow of the electrons and ions. Kadomtsev and Petviashvili [38] (KP)
were the first physicists to make an attempt for soliton solution in a two-dimensional system. After that, in
a three-dimensional system, Zakharov and Kuznetsov
[39] (ZK) tried to build a model of soliton solution for a
relativistic magnetised plasma and they obtained a threedimensional equation which is popularly known as ZK
equation. It is well known that KP equation is valid only
in isotropic situation whereas ZK equation is associated
with the anisotropic system. Again, KP equation is valid
in unmagnetised and unrotating plasma but ZK equation is valid only in magnetised and rotating plasma.
Moreover, ZK equation may define stable lump solitary
waves that could not be derived from KP equation. ZK
equation is also used in the study of vortex soliton in
plasma state. Therefore, the physicists found ZK equation more attractive. In the presence of magnetic field,
EPI plasma with hot ion exists in many astronomical
observations. Thus, the study of magnetised plasma is
relevant to reveal the laws of solar physics in the development of sunspot and to describe the structure of the
magnetic star.
Basically, when neutron star is formed in the life cycle
of a star, its moment of inertia suddenly jumps due to the
occurrence of high rotational angular momentum. Hide
and Roberts [40] showed that neutron star exists in a
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strong magnetised state. To study the dip inside a neutron
star, it is necessary to investigate the nonlinear evolution
of IAW in highly rotating and strongly magnetised EPI
plasma.
Mushtaq and Shah [41] studied the oblique propagation of IAW in a strongly magnetised, rotating and
collisionless weakly relativistic EPI plasma with finite
non-zero ion temperature. But, till date, there does not
exists any literature where the wave propagation is
studied under the above situation with the influence
of external periodic force. The main objective of the
present paper is to investigate the behaviour of the propagation of ion-acoustic solitary waves in two dimensions
under the above circumstance.
The remaining part of the paper is arranged as follows: The basic equations are provided in §2. In §3,
we have derived the FZK equation and its approximate
analytical solitary wave solution. Section 4 explores the
effect of different parameters on slow time-dependent
wave solution of the FZK equation. Section 5 states the
conclusions.

2. Governing equations
In this study, we investigate the propagating characteristic of solitary waves in a weakly relativistic, rotating
magnetised three-component plasma under the influence of external periodic force. The solitary wave is
assumed to propagate in the x y plane and the magnetic
field (N = Nx̃) is believed to be directed along the xaxis. We consider that the electrons and positrons are
isothermally hot but ion is assumed to be a fluid having
finite non-zero temperature. The phase velocity of IAW
is considered much smaller than the thermal velocity of
electron and positron and it is considerably larger than
the thermal velocity of ion. Any effect of electron and
positron inertia is not considered as we explore only
low-frequency IAW. We also consider that the relativistic ion is flowing only in the x direction in the absence
of perturbations. On the other hand, components of the
ion velocity is assumed to be non-relativistic. We have
not taken into account any transport properties, such as
heat conduction, viscosity etc. in this study. Thus, in the
above plasma environment, the equation of continuity
and the equation of momentum of ion of mass m i with
velocity vi are as follows:
∂n i
+ ∇ · (n i vi ) = 0,
∂t
dvi
◦
= −∇φ + κci (vi × x)
dt
α
− ∇ pi + 2(vi × ),
ni

(1)

(2)
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where n i is the number density of ions, pi represents
kinetic pressure, e denotes the magnitude of electron
charge and φ represents the electrostatic wave potential.
Owing to the same magnitude of electric charges and
masses, dynamical behaviours of electron and positron
become same. Also, electrons and positrons are assumed
to be inertia-less and so their number density will obey
the Boltzman distribution as
n e = exp(φ)

(3)

and
n p = exp(−βφ).
φ

∇ φ = μe + (1 − μ)e

−βφ

− n i + S(x, t).

= μeφ + (1 − μ)e−βφ − n i + S(x, t),
where


−1/2



v2
 1 + i x2
2c

(8)
(9)

(10)



(4)

(5)

is the weakly relativistic regime, c is the speed of light
normalised by csi and c = κci + 20 .

For electron, positron and ion, we choose l respectively
as e, p and i. Similarly, nl0 stands for unperturbed electron, positron and ion number density in equilibrium
state. φ represents the electrostatic wave potential nomalised by Ti /e. The electric field E = −∇φ and vi is the
velocity of ion normalised by the ion-acoustic speed
csi = (Te /m i )1/2 . The rotation frequency is denoted
◦
by  and we take it as 0 x (0 represents the mag◦
nitude of rotation) where x is the unit vector in the
direction of x-axis. The ion gyrofrequency is taken as
κci = eB0 /m i c where e is the charge of electron, c
represents the speed of light and B0 is the magnitude
of ambient magnetic field.It is normalised by the ion
plasma frequency κ pi (= 4π n i0 e2 /m i ). Here Tl represents the temperature of the lth species particles.
Now, we define p as the ratio of unperturbed density of
positron to electron (i.e. p = n p0 /n e0 ), α as the ratio of
ion temperature to electron temperature (i.e. α = Ti /Te )
and β as the ratio of temperature of electron to positron
(i.e. β = Te /T p ). Finally, we take μ as 1/(1 − p) and
r, t as space and
 time coordinates normalised by Debye
length ρd = Te /4π n i0 e2 and ion plasma period κ −1
pi .
S(x, t) is the source term that arises from the experimental situation. It causes some additional conditions
in this system. Splitting eqs (1), (2) and (5) in different
directions we get
∂n i
∂
∂
+
(n i vi x ) + (n i vi y ) = 0,
∂t
∂x
∂y


∂
∂
∂
(γ vi x ) + vi x
+ vi y
(γ vi x )
∂t
∂x
∂y
α ∂n i
∂φ
+
= 0,
+
∂x
ni ∂ x


∂vi y
∂
∂
+ vi x
+ vi y
vi y
∂t
∂x
∂y

α ∂n i
∂φ
+
− c vi z = 0,
∂y
ni ∂ y


∂
∂
∂vi z
+ vi x
+ vi y
vi z + c vi y = 0,
∂t
∂x
∂y
 2

∂
∂2
φ
+
∂ x 2 ∂ y2
+

v2
γ = 1 − i2x
c

The Poisson equation can be written as
2
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(6)

3. Nonlinear evaluation of FZK equation
Reductive perturbation technique (RPT) [42,43] is
employed to construct forced Zakharov-Kuznetsov
(FZK) equation for small-amplitude ion-acoustic twodimensional solitary wave in a magnetised rotating
weakly relativistic three-component EPI plasma. RPT
is very useful to study IAW with small but finite amplitude. To investigate the IAW in magnetised rotating
EPI plasma, all the standard independent variables are
expanded as
ξ=
η=

1/2

τ=

3/2

1/2

(l x x − ρt)
ly y
t.

Here ρ is the normalised phase velocity of IAW and θ is
the angle between the external magnetic field B0 and the
direction of wave propagation. We choose l x = cos θ
and l y = sin θ such that l x2 + l y2 = 1. This technique
is based on the principle of multiple scale expansion
[44,45] and so, we expand the perturbed quantities n i ,
vi x , vi y , vi z , φ and S(x, t) as
ni = 1 + n1 + 2n2 + · · ·
vi x = u 0 + u 1 + 2 u 2 + · · ·
vi y = 2 v1 + 3 v2 + · · ·
vi z = 3/2 w1 + 5/2 w2 + · · ·
φ = φ1 + 2 φ2 + · · ·
S(x, t) = 2 S2 (x, t) + · · · .

(7)

Substitute these expansions in eqs (6)–(10) and then we
collect the term of lowest order in ( i.e. , 3/2 , 5/2 ,
etc.). Thus, collecting the terms of order 3/2 and 5/2
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from eq. (6), we obtain
∂u 1
∂n 1
+ lx
=0
∂ξ
∂ξ
∂u 2
∂n 2
(ρ − u 0l x )
− lx
∂ξ
∂ξ
∂
∂v1
∂n 1
+ l x (n 1 u 1 ) + l y
.
=
∂τ
∂ξ
∂η

−(ρ − u 0l x )

(11)

(12)

Collecting the terms of order 3/2 and
we obtain the following relations:

5/2

from eq. (7),

∂u 1
∂φ1
∂n 1
+ lx
+ αl x
=0
∂ξ
∂ξ
∂ξ
∂u 2
∂φ2
∂n 2
(ρ − u 0l x )γ1
− lx
− αl x
∂ξ
∂ξ
∂ξ
2
∂u
∂u 2
∂u 1
− ργ2 1 + u 0 γ2l x 1
= γ1
∂τ
∂ξ
∂ξ
∂u 1
∂n 1
− αn 1l x
+u 1l x γ1
∂ξ
∂ξ
−(ρ − u 0l x )γ1

(13)

2

from eq. (9), we obtain

∂w1
+ c v1 = 0.
(17)
∂ξ
Collecting the terms of order from eq. (10), we derive
the following equations:
− (ρ − u 0l x )

μφ1 − (1 − μ)βφ1 − n 1 = 0,
i.e.,
n 1 − β  φ1 = 0,
where β  = μ − (1 − μ)β.
Collecting the terms of order
l x2

(18)
2

from eq. (10), we get

2
∂ 2 φ1
2 ∂ φ1
+
l
− β  φ2 − δ  φ12 + n 2 = S2 ,
y
∂ξ 2
∂η2

(19)

where β  = μ − (1 − μ)β and δ  = 21 [μ + (1 − μ)β 2 ].
Now, from eq. (18), we have
n 1 = β  φ1 .

(20)

Again, from eq. (11), we have
u 1 = l x−1 (ρ − u 0l x )β  φ1 .

It is very interesting to note that the phase velocity
is affected by the relativistic factor, obliqueness, ion
temperature, external magnetic field and positron concentration on the electron background. But, there is no
evidence of influence in phase velocity of the periodic
force applied in the plasma system. Now, we find w1
and v1 from eqs (15) and (17) as
∂φ1
∂η


v1 = −2
c l y (ρ − u 0 l x )(1 + αβ )

where γ1 = (1 + 3u 0 2 /2c2 ) and γ2 = 3u 0 2 /2c2 .
Collecting the terms of order 3/2 and 5/2 from eq.
(8), we obtain
∂φ1
∂n 1
ly
+ αl y
−  c w1 = 0
(15)
∂η
∂η
∂φ2
∂n 2
+ αl y
−  c w2
ly
∂η
∂η
∂n 1
∂v1
+ (ρ − u 0l x )
.
(16)
= αn 1l y
∂η
∂ξ
Collecting terms of order

Thus, the linear phase velocity can be expressed from
eq. (13) as


1
α 1/2
.
(22)
ρ = u 0l x + l x
 +
γ1
γ1 β


w1 = −1
c l y (1 + αβ )

(14)

(21)
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(23)
∂ 2 φ1
.
∂ξ ∂η

(24)

Equation (23) explores the E × B drift in the direction of
z-axis and eq. (24) represents the polarisation drift along
the y-axis. Now, differentiating eq. (19) with respect to
ξ , we get
l x2

3
∂ 3 φ1
∂φ1
2 ∂ φ1
+
l
− 2δ  φ1
y
∂ξ 3
∂ξ ∂η2
∂ξ
∂φ2
∂ S2
∂n 2
− β
=
.
+
∂ξ
∂ξ
∂ξ

From eq. (12), we have
∂u 2
∂n 1
∂n 2
= l x−1 (ρ − u 0l x )
− l x−1
∂ξ
∂ξ
∂τ
∂v1
∂
.
− (n 1 u 1 ) − l x−1l y
∂ξ
∂η
From eq. (14), we get
∂u 2
∂φ2
∂n 2
− lx
− αl x
∂ξ
∂ξ
∂ξ
2
∂u
∂u 1
= γ1
− ργ2 1
∂τ
∂ξ
2
∂u
∂u 1
∂n 1
− αn 1l x
+u 0 γ2l x 1 + u 1l x γ1
∂ξ
∂ξ
∂ξ


∂φ
∂n 2
∂n
2
1
− β
= γ1l x−2 β  (ρ − u 0l x )
∂ξ
∂ξ
∂τ
∂
+γ1l x−1 β  (ρ − u 0l x ) (n 1 u 1 )
∂ξ
∂v1
+γ1l x−2l y β  (ρ − u 0l x )
∂η
∂u 2
∂u 2
∂u 1
− ργ2l x−1 β  1 + u 0 γ2 β  1
+γ1l x−1 β 
∂τ
∂ξ
∂ξ
∂u
∂n
1
1
− αn 1 β 
.
+u 1 γ1 β 
∂ξ
∂ξ

(ρ − u 0l x )γ1

(25)
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From eq. (25), we obtain
l x2

∂ 3φ

1
∂ξ 3

+

+ l y2

∂ 3φ

1
∂ξ ∂η2

− 2δ  φ1

∂φ2
∂n 2
∂ S2
− β
=
∂ξ
∂ξ
∂ξ

∂φ1
∂ξ

i.e.
∂φ1
∂φ1
∂ 3 φ1
∂ 3 φ1
+ lφ1
+r
+
q
∂τ
∂ξ
∂ξ 3
∂ξ ∂η2
1 ∂ S2
,
= 2r
l x ∂ξ

(26)

where



3 γ2 ρ − u 0l x
l = β (ρ − u 0l x ) −
2 γ1
lx
2

3
l
(2δ + αβ )
− 3x
2β γ1 (ρ − u 0l x )2
l x4
r=
2γ1 β 2 (ρ − u 0l x )
l x2l y2
q=
2γ1 β 2 (ρ − u 0l x )
γ1 β  (ρ − u 0l x )2 (1 + αβ  )
.
× 1+
l x2 2c


lx 2
ξ f 0 cos(ωτ )
r
where f 0 represents the strength of the force potential
and ω is the frequency of the periodic force. Thus, eq.
(26) becomes
∂φ1
∂φ1
∂ 3 φ1
∂ 3 φ1
+ lφ1
+r
+
q
= f 0 cos(ωτ ).
∂τ
∂ξ
∂ξ 3
∂ξ ∂η2
(30)

(27)

This equation is the well-known ZK equation which
represents the IAW soliton obliquely propagating in
two-dimensional magnetised collisionless weakly relativistic EPI plasma. It may also possibly describe the
long waves in the dispersive media. The transverse coordinate η takes a big role to represent the propagating
characteristic of nonlinear waves in a strongly magnetised plasma. The standard well-known solution of the
above equation is given by


ξ + η − Vτ
,
(28)
φ1 = φm sech2
W
where V is the constant velocity of IAW, normalised
by csi , W represents the width of the soliton and φm is
the amplitude of the soliton. Again, both φm and W are
normalised by ρd and they are presented as
4(r + q)
3V
and W =
.
(29)
l
V
Recently, there is a growing interest to study plasma
system under the influence of external force. Xiao BoLing [46] studied the wave propagation via forced KdV
equation with a forcing term. They used Hirota’s direct

φm =

test method to find the analytical solution of forced
KdV equation. After that, Sen et al [47] investigated
the same work using reduction perturbation method. In
this connection, some remarkable investigations [47,48]
in space plasma have taken place and they have observed
significant influence of external periodic force over
wave propagation. It has been seen that there may
exist different kinds of source terms in space plasma,
such as hyperbolic forcing term [47], Gaussian forcing
term [47] (in terms of sech2 (ξ, t) and sech4 (ξ, t)) and
trigonometric forcing term [48] (in terms of sin(ξ, t) and
cos(ξ, t) function). Considering trigonometric forcing
term, Chatterjee et al [49–52] performed some studies
on different plasma systems. Influenced by these theoretical and experimental works, we consider the source
term as
S2 =

If the external force S2 = 0, the above equation becomes
∂φ1
∂ 3 φ1
∂φ1
∂ 3 φ1
+ lφ1
+r
+
q
= 0.
∂τ
∂ξ
∂ξ 3
∂ξ ∂η2

73

When S2 is non-zero, velocity of the solitary wave
depends on τ due to the influence of periodic force
oscillation. It is evident from eq. (29) that amplitude
and width of the soliton depend on the force potential
applied in the system. Thus, approximate solution can
be written in the following form:


2 ξ + η − V (τ )τ
φ1 = φm (τ ) sech
.
(31)
W (τ )
In the absence of external periodic force in the plasma
system,
I =

∞
−∞

φ12 dξ

is a conserved quantity for ZK equation. In order to
investigate the significant effect of the external force
f 0 cos(ωτ ) on the propagation of solitary wave in EPI
plasma, law of conservation of angular momentum is
introduced. So, in the present state, under the influence
of periodic force, we find
I =

∞
−∞

φ12 dξ.

Therefore,
4
I = φm2 (τ )W (τ )
3

(32)
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and so,

√
(r + q) 3/2
V (τ ).
I = 24
l2
Differentiating (32) with respect to τ, we get
dI
2
= 2r
dτ
lx

∞
−∞

φ1

∂ S2
dξ.
∂ξ

(2021) 95:73

(a)

(33)

(34)

Since, we have chosen
l x2
f 0 ξ cos(ωτ )
r
from eq. (34), we have
√
r +q
dI
= 24
f 0 V 1/2 (τ ) cos(ωτ ).
dτ
l
Differentiating (33) with respect to τ , we get
√
dI
r + q 1/2 dV (τ )
= 36
.
V (τ )
dτ
l2
dτ
Therefore,
S2 =

(b)

dV (τ )
2l
=
f 0 cos ωτ.
dτ
3
Integrating, we get
2l
f 0 sin ωτ + V0 ,
(35)
3ω
where V (τ ) = V0 when τ = 0. V (τ ) is the timedependent velocity of the IAW propagating in the EPI
plasma. Thus, the slow time-dependent wave solution
of the forced ZK equation can be expressed as


ξ + η − V (τ )τ
φ1 = φm (τ ) sech2
,
(36)
W (τ )
V (τ ) =

where the time-dependent amplitude and width of the
soliton propagating in the EPI plasma under the influence of periodic force are given by
3V (τ )
φm (τ ) =
l
and
W (τ ) = 2

r +q
V (τ )

respectively. The time-dependent velocity of the IAW
V (τ ) is given by (35).
4. Numerical simulation and discussion
In this section, we have analysed the propagation characteristics of solitary wave solution (36) of the FZK
equation (26) for different plasma parameters. It is seen
that, in contrast to the two-component dusty plasma,

Figure 1. (a) Profiles of φ1 vs. ξ for β = 0.50, 0.51, 0.52
with α = 0.05, ω = 0.5, f 0 = 0.01, μ = 0.5, c = 0.5,
u 0 = 0.1, c = 1 and τ = 1. (b) Profiles of φ1 vs. ξ for
β = 0.01, 0.02, 0.03 with all other parameters the same as in
figure 1a.

many interesting nonlinear structures may arise due to
the presence of positron in the electron background and
application of the external periodic force in this plasma
system. Moreover, ion and positron temperature play
a significant role on the propagating characteristics of
IAW. We also study the effects of other plasma parameters like u 0 , μ, ω etc. on the solitary wave solution of
FZK equation.
From figures 1a and 1b, it is found that electron-topositron temperature ratio (β) significantly modifies the
propagation behaviours of solitary waves in EPI plasma
in the presence of external periodic force. It is observed
that both hump (compressive) and dip-like (rarefactive)
solitary wave structures exist in this plasma system. It is
seen from figure 1a that higher values of β produce negative potential soliton with lower amplitude. Figure 1b
explores the effect of small values of β compared to
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(a)

(b)

Figure 2. Profiles of φ1 vs. ξ for different values of f 0 when
α = 0.05, ω = 0.5, μ = 0.7, c = 0.5, u 0 = 0.1, c = 1 and
τ = 1 for (a) β = 0.1 and (b) β = 0.1.

that of in figure 1a. Hump-like soliton is achieved and
it is noticed that an increase in β enhances the amplitude of the soliton. This nonlinear phenomenon can be
explained as follows: an increase in temperature of electron compared to that of positron enhances the potential
energy of IAW. So, in dip-like solitary wave structure,
negative potential soliton looses its depth as β increases.
On the other hand, in the hump soliton, as β increases,
the potential energy of the solitary wave also increases
making the soliton more spiky.
In figure 2a, φ1 is plotted against ξ for various values of the strength of the external periodic force f 0 with
other plasma parameters fixed as β = 0.1, α = 0.05,
ω = 0.5, μ = 0.7, c = 0.5, u 0 = 0.1, c = 1 and
τ = 1. It is seen that the solution produces hump-like
or compressive solitary wave and as f 0 increases, the
amplitude of the soliton also increases but width of the
soliton remains almost unaltered. This is because the

Page 7 of 13
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(a)

(b)

Figure 3. Profiles of φ1 vs. ξ for different values of α when
ω = 0.5, f 0 = 0.01, μ = 0.5, c = 0.5, u 0 = 0.1, c = 1
and τ = 1 for (a) β = 0.01 and (b) β = 0.2.

increasing strength of the external force may lead to
an increase in the positive energy in the system and
consequently, the amplitude of the hump-like soliton
increases. The variation of dip-like or rarefactive solitary
wave solution for FZK equation is presented in figure 2b
for different values of f 0 and the other parameters are
the same as in figure 2a except β = 0.25 and μ = 0.5.
So, it is clear that the dip-like solitary wave is produced
depending on the values of the parameters β and μ. It
is observed that as f 0 increases, the amplitude of the
dip-like soliton decreases because increasing external
periodic force helps to minimise the negative potential
energy of the solitary wave. But, in both the cases, it is
true that a small increment of the forcing coefficient f 0
significantly affects the solution of the FZK equation.
Figures 3a and 3b both exhibit the variation of propagation characteristic of wave structure for the solution of
FZK equation with the variation in ratio of the ion temperature to electron temperature (α). Both positive and

73

Page 8 of 13

(a)

(b)

Pramana – J. Phys.

(2021) 95:73

(a)

(b)

Figure 4. (a) Profiles of φ1 vs. ξ for different values of u 0
when β = 0.3, α = 0.05, ω = 0.5, f 0 = 0.01, μ = 0.5,
c = 0.5, c = 1 and τ = 1. (b) Profiles of φ1 vs. ξ for
different values of ω with the parameters β = 0.7, α = 0.05,
f 0 = 0.01, μ = 0.5, c = 0.5, u 0 = 0.1, c = 1 and τ = 1.

Figure 5. (a) Profiles of φ1 vs. ξ for different values of τ
when β = 0.7, α = 0.05, ω = 0.5, f 0 = 0.01, μ = 0.5,
c = 0.5, u 0 = 0.1, c = 1. (b) Profiles of φ1 vs. ξ for
different values of μ when β = 0.5, α = 0.05, ω = 0.5,
f 0 = 0.01, c = 0.5, u 0 = 0.1, c = 1 and τ = 1.

negative potential solitary wave structures are found but
the observation is contrary to the observations in figures
1 and 2. Here, an increase in α results in the decrease in
amplitude of the solitary waves in EPI plasma in the case
of hump-like soliton structure but amplitude enhances
for increasing α in dip-like structure. It is interesting to
note that the parameters which are used to plot the solitary wave solutions in figures 3a and 3b are the same
except β. So, the values of β are the key elements of
the transition of the solution from hump-like to dip-like
soliton. It is also clear that electron temperature plays a
dominant role in enhancing the nonlinearity of the EPI
plasma system and accumulate a significant amount of
energy.
Figure 4a shows the variation of dip-like negative
potential solitary structure with various values of u 0

and other parameters are specified in the caption of the
figure. It is observed that increase in u 0 diminishes the
amplitude of the dip-like soliton. But, the opposite trend
is observed in figure 4b for the increment in wave frequency ω of the applied periodic force. It is shown that
the increase in ω enhances the amplitude of dip-like
soliton in EPI plasma. This is because an increase in
wave frequency enhances the strength of external periodic force and hence nonlinearity increases.
Figure 5a displays the dip-like solitary wave structure with respect to ξ for different values of time τ . It
is observed that increase in τ diminishes the amplitude
of the dip-like negative potential solitary waves. In this
particular observation, we find the decreasing trends of
nonlinearity as time increases. Figure 5b explores the
behaviour of wave propagation of hump-like positive
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(a)

(b)

Figure 6. (a) Profiles of φm (τ ) vs. τ for different values of
f 0 when β = 0.1, α = 0.05, ω = 0.5, μ = 0.7, c = 0.5,
u 0 = 0.1 and c = 1. (b) Profiles of W (τ ) vs. τ for different
values of f 0 with all the parameters the same as in figure 6a.

potential solitary structure with respect to ξ for different
values of μ. It is observed that both the amplitude and
width of the positive potential soliton decreases with
increase in μ. An increase in μ indicates the increase
in positron density. From this profile, we conclude that
increasing positron concentration can shrink off the nonlinearity of the system and reduce both the amplitude
and width of the soliton.
Figure 6a depicts the behaviour of the amplitude of
the nonlinear solitary wave solution of FZK equation
for different values of the strength of applied force f 0 .
It is observed that a small increment of forcing coefficient f 0 significantly changes the amplitude of the wave
structures. It is clear from the figure that for the time
interval 0 < τ < 3.14, the amplitude of the soliton
increases gradually and it reaches its peak at the instant

Page 9 of 13

73

(a)

(b)

Figure 7. (a) Profiles of φm (τ ) vs. the relativistic streaming
factor u 0 /c for different values of θ when β = 0.1, α = 0.05,
ω = 0.5, f 0 = 0.01, μ = 0.7, c = 0.5, c = 1 and τ = 1.
(b) Profiles of φm (τ ) vs. the relativistic streaming factor u 0 /c
for different values of p when β = 0.1, α = 0.05, ω = 0.5,
f 0 = 0.01, c = 0.5, c = 1 and τ = 1.

τ ≈ 3.14. After that, the amplitude of the soliton goes
downward. Profiles of the width of the soliton against
the time parameter τ are depicted in figure 6b. This
trend is the reverse of what we achieved in figure 6a.
It is observed from the figure that for the time interval 0 < τ < 3.14, the width of the soliton decreases
gradually and it reaches its lowest width at the instant
τ ≈ 3.14. After that, the width of the soliton increases
gradually.
Variation of the amplitude of solitary wave with the
relativistic streaming factor u 0 /c for increasing values
of θ is depicted in figure 7a. It is found that amplitude
increases due to the increase of the parameter θ . Moreover, it is noticed that the variation in the amplitude
grows more rapidly for higher values of θ . Figure 7b
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Figure 8. (a) Profiles of φm (τ ) vs. f 0 for different values of
τ with β = 0.1, α = 0.05, ω = 0.5, μ = 0.7, c = 0.5,
u 0 = 0.1, c = 1 and τ = 1. (b) Profiles of W (τ ) vs. f 0 for
different values of τ with all the other parameters same as in
figure 8a.

shows the variation of amplitude of solitary wave solution of FZK equation with respect to u 0 /c for different
values of p, the ratio of unperturbed density of positron
to electron. It is observed that amplitude decreases with
the little enhancement in the positron density but the
rate at which it varies is more or less the same for all
positron densities.
Variation of amplitude of the solitary wave with the
strength of applied external periodic force f 0 for different values of time τ is depicted in figure 8a. It is
found that amplitude of the solitary wave increases as f 0
increases. Also, it is observed that the rate of change of
amplitude of the solitary wave increases as τ increases.
Figure 8b exhibits the variation of width of the solitary
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Figure 9. (a) Profiles of φm (τ ) vs. f 0 for different values of
β when α = 0.05, ω = 0.5, μ = 0.7, c = 0.5, u 0 = 0.1,
c = 1 and τ = 1. (b) Profiles of W (τ ) vs. f 0 for different
values of β with all the other parameters the same as in figure
9a.

wave with f 0 for various values of τ . It is seen that the
width of the solitary wave decreases as the strength of
the applied external periodic force increases. It is also
observed that the rate of change of width of the solitary
wave decreases when τ increases.
Figure 9a shows the variation of amplitude of the
solitary wave with the strength of the applied external
periodic force f 0 for several ratios of electron temperature to positron temperature β. It is observed that
amplitude increases due to the increase of β but the rate
at which it varies as f 0 increases is independent of the
variations of β. Variation of width of the solitary wave
solution of FZK equation against f 0 for several values
of β is depicted in figure 9b. It is noticed that the width
of the solitary wave increases as β increases. It is also
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Figure 10. (a) Profiles of φm (τ ) vs. the wave frequency ω
for different values of f 0 when β = 0.1, α = 0.05, μ = 0.7,
c = 0.5, u 0 = 0.1, c = 1 and τ = 1. (b) Profiles of W (τ )
vs. the wave frequency ω for different values of f 0 with all
the other parameters same as in Figure 10a.

found that the rate at which it varies as f 0 increases is
independent of the variations of β.
Variation of amplitude of the solitary wave for different values of the strengths of the periodic force f 0 with
wave frequency ω is depicted in figure 10a. It is found
that in all the cases, the amplitude of the soliton initially
increases, then it decreases. It is also seen that amplitude
decreases rapidly for higher values f 0 as the wave frequency increases. Figure 10b presents the variation of
width of the solitary wave solution of the FZK equation
with ω for different values of forcing coefficient f 0 . It is
observed that W (τ ) decreases when forcing coefficient
f 0 of external force enhances. But, it is more impressive
to see that w(τ ) increases rapidly for higher strengths of
the periodic force f 0 as the wave frequency increases.

Figure 11. 3D plot of φ1 in the plane (ξ, τ ) for the FZK
equation with β = 0.7, α = 0.05, ω = 0.5, f 0 = 0, μ = 0.5,
c = 0.5, u 0 = 0.1 and c = 1.

Figure 12. Contour plot of φ1 in the plane (ξ, τ ) for the FZK
equation with all the others parameters the same as in figure
11.

In figure 11, three-dimensional plot of the ion acoustic solitary wave solution φ1 is depicted in the (ξ , τ )
plane for FZK equation. The special values of the other
parameters are β = 0.7, α = 0.05, ω = 0.5, f 0 = 0,
μ = 0.5, c = 0.5, u 0 = 0.1 and c = 1. In this
figure, ξ ∈ (−50, 50), τ ∈ (0, 40) and a dip-like or
rarefactive soliton is observed in the absence of external periodic force f 0 . The maximum amplitude of the
negative potential solitary wave solution lies between
−0.045 and −0.05. Figure 12 shows the contour plot of
the solitary wave solution φ1 in the (ξ , τ ) plane of the
FZK equation with other physical parameters the same
as in figure 10. It represents the equi-amplitude solution
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in figure 11. The maximum amplitude of the negative
potential solitary wave lies between −0.08 and −0.1.
Contour plot of φ1 is shown in figure 14 when the external periodic force exists. It is seen from the figure that
the outermost contours have the same negative potential
−0.01 and it increases with the value of −0.01 towards
the centre of the iso-potential contours. The maximum
negative potential achieved by the solitons is −0.09.

5. Conclusion

Figure 13. 3D plot of φ1 in the plane (ξ, τ ) for the FZK
equation with β = 0.7, α = 0.05, ω = 0.5, f 0 = 0.01,
μ = 0.5, c = 0.5, u 0 = 0.1 and c = 1.

Figure 14. Contour plot of φ1 in the plane (ξ, τ ) for the FZK
equation with all the other parameters the same as in figure
13.

space of the solitary wave solution φ1 and follows a particular pattern in the (ξ , τ ) plane. It is also observed that
the outermost contours have the same value of φ1 which
is −0.005 from both sides of the solution space. It is seen
that the value of φ1 reaches its maximum at the centre of
the solution space from both sides because we have characterised a solitary wave solution. Figure 13 depicts the
three-dimensional plot of the solitary wave solution φ1
in the presence of external periodic force with all other
physical parameters the same as in figure 11. It is seen
that the dip-like solitons are scattered due to the impact
of a small amount of f 0 compared to the dip-like solitons

In this paper, we have explored the effects of different
physical parameters such as the ratio of temperature of
electron and ion (α), the strength ( f 0 ) and frequency (ω)
of the external periodic force, the ratio of temperature of
electron and positron (β), μ = 1/(1 − p), where p is the
ratio of the unperturbed density of positron to electron,
the rotational frequency (c ), time (τ ) etc. on the analytical solitary wave solution of the FZK equation. The
reductive perturbation technique (RPT) is used to derive
the FZK equation. Considering a rotating, weakly relativistic, magnetised and collisionless three-component
plasma system under a periodic external force, it is the
first time when analytical solution is obtained in the
framework of the FZK equation. The main findings of
the present paper are listed as follows:
1. Increase in β and f 0 enhances the amplitude of
the hump-like (compressive) solitons whereas it
diminishes the amplitude for dip-like (rarefactive) solitary wave structures. This is because the
increase in electron temperature and the strengths
of external periodic force help to increase the
potential energy of the solitary wave and it becomes
more spiky.
2. Increase in α decreases the amplitude of hump-like
solitary wave structures but enhances the amplitude of dip-like soliton. This is just opposite to that
of the effect of the parameters β and f 0 on the solitary wave solution as mentioned in the above point.
Here, potential energy falls rapidly as α increases.
3. If μ increases, i.e. if density of positron in electron background increases, the amplitude as well
as the width of the solitary wave decrease in EPI
plasma because higher density of positron inhibits
the process of increment of the potential energy in
the considered plasma system.
4. Significant effects of parameters like ω, τ , u 0 on
the propagation of solitary wave are observed.
5. The results obtained from this investigation may be
used for the better understanding of the nonlinear
phenomena in laboratory plasma and astrophysical
space plasma.
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