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Abstract. Due to the fluctuation of membrane potential of neuron, there are complex time-varying electromagnetic
fields in nervous systems, and the exciting electromagnetic field will further regulate the discharge activities of
neurons. In this paper, the coupling of magnetic flux variables to the membrane potential is realised by using a
magnetron memristor, and then a 5D extended Hindmarsh–Rose (e-HR) neuron model is established. With the
help of Matcont software, the distribution and bifurcation properties of the equilibrium point in the e-HR model is
analysed. It is found that there are subcritical Hopf bifurcation, coexisting oscillation modes and hidden limit cycle
attractors with period 1 and period 2. In addition, by applying the washout controller, the subcritical Hopf bifurcation
point can be transformed into the supercritical Hopf bifurcation point. Thus, the hidden oscillation behaviour of
the model can be effectively eliminated. In order to analyse the influence of various parameters on the bifurcation
behaviour, numerical simulation of two-parameter bifurcation, single-parameter bifurcation, maximum Lyapunov
exponential and time response are given. It is found that the e-HR neuron has a complex bifurcation structure, i.e.,
the bifurcation structure with period-doubling bifurcations, inverse period-doubling bifurcations, period-adding
bifurcations with and without chaos. At the same time, the study also finds that the coexistence behaviour of the
periodic cluster discharge and the mixed-mode oscillations (MMOs) can be observed from the bifurcation structure
with unique ‘periodic dislocation layer’ on the two-parameter plane. Interestingly, the bursting mode of the system is
converted into MMOs when the system parameters are randomly perturbed. The results of this study provide useful
insights into the complex discharge patterns and hidden discharge behaviours of neurons under electromagnetic
induction.
Keywords. Hopf bifurcation; hidden attractors; washout bifurcation control; two-parameter bifurcation; mixedmode oscillations.
PACS Nos 87.16.Ac; 87.50.Mn; 05.45.Jn

1. Introduction
Nervous systems play leading roles in regulating and
controlling physiological processes. Damage to the nervous system can cause disorders related to body, such
as sensory impairment, cognitive decline, dementia,
and so on. Neurons are the basic nonlinear units that
constitute the nervous system, and they have abundant discharge behaviours. In the nervous systems, the
processing and transmission of information between
neurons is mainly accomplished through the discharge
activities of the neurons [1–3]. The establishment of
neuron models has provided feasible ways to understand discharge rules and characteristics of individual
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neurons under a variety of external stimuli [4–8], and
this has greatly promoted the development of neural
engineering, information science and nonlinear science.
In 1952, experiments on the discharge activity of the
squid axon enabled the establishment of the Hodgkin–
Huxley (HH) model, which describes the neuronal
membrane discharge [4]. FitzHugh and Nagumo subsequently established the 2D-FHN mathematical model to
describe the process of neuronal discharge activity [6],
and this promoted research on numerical analyses of the
neuronal model. In 1981, Morris and Lecar [8] simplified the HH neuron model through a voltage-clamping
experiment on muscle fibre tissue of the arctic goose
and established the Moris–Lecar (ML) model. As the
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ML model exhibits different types of discharges in different parameter states, it is widely used to simulate
various discharge activities of neurons. The Hindmarsh–
Rose (HR) neuron model was established in 1982, and
its rich bifurcation properties have been widely used in
the dynamic analysis of neurons, network synchronisation control, migration law of discharge modes, etc.
[9–12].
Research shows that the neuron model is inevitably
affected by external stimuli, and produces different discharge responses under various external stimuli. Yi et al
[13] studied the regulating effect of an external electric
field on neuronal discharge activity and found that an
appropriate external electric field can induce neurons to
produce a quiescent state, spiking, or various periodic
cluster discharges or chaotic discharges, while a negative electric field can effectively inhibit the responses of
neurons. In addition, sinusoidal electric field has been
found to exhibit a significant effect on neuron coding by
changing the intensity and frequency, among which the
field effect on peak time is stronger than that on peak rate
[14,15]. Qin et al [16] found that a static neuron membrane voltage can be activated by appropriate delay and
feedback gain, which plays an important role in the process of transmitting information in a neural network.
Hu and Cao [17] studied the use of time-delay feedback in controlling bifurcation and chaos in the output
of the HR neural model. Their results show that chaotic
orbits can be controlled by selecting appropriate feedback gains and time delays. In recent years, some studies
have shown that an external electromagnetic field has
also an important effect on information encoding in the
nervous system. So it is of great practical significance to
study the discharge patterns of neurons under the effect
of electromagnetic induction [18–20]. Lv et al [21] considered the effect of transmembrane magnetic flux on
the dynamic behaviour of the electrical activities of neurons. They established a four-variable HR neuron model
by introducing a magnetic flux variable and discussed
the influence of electromagnetic induction on neuronal
activity. In [22], a new neuron model was proposed to
study the effects of electromagnetic induction and time
delay, and the research results showed that the neuron
model can display a variety of modes of electrical activity by adjusting the intensity of external stimuli and time
delay appropriately.
The memristor is a device that has both memory function and controllability. It is widely used in research
on neuronal models and oscillatory circuit systems,
and this kind of system can easily simulate coexisting
oscillation modes [23]. In the process of transmitting
information, the appearance of hidden attractors in the
neuron is an adverse factor, which can cause sudden abnormal oscillations of the system. Hence, it is
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of practical significance to study the hidden-discharge
activity of a neuron model containing a memristor
[24]. Bao et al [25] established a 3D m-HR neuron
model with a complex bifurcation structure by using the
electromagnetically-induced current, which was generated by a threshold memristor to replace the external
current in a 2D HR model, and it is found that the
model has both single stable and bistable hidden bursting behaviour.
Mixed-mode oscillations (MMOs) consist of a series
of alternating large-amplitude oscillations and smallamplitude oscillations. They are complex oscillation
modes of nonlinear dynamical systems. They usually
exist in dynamic systems with different time-scales,
and can be found in biological, chemical, mechanical vibrations, and other systems [26–30]. Neurons
have different temporal and spatial scales. So they
can produce complex rhythms and oscillatory patterns.
Rubin and Wechselberger [31] studied the effects of
ion channels on the mixed-mode oscillations of HH
neurons and discussed the dynamic mechanism responsible for producing such oscillations. Vo et al [32]
investigated the mixed-mode oscillations of a pituitary
cell and the transformation mechanism of the membrane voltage. However, the study of MMOs in neurons subject to electromagnetic induction still remains
to be explored. Under stimulation by external electromagnetic radiation, neurons have more bifurcation
parameters due to the addition of magnetic flux variables. So there are more numerous oscillation modes
of the neuron membrane voltage [33], and it is necessary to study the dynamic characteristics of this
system.
The rest of this paper is organised as follows. In
§2, by introducing the magnetic flux variable, a 5D
e-HR neuronal model is proposed to describe the
influence of an external electromagnetic field on the
neuronal membrane voltage discharge. One-parameter
and two-parameter Hopf bifurcation analyses of this
neuron model are carried out using Matcont software.
In §3, coexisting oscillation modes and hidden discharge phenomena with different amplitudes are found
using numerical simulations, and the control of the hidden oscillations is realised using a washout controller.
In §4, abundant bifurcation structures are obtained
using two-parameter bifurcations, one-parameter bifurcations, the maximum Lyapunov exponent and the time
response of the neuronal output. Obviously, the neuronal model exhibits not only period-doubling and
inverse period-doubling bifurcation modes but also
period-adding bifurcation modes with and without
chaos. In §5, mixed modes and coexisting oscillation
modes are discussed. Section 6 summarises our conclusions.
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0.0278, h = 1.605, l = 1.619, k = 0.9573, r =
3.0, s = 3.966, u = 0.00218, v = 0.0009, α =
0.1, β = 0.02, k0 = 0.1, k1 = 0.9, k2 = 0.5 and I = 3.

2. Model description and stability analysis
2.1 Establishment of an e-HR neuron model under
electromagnetic induction
In refs [9,34], an improved e-HR neuron model was
established and it is shown that the neural model can
describe the discharge characteristics better. The mathematical expression is as follows:
⎧
⎪
ẋ = ay + bx 2 − cx 3 − dz + I,
⎪
⎨
ẏ = e − f x 2 − y − gw,
(1)
ż = u(s(x + h) − z),
⎪
⎪
⎩
ẇ = v(r (y + l) − kw),
where the parameters a, b, c, d, e, f, g, h, k, l, r, s, u, v
are dynamical constants based on conductance correlations, and I represents the external stimulation current.
The state variables x, y and z represent the membrane
voltage, fast current and slow current, respectively. The
quantity w is a slow dynamical process, and v < u  1.
The parameter u represents the time ratio of fast-flux
and slow-flux on the neuron membrane and v controls
the rate of change of the slow dynamical process w. A
memristor is used to describe the coupling between the
membrane voltage and magnetic flux in the neuron [25],
and a magnetic flux variable is introduced into system
(1), which is translated into the following form:
⎧
⎪
ẋ = ay + bx 2 − cx 3 − dz + I + Ie (φ),
⎪
⎪
⎪
⎨ ẏ = e − f x 2 − y − gw,
(2)
ż = u(s(x + h) − z),
⎪
⎪
ẇ
=
v(r
(y
+
l)
−
kw),
⎪
⎪
⎩
φ̇ = k1 x − k2 φ.
Here, φ is the magnetic flux across the cell membrane
and Ie (φ) denotes the feedback current from the electromagnetic field to the membrane voltage. It can be
expressed as Ie (φ) = −k0 (α + 3βφ 2 )x, where k1 x
and k2 φ represent the rate of change of the magnetic
flux induced by the membrane potential and the leak-

⎡

−3cx02 + 2bx0 − k0 (α + 3βφ02 ) a −d
⎢
−2 f x0
−1 0
⎢
A=⎢
us
0 −u
⎣
0
vr 0
k1
0 0

0
−g
0
−kv
0
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2.2 Hopf bifurcation analysis using Matcont software
The discharge activity of a neuron is closely related to
the distribution and stability of its equilibrium points
[35]. In a time-varying electromagnetic field, the membrane voltage is inevitably affected by changes in the
external stimulus current I and the electromagnetic
radiation intensity k0 . Accordingly, the bifurcation properties of system (2) are discussed in this section mainly
in terms of the parameters I and k0 . The equilibrium
points of system (2) can be obtained from the following
equation:
⎧
ay + bx 2 − cx 3 − dz + I − k0 W (φ)x = 0,
⎪
⎪
⎪ e − f x 2 − y − gw = 0,
⎨
(3)
u(−z + s(x + h)) = 0,
⎪
⎪
v(−kw
+
r
(y
+
L))
=
0,
⎪
⎩
k1 x − k2 φ = 0.
To determine the solution p0 = (x0 , y0 , z 0 , w0 , φ0 )
of eq. (3), we use the simplifying equation



3k0 βk12
ak f
3
F(x) = I − c +
x 2(4)
x + b−
2
k + gr
k2

grl
ak
e−
− (ds + k0 α)x +
k + gr
k
−dsh = 0,
which must satisfy the conditions

k
grl
e − f x02 −
,
F(x0 ) = 0, y0 =
k + gr
k
r
k1
z 0 = s(x0 + h), w0 = (y0 + l), φ0 = x0 .
k
k2

(5)

The solution (x0 , y0 , z 0 , w0 , φ0 ) can thus be determined as long as the values of the external stimulus
current I and the feedback gain k0 are known. To determine the stability of system (2) at the equilibrium point
p0 , the linearised matrix A can be written as
⎤
−6k0 βφ0 x0
⎥
0
⎥
(6)
0
⎥.
⎦
0
−k2

age of magnetic flux, respectively [33]. In this paper,
the reference values of each parameter are a = 1.0, b =
3.0, c = 1.0, d = 0.99, e = 1.01, f = 5.0128, g =

In the following, the parameter I and feedback
gain k0 are utilised to explore the influence of membrane voltage x. By using the Matcont software, we

72

Page 4 of 18

(a)
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(b)

Figure 1. (a) Hopf bifurcation points of system (2) on the plane of I and k0 and (b) the Hopf bifurcation point when k0 = 0.2.

obtain the distribution of the Hopf bifurcation points
of system (2) on parameters I and k0 , as shown in
figure 1a. The black curve shows that system (2) has
a uniquely determined Hopf point that varies with I
for each value of k0 . When we set k0 = 0.2 and
vary the external stimulus current I ∈ [0.88, 0.95],
the equilibrium point, Hopf bifurcation point H and
limit cycle region of system (2) are shown in figure 1b. The Hopf bifurcation point H is represented
by the red star, the red curve denotes the unstable
equilibrium point, the green curve represents the stable equilibrium point, the blue dotted line represents
the unstable limit cycle and the blue solid line represents the stable limit cycle in this figure. Accordingly,
system (2) at the left side of Hopf bifurcation point
H , there exists a bistable region consisting of a stable
equilibrium point and a stable limit cycle. Furthermore, the value of the external stimulus current at H
is IH = 0.92145966 and the corresponding equilibrium
point is
PH = (−1.27808940, −6.73294457, 1.29652743,
− 16.0261503, −2.30056092).
The corresponding eigenvalues of matrix A at PH can
also be obtained as follows:
3
λ1,2
H = ±0.02626137i, λH = −0.00106174,

λ4H = −0.49520718, λ5H = −13.65932757.
From these numerical calculations, we find that there
is a pair of conjugate imaginary eigenvalues at PH . So
system (2) has a Hopf bifurcation at point H . In addition,
the corresponding first Lyapunov coefficient is given by
L H = 0.00059074 > 0. This indicates that the Hopf
bifurcation is subcritical, and the stability of equilibrium point has been changed, and an unstable limit cycle
appears.

3. Hidden dynamics analysis and oscillation control
3.1 Coexisting oscillation modes and hidden
oscillation modes
As the stability of the equilibrium point near the subcritical Hopf bifurcation point and the corresponding
topological structure can change, it is necessary to study
the discharge behaviour of system (2) near the Hopf
bifurcation point. In this section, coexisting discharge
modes and hidden discharge modes are discussed using
numerical simulations.
When the external stimulus current is set to be I =
I1 = 0.925 > IH , the equilibrium point is
P1 = (−1.27736945, −6.72446110, 1.29938275,
− 15.99956472, −2.29926501)
The eigenvalues of matrix A can then be calculated as
λ1,2
I1 = 0.00010557±0.02626154i,
λ3I1 = −0.00106172, λ4I1 = −0.49521107,
λ5I1 = −13.64962421.
Obviously, the equilibrium point P1 is an unstable
node focus. When the initial value is (−1.28, −6.72,
1.30, −15.99, −2.30), the time response diagram of
system (2) is shown by the blue curves in figures 2a
and 2b (an enlargement of the curve in figure 2a).
These figures show that system (2) is in a state of
small-amplitude oscillation. This is because the real
parts of the eigenvalues are greater than zero and far
less than 1, that is 0 < Re(λ1,2
I1 )  1. Thus, when
the initial value is near the equilibrium point P1 , system (2) will be in a divergence state with a gradual
increase in oscillation amplitude. However, system (2)
is sensitive to the initial value when it is far from the
equilibrium point P1 . For example, when the initial
value is (−1.28, −9.72, 1.30, −15.99, −2.30), the time
response of the membrane voltage x is shown by the red
curve in figure 2a. It is found that system (2) is in a burst-
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(a)

(b)

(d)

(e)

(g)

(h)
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(c)

(f)

(i)

Figure 2. Time responses and attractors of system (2) with the change of stimulus current I : (a), (d), (g) are the time responses
for different initial values under stimulus currents I1 , I2 , I3 respectively, (b), (e), (h) are the enlargements of the blue curve
in (a), (d), (g) respectively and (c), (f), (i) are attractor with period-2, hidden attractor with period-2, hidden attractor with
period-1 respectively.

ing state with period-2, and the oscillation amplitude is
much larger than that of the blue curve. Moreover, if the
equilibrium point P1 is considered to provide the initial
values, coexisting oscillations with different amplitudes
can be found in the x–y and y–φ planes, as shown in
figures 3a and 3b, respectively. It can be seen that the
small-amplitude region near the equilibrium point P1 is
small, while the discharge region with period-2 bursting
is large.
When I = I2 = 0.915 < IH , the equilibrium point
becomes

P2 = (−1.27940172, −6.74842053, 1.29132276,
− 16.07464911, −2.30292310)
and the eigenvalues of matrix (6) are
λ1,2
I2 = −0.00019235±0.02625998i,
λ3I2 = −0.00106178, λ4I2 = −0.49520010,
λ5I2 = −13.67702310.
Accordingly, the equilibrium point P2 is a stable
node-focus. The blue curves in figures 2d and 2e (an
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enlargement of the blue curve in figure 2d) show the time
response diagrams of the membrane voltage x when the
initial value is (−1.28, −6.75, 1.29, −16.07, −2.30).
In this case, system (2) is in a small-amplitude oscillation state with a converging trend. This is because the
real parts of the eigenvalues are less than zero at the
3
4
5
equilibrium point P2 , that is Re(λ1,2
I2 ), λ I2 , λ I2 , λ I2 < 0.
Therefore, system (2) is in a stable state with declining oscillation amplitude when the initial value is taken
near equilibrium point P2 . Again, when the initial value
is taken far away from the equilibrium point P2 , system (2) displays sensitivity to the initial value. For
example, the time response of system (2) is shown
by the red curve in figure 2d when the initial value
is (−1.28, −9.75, 1.29, −16.07, −2.30). At this point,
system (2) is in a bursting state with period-2, as shown
in figure 2f. From the dynamics point of view, the
coexistence of two different oscillation modes is called
‘bistable’ [25], and it is interesting that the two bistable
states generated at I1 and I2 are different. This is because
system (2) generates a self-excited oscillation of bursting with period-2 at equilibrium point P1 , which belongs
to the category of hidden discharges when the external
stimulus current is given as I2 . The essential mechanism
is that system (2) produces a subcritical Hopf bifurcation at the bifurcation point H , the stability changes from
an unstable state to a stable state and an unstable limit
cycle appears. At the same time, a stable limit cycle
with period-2 exists outside the unstable limit cycle.
Thus, when the initial value is located in the attraction
domain generated from a stable equilibrium point, the
membrane voltage x is in a quiescent state, but it is in
a bursting state with period-2 when the initial value is
located in the attraction domain generated from a stable
limit cycle with period-2. This bistable phenomenon is
shown more intuitively in figures 3c and 3d, where we
find that system (2) has a large range of hidden discharges with period-2 in the x–y and y–φ planes.
System (2) has a similar bistable structure composed
of a stable equilibrium point and a stable limit cycle
with period-1 when the external stimulus current is set
to I3 = 0.888 < I2 .
When the external stimulation current is I = I3 , the
equilibrium point of system (2) is
P3 = (−1.28486903, −6.81306625, 1.26963945,
− 16.27723677, −2.31276425)
and the eigenvalues of the corresponding matrix (6) are
λ1,2
I3 = −0.00099268 ± 0.02623931i,
λ3I3 = −0.00106195,
λ4I3 = −0.49517053, λ5I3 = −13.75085966.
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Hence, the equilibrium point P3 is also a stable nodefocus. The time response diagram of system (2) for
the initial value (−1.28, −6.81, 1.26, −16.28, −2.31)
is shown by the blue curves in figures 2g and 2h (an
enlargement of figure 2g). It can be seen that the membrane voltage x reaches a quiescent state eventually. By
comparing figures 2e and 2h, the rate of convergence of
the membrane voltage x is found higher when I = I3
than when I = I2 . The main reason is that the equilibrium point P3 is farther from the subcritical Hopf
bifurcation point H compared to the equilibrium point
1,2
P2 , as well as Re(λ1,2
I3 ) < Re(λ I2 ) < 0. Similarly, if the
initial value is (−1.28, −15.81, 1.26, −16.28, −2.31),
the time response diagram of system (2) is shown by the
red curve in figure 2g. At this point, system (2) is in a
spiking state as shown in figure 2i. Figures 3e and 3f
show the bistable attraction domains of system (2) at
equilibrium point P3 , and it can be clearly seen that
the topological structure of the attraction domain has
changed significantly compared to the attraction domain
at equilibrium point P2 . That is, the green region in the
quiescent state becomes larger, and so the yellow region
in the spiking state is smaller than the red region in the
bursting state with period-2.
The evolution of the membrane voltage x in system
(2) is shown in figure 4a when I ∈ [0.88, 0.95]. Here,
the colours have the same meanings as in figure 3, and
the red star denotes the subcritical bifurcation point H .
When I ≥ I ∗ = 0.9431, it can be observed from figure 4a that system (2) is always in the bursting state with
period-2. When IH < I < I ∗ (e.g. I = I1 ), system
(2) displays coexisting oscillation modes with different
amplitudes. Moreover, the small-amplitude oscillation
gradually decreases as I approaches I ∗ , and it disappears completely when I = I ∗ . When I1∗ = 0.8940 <
I < IH (e.g., when I = I2 , system (2) has a stable equilibrium point), system (2) is in a coexisting
state of a stable quiescent state and a period-2 hidden bursting. Therefore, the discharge mode depends
on the initial value. Similarly, the closer this parameter
is to IH , the smaller the quiescent state region is. When
I∗ = 0.8858 < I ≤ I1∗ (e.g., when I = I3 , system
(2) also has a stable equilibrium point), system (2) has a
unique discharge phenomenon consisting of the coexistence of quiescent and spiking states. In addition, when
I is given a value closer to I∗ , system (2) has a larger
quiescent state region and a smaller hidden discharge
region, and the hidden discharge behaviour of system
(2) completely disappears when I = I∗ for any initial
value x. Since abnormal discharges of neurons often
cause neurological problems, which are related to the
hidden discharge behaviour studied in this section, it is
of great practical significance to control and eliminate
the hidden discharges.
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Figure 3. The attractive basins of system (2) (the red region represents bursting with period-2, the yellow represents spiking,
the light blue region represents small-amplitude oscillation with divergence trend, the green region represents quiescent state
and the black star represents the position of equilibrium point): (a), (c), (e) are the attractive basins of system (2) in x–y plane
under I1 , I2 , I3 respectively and (b), (d), (f) are the attractive basins of system (2) in y–φ plane under I1 , I2 , I3 respectively.

3.2 The control of hidden discharge behaviour
System (2) develops a subcritical Hopf bifurcation at
the bifurcation point H , near which hidden limit cycles
with period-1 and period-2 can also be found, that is

hidden discharge behaviour is generated in the system.
Based on the washout bifurcation controller [36–38], we
convert the subcritical Hopf bifurcation into a supercritical Hopf bifurcation without changing the position of
the equilibrium point. More precisely, the topological
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structure of system (2) near H can be changed by controlling the type of Hopf bifurcation at this bifurcation
point H , and eventually, the hidden discharges can be
eliminated. The controlled system is described by the
following equations:
⎧
ẋ = ay + bx 2 − cx 3 − dz + I + Ie (φ)
⎪
⎪
⎪
⎪
−n(x +ξ v)3 ,
⎪
⎪
⎪
⎨ ẏ = e − f x 2 − y − gw,
ż = u(s(x + h) − z),
⎪
⎪
ẇ
= v(r (y + l) − kw),
⎪
⎪
⎪
⎪
φ̇
=
k1 x − k2 φ,
⎪
⎩
v̇ = x + ξ v.

(7)

where v is the state variable of the washout controller,
and the parameters n and ξ represent the feedback gain
and the reciprocal of the controller, respectively. Usually, the feedback gain n increases as the absolute value
of the parameter ξ increases. When ξ < 0, v is a subcritical Hopf bifurcation controller, and the supercritical
Hopf bifurcation controller is gained when ξ > 0.
Therefore, it is advisable to select the parameter as
ξ = −0.01, with other parameters remaining the same
as of system (2).
Numerical simulation shows that the hidden discharge
phenomenon in system (2) can be eliminated effectively
by changing the parameter n. Fixing n = n 1 = 0.5
and changing parameter I , the discharge evolution of
the membrane voltage x in system (4) is shown in figure 4b. At this point, system (4) has a quiescent state,
small-amplitude oscillations with diverging tendency
and a spiking state. By comparing figures 4b and 4a,
the quiescent state region (green region) of system (4)
increases and the corresponding hidden discharge region
decreases in the left region of Hopf bifurcation point.
Thus, the hidden bursting with period-2 becomes hidden
spiking, while at the same time, the corresponding hidden discharge area decreases. In the region to the right
of the Hopf bifurcation point H , the region of smallamplitude oscillations with diverging tendency becomes
larger, and the bursting state with period-2 becomes
spiking state. From figure 4c, it can be seen that the
washout controller has an obvious control on hidden
discharges when n = n 2 = 1. For example, the hidden
discharge area of system (4) is further reduced, whereas
the region with diverging small-amplitude oscillations
becomes larger. It is to be expected, that the hidden
discharge of system (4) disappears completely when
n = n 3 = 1.5, as shown in figure 4d.
Furthermore, when the parameter n takes the values as n 1 , n 2 and n 3 , the first Lyapunov coefficients
of system (4) can be calculated by Matcont software
as L n 1 = 3.979578 × 10−5 , L n 2 = 9.697005 × 10−6
and L n 3 = −2.028877 × 10−5 , respectively. Obviously,

(2021) 95:72

the first Lyapunov coefficient of system (4) gradually
decreases as n increases, then the control of hidden discharge in system (4) realises. When n = n 1 , (n 2 ), the
subcritical Hopf bifurcation still occurs at the bifurcation point H , and hidden discharge can also be found in
system (4). However, the supercritical Hopf bifurcation
appears at the bifurcation point H when n = n 3 , and the
hidden discharge in system (4) disappears completely.
The hidden discharge of system (2) thus can be controlled effectively by applying the washout controller.

4. Two-parameter bifurcation analyses
4.1 The period-adding bifurcation mode with chaos
The neuronal system is inevitably affected by external stimulation, and then displays different discharge
modes. In time-varying electromagnetic fields, the
parameters of system (2) oscillate within a certain range
when the effect of electromagnetic induction is taken
into account. More often, when a system is disturbed
by external stimulation, two or more parameters change
in the corresponding parameter range [39]. It is therefore of more practical significance to study the discharge
modes of system (2) in a two-parameter plane.
In this paper, the bifurcation structure of system (2) is
studied in detail by means of a one-parameter bifurcation diagram, two-parameter bifurcation diagram and
the maximum Lyapunov exponent diagram (detailed
algorithms for these diagrams can be found in refs [39–
42]). For numerical calculations, we adopt the standard
fourth-order Runge–Kutta algorithm with a time step of
0.01. Bifurcation diagrams for the membrane voltage x
of system (2) in various two-parameter planes are shown
in figures 5, 8 and 11. The different discharge states are
plotted using different colours, and the colour bar on the
right of each figure is marked with the corresponding
numbers [41] (the numbers 0, 1 and 2 represent quiescent state, spiking state and bursting state with period-2
respectively, while the white area indicates bursting state
with periods greater than or equal to period-20 or chaotic
discharges).
Figures 5a–5f show the period-adding bifurcation
modes of system (2) with chaos. When taking the parameters s and v as variables, the corresponding bifurcation
diagram in the two-parameter plane s ∈ [3.6, 4.3], v ∈
[0, 0.05] is shown in figure 5a, and we note that system
(2) presents a rich and complex bifurcation structure.
When the parameter s ∈ [3.6, 3.75], parameter v has
little influence on the bifurcation structure, and the discharge mode mainly depends on s, as the emergence of
chaotic discharge by means of period-doubling bifurcation. Furthermore, along the black line running from
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Figure 4. The time evolutions of membrane voltage x vs. parameter I (the red region represents bursting with period-2, the
yellow represents spiking, the light blue region represents small-amplitude oscillation with divergence trend, the green region
represents quiescent state and the red star represents the position of equilibrium point): (a) n = 0, (b) n = 0.5, (c) n = 1.0
and (d) n = 1.5.

the upper right to the lower left in figure 5a, the bifurcation modes are as follows: from period-3 to chaos by
period-doubling bifurcation → from period-4 to chaos
by period-doubling bifurcation → · · · → from period-2
to chaos by period-doubling bifurcation → chaotic discharge after the disappearance of the periodic window.
This bifurcation structure is called ‘period-adding bifurcation modes with chaos’. In the bifurcation process of
system (2), it is not difficult to see from figure 5a that
the width of the coloured region for the corresponding
period gradually narrows as the number of bifurcation
periods increases, and the chaotic window generated by
period-doubling bifurcation decreases. Similarly, system (2) has a chaotic region with a ‘shrimp shape’ on the
corresponding parameter plane as figures 5b–5e. At the
same time, ‘tongues’ of the periodic windows are regularly distributed, and they are connected with chaotic
windows through the period-doubling bifurcation structure.
The evolution of the bifurcation structure of system
(2) on the parameters u ∈ [0, 0.02], g ∈ [0.02, 0.03] is

shown in figure 5f. Obviously, the parameter g has little
influence on the bifurcation structure, and the discharge
mode is mainly determined by the parameter u. When
u increases gradually, the bifurcation structure of system (2) is as follows: a window of chaotic discharges or
cluster discharges with periods greater than period-20
→ period-19 window → period-18 → · · · → period12 → a chaos window appears for the first time → from
chaos to period-11 by inverse period-adding bifurcation
→ chaos → from chaos to period-10 by inverse periodadding bifurcation → · · · → from chaos to period-2
by inverse period-adding bifurcation. In addition, figure 5f shows that the extents of the corresponding period
windows and chaotic windows gradually widen as the
number of periods decreases.
When s is taken as a variable and v = 0.125s − 0.475
(along the direction shown by the black line in figure 5a), the bifurcation diagram for the maximum value
of the membrane voltage x is shown in figure 6a. As s
increases, the discharge mode of system (2) changes as
follows: from chaotic discharge to cluster discharge with
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Figure 5. Period-adding bifurcation behaviour with chaos on two-parameter plane. (a) the plane of s and v, (b) the plane of
I and v, (c) the plane of I and u, (d) the plane of s and f , (e) the plane of I and b and (f) the plane of u and g.

period-12 by inverse period-adding bifurcation → chaos
→ from chaos to period-11 by inverse period-addling
bifurcation → · · · → period-3. Moreover, system (2)
experiences a chaotic discharge every time, and the number of discharge period is less than before, that is the
bifurcation presents the mode of inverse period-adding

with chaos. Figure 6b shows the maximum Lyapunov
exponent corresponding to figure 6a.
Figure 7 shows the phase trajectories of system (2).
For the region around point A in figure 5a, system
(2) is in a bursting state with period-4 as shown in
figure 7a when (s, v) = (4.112, 0.036). Similarly,
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(b)

Figure 6. The bifurcation and maximum Lyapunov exponent when v = 0.125s − 0.475, s ∈ [3.8, 4.2]. (a) The bifurcation
diagram and (b) the maximum Lyapunov exponent.

(a)

(b)

(c)

(d)

Figure 7. Three-dimensional projections of some five-dimensional periodic attractors generated by system (2) in the corresponding regions of figure 5a. (a) Period-4, (b) period-5, (c) period-6 and (d) period-7.

for the regions around points B, C and D in figure 5a, system (2) is in bursting states with periods4, 5 and 6 when the parameters (s, v) are given
as (4.029, 0.027), (3.976, 0.020) and (3.976, 0.020)
respectively, as shown in figures 7b, 7c and 7d.
4.2 The period-adding bifurcation mode without
chaos
Figure 5 clearly shows the period-doubling bifurcation
structure with chaos, and a series of chaotic windows can
be seen between the periodic oscillations. However, the
bifurcation diagram in figure 8 shows that system (2)

also has period-adding bifurcation behaviour without
chaos, that is, adjacent periodic discharge states occur
with different period numbers. In figure 8a, system (2)
has a quiescent state and bursting state with periods-2,
3, …, 11 and 12 when I ∈ [1, 3], l ∈ [1, 4]. Meanwhile,
there are no chaotic windows among these periodic
states. In addition, along the direction shown by the
white line in figure 8a, the bifurcation diagram of system
(2) with respect to the parameter I is shown in figure 9 when l = 2.2. The bifurcation mode is as follows:
period-3→ period-4 → · · · → period-11. So this bifurcation structure belongs to period-adding bifurcations
without chaos. When I ∈ [1, 3], f ∈ [5, 5.3], figure 8b
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Figure 8. Period-adding bifurcation mode without chaos of system (2) on two-parameter plane. (a) The plane of I and l, (b)
the plane of I and f , (c) the plane of I and g, (d) the plane of I and k0 , (e) the plane of I and k1 and (f) the plane of I and k2 .

shows the following bifurcation structure: period-3 →
period-4 → · · · → period-19 or higher along the direction from the bottom left to the top right. Furthermore,
figures 8c–8f have similar non-chaotic period-adding
bifurcation structures, and the colour bands for the corresponding periods narrow gradually as the number of

periods increases. For example, the colour band for
period-4 is wider than that for period-5, which in turn is
wider than that for period-6.
Figure 10 shows the time response diagrams of system (2) in the corresponding regions of figure 8a. In the
region near point A when I = 1.112, system (2) is in a
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5. Mixed-mode oscillations and coexisting modes

Figure 9. Bifurcation diagram of system (2) with respect to
I when l = 2.2.

bursting state with period-3, as shown in figure 10a. Correspondingly, period-adding bifurcation without chaos
occurs in the system as parameter I increases, that is, the
number of spiking in the period of bursting increases.
For example, in the regions around points B, C and D of
figure 8a, system (2) is in bursting states with periods5, 7 and 9, as shown in figures 10b, 10c and 10d when
parameter I = 1.786, 2.339 and 2.735, respectively.

Coexisting oscillation modes that occur for different
initial value conditions and bursting oscillations are
among the most exciting phenomena in dynamic systems, and they often occur in mechanical systems
[43], coupled systems [44] and non-smooth systems
[45]. Mixed-mode oscillations (MMOs) are complex
oscillation modes with alternating large amplitudes
and small amplitudes. They usually exist in 3D or
higher-dimensional dynamical systems with multiple
time-scales [26–29]. Accordingly, they have important
influences on cognition, memory and physical activity.
Due to the different temporal and spatial scales, the neuron can also produce complex rhythm and MMOs. For
example, the neuronal output may consist of a series of
large-amplitude oscillations and small-amplitude oscillations in an oscillating period. The symbol L q is
generally used to describe this oscillation mode, where
L represents the number of large amplitudes and q
represents the number of small amplitudes. However,
an L 0 type oscillation mode means that there is no
small-amplitude oscillation period accompanying the L
bursting mode.

(a)

(b)

(c)

(d)

Figure 10. Time response diagram of system (2) in the corresponding regions of figure 8a when l = 2.2. (a) Period-3, (b)
period-5, (c) period-7 and (d) period-9.

72

Page 14 of 18

Figure 11. Bifurcation diagram of system (2) when
k0 ∈ [0, 1.2], f ∈ [4.4, 5.2].
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When k0 ∈ [0, 1.2], f ∈ [4.4, 5.2], the bifurcation structure of system (2) is shown in figure 11. It
displays the unique bifurcation structure of a ‘periodic dislocation layer’, as can be seen by comparing it with figures 5 and 8. The numerical simulations show that the types of oscillation on opposite
sides of this ‘periodic dislocation layer’ have changed.
More specifically, bursting, chaotic discharges and
MMOs appear in the left and right regions. At the
same time, system (2) exhibits coexisting periodic
bursting and MMOs near the ‘periodic dislocation
layer’. When (k0 , f ) = (0.6845, 4.5393), bursting with
period-3 coexists concomitant with period-33 MMOs
when the initial values are (0.1, 0.1, 0.1, 0.1, 0.1) and
(0.1, −10, 0.1, 0.1, 0.1), as shown in figures 12a and 12b.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 12. Time response diagrams of system (2). (a) Period-3, (b) period-33 , (c) period-4, (d) period-45 , (e) period-5 and
(f) period-55 .
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Figure 13. The concomitant attraction domains of system (2) (the red region represents periodic bursting state
and yellow region represents the MMOs). (a) x–y plane when (k0 , f ) = (0.6845, 4.5393), (b) y–φ plane when
(k0 , f ) = (0.6845, 4.5393), (c) x–y plane when (k0 , f ) = (0.7738, 4.6692), (d) y–φ plane when (k0 , f ) = (0.7738, 4.6692),
(e) x–y plane when (k0 , f ) = (0.8382, 4.7449) and (f) y–φ plane when (k0 , f ) = (0.8382, 4.7449).

The attraction domains of the coexisting modes in
figures 13a and 13b also indicate this phenomenon. Similarly, for the same initial value, system (2) presents
the coexistence state of period-4 bursting and period-45

MMOs when (k0 , f ) = (0.7738, 4.6692), and the
different coexistence state of period-5 bursting and
period-55 MMOs when (k0 , f ) = (0.8382, 4.7449).
Obviously, the MMOs occupy a large range in both the
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considered (i.e., when D1 = D2 = 0), bursting with
period-3 is generated by system (2) when the initial
value is (0.1, 0.1, 0.1, 0.1, 0.1). Interestingly, if the initial value is kept unchanged, system (2) also has a
coexisting oscillation mode in the planes D1 ∈ [0, 0.01]
and D2 ∈ [0, 0.01], as shown in figure 14. Thus, system (2) is dominated by bursting with period-3 when
the noise intensity is small. However, as the noise intensity increases, the bursting modes and the MMOs show
irregular distributions. Then it is difficult to determine
the oscillation mode. Obviously, system (2) is sensitive
not only to the initial values but also to the coefficients
at the ‘periodic dislocation layer’ in figure 11.
From the above discussion, we can see that system (2)
has rich coexisting modes of bursting state and MMOs
even though the mechanism needs to be explored further. At the same time, these coexisting oscillations
should be eliminated as much as possible in neuron discharge experiments so as to avoid abnormal discharges.
In addition, figure 11 shows that system (2) also has a
mixed period-adding bifurcation structure that includes
both chaos and non-chaos. Along the direction shown
by the black line in figure 11, the bifurcation diagram
with respect to f = 1.5686k0 − 4.2431 and k0 ∈
[0.1, 0.6] is shown in figure 15a. System (2) produces an
ambiguous period-adding bifurcation pattern as follows:
from period-2 to chaos by period-doubling bifurcation → from period-3 to chaos by period-doubling
bifurcation → · · · → from period-8 to chaos by perioddoubling bifurcation, then it enters non-chaos periodadding bifurcation as follows: period-9 → period-10
→ period-11 → period-12. The corresponding maximum Lyapunov exponents are plotted in figure 15b,
which is given as supplementary instruction. In the right
region of ‘periodic layer dislocation’ in figure 11, the
bifurcation diagram of the firing number of membrane
voltage x (the proportion of the number of small amplitudes to the total number of amplitudes in an MMOs

Figure 14. Coexisting oscillation mode under random noise
(the blue region represents the bursting state with period-3
and the red region represents the bursting state with period-33
MMOs).

x–y and y–φ planes, and the corresponding dynamic
behaviours can be obtained in figures 12c–12f and figures 13c–13f, respectively.
The above numerical analysis shows that system (2)
has coexisting oscillation modes at multiple parameter
points, due to the influence of initial values on discharge
mode. In fact, since the variation of external electromagnetic radiation is usually random, the parameters of
the system are inevitably disturbed. Accordingly, it is
necessary to analyse the discharge activity of neurons
under the influence of random noise. For simplicity, we
analyse the oscillation modes of system (2) when the
parameters (k0 , f ) = (0.6845, 4.5393) are disturbed by
Gaussian white noise. Let the disturbed parameters be
as follows: k01 = k0 + D1 ξ(t), f 1 = f + D2 ξ(t), where
ξ(t)
Gaussian white noise with ξ(t) =
 represents

0, ξ(t)ξ(t ) = Dδ(t − t ), where Di (i = 1, 2) is
the noise intensity and δ(·) denotes a Dirac delta function. From the preceding analysis, when noise is not

(a)

(2021) 95:72

(b)

Figure 15. (a) The bifurcation diagram and (b) the corresponding maximum Lyapunov exponent when k0 ∈ [0.1, 0.6].
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Figure 16. The Devils’s staircase is showed with the firing
number along the white line ( f = 1.2498k0 + 3.6501) in
figure 11.

period [28]) with respect to f = 1.2498k0 +3.6501 and
k0 ∈ [0.6, 1.2] is shown in figure 16. In this pattern,
the bifurcation structure of system (2) is as follows:
period-23 → period-24 → period-34 → period-35 →
period-45 → period-55 → period-56 → period-66 →
period-76 → period-77 → period-87 → period-97 →
period-98 → period-108 → period-118 . Thus, system
(2) displays abundant bifurcation structures and coexisting oscillation modes, and these discharge phenomena
can be expected to be explored further with relevant
physiological experiments.
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example, period-doubling bifurcations, inverse perioddoubling bifurcations and period-adding bifurcations
with and without chaos are found in numerical simulations. Fortunately, system (2) also has the unique
bifurcation structure of a ‘periodic dislocation layer’ in
a two-parameter plane, which is found to be caused by
the MMOs. The coexistence of bursting and the MMOs
is widely observed by different initial values under
the same parameters, and excitingly, the bursting state
is converted into MMOs when the system parameters
are randomly perturbed. Finally, as the electromagnetic
radiation intensity k0 increases, a mixed period-adding
bifurcation mode of the system is found, and the hidden
properties of the membrane voltage x in the ‘Devil’s
staircase’ are revealed by the change in firing number.
In conclusion, the effect of electromagnetic induction
on the information transfer behaviour of a neuronal network should be explored in more depth, which will be
helpful in understanding some related afflictions caused
by abnormal discharges of neurons (such as Parkinson’s
disease, epilepsy, lunacy and depression).
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