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Abstract. In the present investigation, authors have studied the linear mode structure of electron-acoustic waves,
their modulational instability and rogue wave profiles in four-component plasma system consisting of stationary
ions, cold electron fluid, Tsallis-distributed hot electrons and an electron beam. By applying standard perturbation
method to the fluid equations, the dispersion relation is obtained that depends on various parameters such as beam
density, beam velocity, beam temperature and non-extensivity q. Based on the phase velocities, two electron-acoustic
(EA) modes known as slow and fast, have been extracted as real modes for which a detailed analysis is presented.
Further, the basic set of equations is reduced to nonlinear Schrödinger equation (NLSE), where the nonlinearity
and dispersion coefficients compete and significantly affect the stability characteristics of EA waves. For both the
modes, a comprehensive study of modulational instability and rogue wave profile has been carried out by taking into
consideration the effect of non-extensivity and beam velocity. The obtained results have been compared with other
research works. The present investigation may be relevant to the observation from Viking satellite in the day-side
auroral zone.
Keywords. Electron beam; modulational instability; rogue waves; Tsallis distribution; slow and fast modes;
electron-acoustic waves.
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1. Introduction
The propagation of electron-acoustic (EA) waves has
attracted a great deal of attention due to their relevance in
many plasma-based laboratory experiments [1,2], space
plasma observations [3–6] and numerical simulations
[7–13]. The idea of EA mode had been conceived by
Fried and Gould [14] during numerical solutions of
the linear Vlasov dispersion equations in an unmagnetised homogeneous plasma. They observed the existence
of a heavily damped acoustic like solution of the dispersion equation. Later on, it was established that EA
waves can exist in two-temperature electrons with cold
and hot electron components. Landau damping restricts
the existence regions of EA waves whenever the phase
velocity approaches thermal velocity of either electron components. In an EA oscillation, cold electrons
oscillating against inertialess hot electron background,
provide the essential restoring force. The conditions for
EA wave propagation as well as its linear properties
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have been investigated by several researchers [15–17].
EA waves have been observed throughout the Earth’s
magnetosphere, e.g. plasma sheath boundary layer [18],
polar cap boundary layer [19], the magnetosheath [20],
the bow shock [6] and in strong currents associated with
auroral acceleration region [21]. This high-frequency
mode has been used to understand broadband electrostatic noise (BEN) observed in different regions of
Earth’s magnetosphere by various satellites, e.g. Viking,
FAST etc. [22–26]. Mace et al [27] used nonlinear propagation of EA waves to understand BEN. Satellite-based
observations of different regions of Earth’s magnetosphere confirmed that electrostatic solitary waves are
generally associated with electron or/and ion beams
[22,23,28]. Particle beam, when inserted in the plasma
system, provides free energy source available to the system and modifies the existence regions and formation
of solitary waves. Extensive research on EA solitons
has been reported in multicomponent multitemperature electron plasma systems. Soliton, a bare (with no

59

Page 2 of 14

oscillations inside a wave packet) and stable structure,
propagates without change of identity. Small-amplitude
soliton, usually governed by Korteweg–de Vries (KdV)
equation, describes the evolution of unmodulated wave.
Another type of soliton, an envelope soliton, is a modulated localised wave packet and is governed by the
nonlinear Schrödinger equation (NLSE). Here, group
velocity dispersion balances nonlinearity. Plasma being
nonlinear as well as dispersive, supports both types of
solitary wave structures. Rogue waves (also known as
freak waves, extreme waves, monster waves), another
type of the most distinguished embodiments of extreme
events, observed in a variety of systems, have been modelled by rational solution of NLSE [29].
The particle distributions play crucial roles in characterising the physics of nonlinear wave phenomena.
For systems which are in thermodynamical equilibrium, Maxwell–Boltzmann (M–B) approach is suitable
whereas space and astrophysical plasmas show deviation from such behaviour. Observations of space plasma
indicate the presence of superthermal particles and
hence deviate from M–B distribution. Collisionless and
correlated particle systems such as space plasmas are
characterised by non-Maxwellian particle distribution.
Although a non-thermal model proposed by Cairns et
al [30] explained the density depletion observed by onboard instruments of Freja [31] and Viking satellites
[22,32], another important particle distribution studied by a number of researchers is kappa distribution
which is based on the observations of space plasmas.
The tail of the distribution obeys power law. First introduced to fit early space observations [33], suggesting
that superthermal electrons obey power law dependence
on velocity, kappa distribution function is characterised
by the spectral index κ and the ranges of κ for different space environments are 2–6 as given in ref. [34] and
has ubiquitous plasma behaviour. When κ → ∞, the
distribution is reduced to the Maxwellian exponential
and when κ → 3/2, a meaningful definition is given
to thermal velocity and kappa distribution approaches
power law distribution. Empirically, introduced in mid1960s by Vasyliunas [33], kappa distributions have been
increasingly widespread across the physics of astrophysical processes, describing velocities and energies of
particles from solar wind and planetary magnetospheric
to heliosheath and beyond intersteller plasmas [35–37].
Another important distribution, proposed by Tsallis
[38] as a non-extensive generalisation of BG entropy,
has attracted a great deal of attention. Owing to its
relevance in astrophysical and cosmological scenario,
non-extensive plasma is a topic of current research
interest. It is applicable to systems endowed with
long-range interactions, long time memory or intrinsic
homogeneity that are intractable within the framework
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of BGS statistics. This generalisation was first recognised by Renyi [39] and subsequently proposed by
Tsallis. This seeks the extension of standard additivity of the entropies to nonlinear case where one entropic
parameter q characterises the degree of non-extensivity
of the system in hand (q → 1, standard BG statistics is recovered). The maximisation of Tsallis entropy
under the constraint of internal energy is used to derive
the probability distribution. The principle of maximum
entropy gives the power law q-distribution. The power
law q-distributions are called q-exponential in nonextensive statistics. Non-extensive statistics is a better
framework for the description of many physical systems
such as galaxy clusters [40], the turbulent systems [41–
43] and plasma systems [44,45]. The long-range interactions and correlation result in non-extensive behaviour
in these systems. Pseudoadditivity implies that for a system consisting of two independent subsystems A and B,
the total Tsallis entropy Sq (A + B) obeys the following
rule:
Sq (A + B) = Sq (A) + Sq (B) + (1 − q)Sq (A)Sq (B)
for subsystems A and B with the sense of factorisation
of microstate probabilities. Hence, non-locality or longrange interactions are introduced by the multiplicative
term accounting for correlation between the subsystems. The index q that underpins the generalised Tsallis
entropy is connected to the dynamics of the system and
measures the amount of its non-extensivity. Using both
kappa and Tsallis distributions, the EA waves have been
studied by a number of researchers [46–50]. Further,
q-entropy may provide basis for the analysis of many
astrophysical and cosmological scenario such as steller
polytrops [51], solar neutrino problem [52,53], velocity
distribution of galaxy clusters, quark gluon plasma [54],
proton neutron stars [55], hadron matter, dark matter hallos [56] etc. Under the normalisation and mean energy
constraints along with maximising the Sq entropy, we
obtain a generalised particle distribution which is called
the q-distribution function
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It may be noted that for q < −1, the q-distribution
is un-normalisable [57]. In the extensive limiting case
(q = 1), q-distribution reduces to the well-known M–B
velocity distribution. For q > 1, the q-distribution function exhibits a thermal cut-off on the maximum value
allowed for the velocity of the electrons.
Most of the models used for the study of EA solitary waves are based on KdV (for small amplitude) and
Sagdeev pseudopotential models (for large amplitude)
respectively. McFadden et al [58] have suggested that
neither the velocity dependence of the observed potential structure amplitude nor their symmetry should be
taken for granted. Further, the observed phase speeds
lie over an extended range of values. These facts seem
to suggest that employing KdV model may not be
helpful for the generation of soliton structure and an
attractive mechanism may be present. In this context,
modulational instability (MI) of different plasma models have been studied by various researchers [59–63].
The amplitude modulation is a generic feature of nonlinear propagation, resulting in higher harmonic generation
due to self-interacting carrier waves. The paradigm used
to study this mechanism is multiple space and timescale technique. This technique leads to the derivation
of NLSE describing the evolution of the wave envelope.
The NLSE-based analysis has been used to investigate a number of physical systems and it is possible
to explore the existence of localised envelope solitary
structures resulting from the balance of wave dispersion
and nonlinearity. These types of nonlinear structures are
observed in high time resolution of the FAST observations [24]. For EA waves, investigations of MI have been
reported to interpret the observational data supported
by the observations of localised modulated wave packets [58,64–66]. Kourakis and Shukla [7] have derived
NLSE for studying the MI of EA waves by considering the inertial cold electrons, hot Boltzmann electrons
and stationary ions. They predicted the existence of
different types of localised EA excitations. Gill et al
[67] studied MI of EA waves in plasma consisting
of cold electron fluid and non-thermal electrons. It is
found that non-thermality modifies the domain of MI
and solitary structures. Misra and Shukla [68] studied the MI of EA waves in an external magnetic field
of plasma consisting of electron-pair ion plasma. It
is shown that the presence of significant fraction of
negative ion suppresses the growth/decay rate of the
modulated EA wave packet. Sultana and Kourakis [69]
studied the nonlinear dynamics of electrostatic solitary
waves in the form of localised modulated wave packets
by assuming three components, unmagnetised collisionless plasma having cold inertial electrons, immobile ions
and kappa-distributed inertialess hot electrons. They
studied the effect of superthermality of hot electrons
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and other plasma parameters on the characteristics of
EA solitons. Bains et al [70] studied the amplitude modulation of EA waves propagating in space plasma with
hot non-extensive q-distributed electrons, cold electrons
and stationary ions. They showed that the presence of hot
non-extensive q-distributed electrons and the equilibrium density ratio of the hot to cold electron component
respectively influence the MI and formation of both
bright and dark solitons. Eslami and Mottaghizadeh [71]
showed that the concentration of superthermal electrons
suppresses MI of EA waves in magnetised plasma.
In the last few years, the generation of highly energetic rogue waves (RWs) in the plasma has become
the hot topic of research. In this context, MI may
be one of the structure for the generation of RWs as
some characteristics of NLSE solutions may be considered useful to understand the nature of RWs [72–74].
Bacha et al [75] addressed the ion-acoustic RWs in
two-component plasma with non-extensive electrons
and found that these RWs are drastically influenced
by the non-extensive parameter. El-Labany et al [76]
studied RWs in unmagnetised electronegative plasma
and their relevance to Titan’s atmosphere. El-Tantawy
et al [77] studied the ion-acoustic super RWs in ultacold
neutral plasmas with non-thermal electrons and found
that the RWs have complex behaviour with increase in
non-thermal parameter. Wang et al [78] studied solitary
waves and RWs in a plasma with non-thermal electrons
featuring Tsallis distribution. They reported that the
existential regions, amplitude of solitary wave solutions
and the RW solutions are influenced by the nonextensive parameter q and non-thermal parameter α. ElTantawy and Moslem [79] studied soliton collisions and
RWs in a fully ionised, collisionless three-component
unmagnetised plasma consisting of inertial warm fluid
and non-extensive electrons and positrons. Besides the
collision studies, they reported the dependence of RW
profile on plasma parameters. Elwakil et al [80] reported
the properties of nonlinear electron-acoustic RWs (EARWs) in an unmagnetised plasma system consisting of
cold electron fluid, non-thermal hot electrons, electron
beam and stationary ions. They observed that increase
of non-thermal energetic population parameter leads to
a decrease in amplitude of RWs. Merriche and Tribeche
[81] addressed the problem of EA-RWs in a plasma
consisting of fluid cold electrons, non-thermal nonextensive electrons and stationary ions. Abdelwahed and
Sabry [82] carried out the MI analysis of EA-RWs in
a three-dimensional magnetised plasma holding twoelectron populations with hot electrons following Cairns
distribution and cold electron fluid and stationary ions.
Bains et al [83] studied the MI and RW structures of
positron-acoustic waves in q-non-extensive plasma and
reported that amplitude and width of these waves are
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significantly influenced by the concentration and nonextensivity of electrons. El-Shewy et al [84] studied
the properties of nonlinear EA-RWs in four-component
plasma comprising Maxwellian hot electrons, an electron beam, cold electron fluid and stationary ions. In the
present paper, we aim to revisit the MI and RWs of EA
waves in an electron beam plasma system within the
theoretical framework of Tsallis statistical mechanics.
This paper is organised as follows: Section 2 is
devoted to the derivation of dispersion relation and
NLSE using Tsallis-distributed electrons. Section 3 is
devoted to the detailed analysis of the mode structures,
MI profile and RW profile and finally conclusion is presented in §4.

2. Derivation of dispersion relation and nonliner
evolution equation
The plasma with two-electron populations are known
to exist frequently in space, where EA wave may play
a significant role. In the present model, a collisionless, homogeneous and unmagnetised plasma system
containing three-electron populations has been considered. These electron populations are cold electrons
(denoted by the subscript c), hot electrons (denoted
by the subscript h) and it obeys the Tsallis distribution [38] and electron beam (denoted by the subscript
b). It may be further mentioned that the presence of
non-drifting populations allows the existence of EA
wave itself, and further cold component does not mean
Tc = 0 as EA wave will cease to exist in that case.
Here, we assume the wave propagation to be along xaxis and the fluid equations of cold and beam electron
components and Poisson’s equation can be written as
follows:
∂n c
∂(n c vc )
+
=0
(3)
∂t
∂x
∂vc
∂vc
∂n c
∂φ 3α
+ vc
=α
−
(1 + α + β)2 n c
∂t
∂x
∂x
θ
∂x

(4)

∂(n b vb )
∂n b
+
=0
∂t
∂x

(5)

∂vb
∂φ 3α (1 + α + β)2 ∂n b
∂vb
+ vb
=α
−
nb
∂t
∂x
∂x
σ
β2
∂x

(6)

1+α+β
∂ 2φ
=
(7)
(n c + n h + n b − 1) .
2
∂x
α
In the above equations, n c,h,b are the electron number densities of three-electron populations normalised
by total unperturbed density n 0 = n c0 + n h0 + n b0 .
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Velocities vc,b and electrostatic wave potential φ are
normalised by EA velocity vea = (n c0 /n h0 )1/2 vth
and kB Th /e respectively. Space (x) and time (t) are
normalised by hot electron Debye length λ Dh =
( 0 kB Th n h0 e2 )1/2 and the inverse of cold electron
2 1/2 . The paramplasma frequency ω−1
pc = ( 0 m/n c0 e )
eters in the above equations are α = n h0 /n c0 , β =
n b0 /n c0 , θ = Th /Tc , σ = Th /Tb . As mentioned earlier, Tc  = 0, and the conditions for the existence of EA
mode are (i) Th  Tc , (ii) θ cannot be zero as cold electrons represent a significant fraction of plasma (more
than 20%). In eqs (3)–(6), inertia of cold and drifting
electron populations is included and these respond adiabatically to electric field perturbations. The hot electron
population obeys the Tsallis distribution [38] given by
α
nh =
(8)
(1 + (q − 1)φ)(q+1)/2(q−1) .
1+α+β
Further, the propagation of EA perturbation in this
plasma system and its MI may be investigated by obtaining the appropriate evolution equation known as NLSE,
which describes the slow modulation of wave amplitude. This method is based on reductive perturbation
technique in which dependent variables are expanded
and makes use of stretching of space and time coordinates as ζ = (x − υg t) and χ = 2 t, where υg
is the group velocity to be determined by the compatibility requirement. The small-amplitude expansion of
plasma state A j = n c , n b , vb , vc , φ around its equilibrium states A j0 = 1 − δ1 , δ1 , v0 , 0, 0 is achieved via
the following perturbation expansion:
A j = A j0 +

∞

r =1

r

∞


(r )

A jl (ζ, χ ) expιl(kx−ωt) ,

(9)

l=−∞

where the boundary conditions to be imposed are: |x| →
∞, n c = 1 − δ1 , n b = δ1 , vb = v0 , vc = 0, φ = 0.
Here is a small formal expansion parameter and is the
measure of perturbation. The condition  1 implies
that the plasma dimension must be much larger than the
Debye length, which is satisfied in most cases of interest. We shall assume that all perturbed quantities depend
on the fast scale via the phase ζ = kx − ωt only, while
the slow scales enter the argument of the lth harmonic
(r )
amplitude, say for density nl . We assume the reality
(r )∗
(r )
condition Al
= A−l for all parameters. For the first
order (r = 1, l = 1), we get the following first-order
quantities:
α(1 − δ1 )

(1)

n c1 = − 

ω2
k2

−

3α(1+α+β)2 (1−δ1 )2
θ

−

3α(1+α+β)2 (1−δ1 )2
θ

αω/k

(1)

vc1 = − 

ω2
k2

 φ1(1) ,
 φ1(1)

(10)
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and
αδ1

(1)

n b1 = −

( ωk − v0 )2 −

(1)

−α(ω/k − v0 )

(1)

vb1 =

( ωk − v0 )2 −

Further, the second harmonic modes can be obtained
from nonlinear self-interaction of the carrier waves and
yields:

φ1 ,

3α(1+α+β)2 δ12
σβ 2

(1)

(11)

(1 − δ1 )
−

3α(1+α+β)2 (1−δ1 )2
θ

1
=
(1 + α + β)



+

δ1
( ωk

(1)

(2)

(1)

(2)

(1)

(2)

(1)

(2)

(1)

n b2 = Bn (φ1 )2 , vc2 = Cv (φ1 )2 ,
vb2 = Bv (φ1 )2 .

Using these first-order quantities into the first-order
quantities of eq. (7), we get the following dispersion
relation:
ω2
k2

(2)

φ2 = Cφ (φ1 )2 , n c2 = Cn (φ1 )2 ,
φ1 .

3α(1+α+β)2 δ12
σβ 2
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3α(1+α+β)2 δ12
− v0 )2 −
σβ 2


q +1
2
+k .
2

(12)

This dispersion relation depends upon non-extensive
parameter (q) and beam parameters (β, σ , δ1 and v0 ),
i.e. relative beam density, beam temperature and beam
velocity. It may be mentioned that for v0 = 0 and q = 1,
our expression of dispersion relation becomes exactly
the same as derived by El-Shewy et al [84].
To the next order of approximation (r = 2, reduced
equations with l = 1), a compatibility relation is
obtained,solution of which gives the group velocity of
plasma perturbation given by
αk 2
1
ω
Ug = +
.
(1)
k
(1 + α + β)(1 − δ1 ) (v + v (1) )
c1

(13)

b1

(14)

In addition, the zeroth-order harmonics are given as
(2)

(1)

(2)

(1)

φ0 = Fφ |φ1 |2 , n c0 = Fcn |φ1 |2 ,
(2)

(1)

(2)

(1)

(2)

(1)

n b0 = Fbn |φ1 |2 , vc0 = Fcv |φ1 |2 ,
vb0 = Fbv |φ1 |2 ,
(1)

(15)
(1) (1)∗

where |φ1 |2 = φ1 φ1 . Here Fφ = Fφ1 /Fφ2 . Various coefficients appearing in these equations are given
in Appendix A. Following the standard analysis used in
(1)
ref. [67] and replacing φ1 by φ for the sake of notational convenience, we arrive at the following NLSE:
ι

∂ 2φ
∂φ
+ P 2 + Q|φ|2 φ = 0.
∂χ
∂ζ

(16)

Here dispersion (P) and nonlinearity (Q) are given by
the following expression:
P=
Q=

P1 + P2 −

α
1+α+β

,
G
α
1+α+β Q 1 − C 4 − B4

,
(17)
G
where various parameters occurring in the expressions
of P and Q are given as

α(1 − δ1 )(Ug − ω/k) 2 ωk (Ug ω/k − Q c (1 − δ1 )2 ) + (Ug − ω/k)( ωk 2 + (1 − δ1 )2 Q c )
2

P1 =
P2 =
G=

k 2 ( ωk 2 − (1 − δ1 )2 Q c )3
 ω
ω


2
− v0 − Q b δ12 + (Ug − ω/k)
− v0 + δ12 Q b
2(Ug − v0 )
k
k
2

αδ1 (Ug − ω/k)
2
k ( ωk − v0 )2 − δ12 Q b )3
α 2 (1 − δ1 )ω/k
+
2
( ωk 2 − (1 − δ1 )2 Q c )2

α 2 δ1 (ω/k − v0 )
( ωk − v0 )2 − δ12 Q b )2

(q + 1)(3 − q)
(q + 1)(q − 3)(3q − 5)
(Fφ + Cφ ) +
4
16
ω
C
+
(1
−
δ
)C
2
1
3
C4 = − k 2
( ωk 2 − (1 − δ1 )2 Q c )
Q1 =

B4 = −

( ωk − v0 )B2 + δ1 B3

( ωk − v0 )2 − δ12 Q b )

.

(18)
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Further, various parameters appearing in the expressions
for P1 , P2 , G, Q 1 , C4 and B4 are given in Appendix A.
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3. Numerical analysis of the mode structure,
modulational instability and rogue waves

q 0.1

4

q 1.5

3

3.1 Mode structure analysis

2

It may be mentioned that eq. (12) is a biquadratic-type
equation. On numerically solving, this relation yields
four roots of ω, out of which two are positive and the
other two are negative. We neglect the negative roots
as they correspond to wave propagation in the opposite direction. Only real positive roots are considered
for the numerical computation, out of which one corresponds to the slow mode and the other to the fast
one. However, in the absence of electron beam, only
one mode exists as was interpreted by Devanandhan et
al [50]. In their research, they predicted two modes,
viz., electron-acoustic and ion-acoustic. We are not taking the contribution of ions in our investigation and
hence the two modes are electron-acoustic. The fast and
slow modes correspond to large and small phase velocities. In this way, the presence of electron beam favours
the occurrence of another EA mode. Beams, which
are ubiquitous in space plasma environment provide
source for both linear instabilities and nonlinear structures. In their study, El-Shewy et al [84] reported that
hot electrons obey Maxwellian distribution. Space plasmas are collisionless plasmas and linear and nonlinear
wave structures obey non-Maxwellian distribution. It is
pertinent to use hot electron component based on nonextensive q-distribution. Apparent connection between
κ and non-extensivity q as earlier envisaged is because
of the power-law character for both distributions. However, it was during the last decade that the connection
of these distributions within statistical framework of
non-extensive statistical mechanism was completed and
understood (chapter 1 of ref. [85]). Indeed, the kappa
distribution is the outcome of the maximisation of the
q-entropy of Tsallis under the constraints of a canonical ensemble [86]. However, there are issues associated
with the non-additive characters of entropies and the
observed data [87].
It is mentioned that the two dispersion relations,
viz., eq. (7) of ref. [84] and eq. (12) of the present
investigation, are quite different. Mode structures resulting from the dispersion relation are referred to as fast
and slow EA modes. As mentioned earlier, the mode
with high phase velocity is called the fast EA mode
and that with slow phase velocity is called the slow
EA mode. It is mentioned that eq. (7) of ref. [84]
is biquadratic in ω2 . Only one mode for approximate

1
0
0.0

0.2

0.4
k

0.6

0.8

Figure 1. Plot of dispersion relation (ω vs. k) in the absence
of beam for different values of q with α = 4 and θ = 100.

solution of dispersion relation for Maxwellian electrons was considered. Devanandhan et al [50], in an
analysis corresponding to infinite spectral index κ and
k((κ − 3/2)/(κ − 1/2))k 2 λdh  1, have shown that
linear dispersion relation (eq. (10) of ref. [50]) reduces
to the usual EA mode for Maxwellian plasma. El-Shewy
et al [84] studied the variation of group velocity of the
propagating waves with parameters α, β, θ , k and σ as
shown in figures 1–3 (of ref. [84]). They obtained that
vg increases with α and decreases with β and σ . It may
further be imperative to note that corresponding to two
mode structures (slow and fast EA wave), we have the
corresponding MI for each mode and RWs thereof.
When v0 = 0, β = 0 and q  = 1, we obtain only
one EA mode for which the q-dependence of the dispersion relation is shown in figure 1. Here the wave
frequency decreases with q as obvious from the dotted,
solid and dashed lines corresponding to q = 0.1, 1, 1.5
with α = 4 and θ = 100. Further, the q-dependence
of slow and fast mode structures is shown in figure 2a
where the plot of dispersion relation (variation of ω vs.
wave number k) is shown for three different values of
non-extensivity (q = 0.5, 1, 1.5). The other parameters are: α = 4, β = 2, θ = 100, 1/σ = 0.02 and
v0 = 0.1. It is observed that slow mode is independent
of the non-extensive parameter and hence is the same for
Maxwellian or Tsallis distribution. However, substantial
modification is observed with q for fast mode case. For
this mode, wave frequency decreases with q as apparent
from solid (for q =0.5), dotted (for q = 1) and dashed
(for q = 1.5) curves. q < 1, leads to possible increase
in thermodynamic entropy and hence ergodicity. Physical contents of slow mode structures are very clear. It is
not affected by the non-extensivity of distribution. This
mode has its origin in M–B distribution corresponding
to thermal equilibrium (q = 1). So the deviation from
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(a)
fast mode

3.0
2.5

q 0.5
q 1.5

2.0
q 1

1.5
1.0

slow mode

0.5
0.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

(b)
3.0

q 0.7

2.5
2.0
v0 0.2

1.5
v0

0.2
slow mode

v0

0.5

0.1

0.0
0.0

0.2

0.4

0.6

0.8

1.0

2Q/P|φ0 |

 = Im  =

fast mode

1.0

initially sinusoidal wave perturbation of a plane wave.
By assuming the amplitude dependence of perturbation
as exp{ι(K ζ − χ )} and following the standard procedure [59,67], we obtain the nonlinear dispersion relation
as 2 = P 2 K 2 (K 2 − 2Q|φ0 |2 /P). From nonlinear dispersion, we find that the wave is modulationally stable
(unstable) when P Q < 0 (P Q > 0) and  is real
(imaginary). For P Q > 0, MI sets in and modulation
wave number K of an perturbation is less than the critical value. Further, the critical value and the MI growth
rate are given as follows:
Kc =
and

k

1.2

1.4

k

Figure 2. For slow and fast modes, variation of frequency
with wave number k when α = 4, θ = 100, 1/σ = 0.02 (a)
for three different values of q as indicated and v0 = 0.1 and
(b) for different values of beam velocity v0 and q = 0.7.

M–B distribution is zero. However, origin of fast mode
lies in the non-extensivity of the problem. Its characteristics are further affected by superextensivity (q < 1)
and subextensivity (q > 1) as deviation from M–B sets
in as q  = 1. Figure 2b depicts the effect of beam velocity v0 for both slow and fast modes with the parameters
of figure 2a. It is observed that beam velocity modifies
the slow mode structure whereas it remains ineffective
for fast modes. From the plot of ω vs. wave number k, it
is observed that increase in beam velocity v0 increases
the frequency of the slow mode while no appreciable
change is observed for the frequency of the fast mode.
3.2 MI Analysis
NLSE given by eq. (16) describes the nonlinear evolution of the amplitude modulation of EA wave carrier.
Here the weights of dispersive and nonlinear terms are
carried by coefficients P and Q respectively. The NLSE
can model the main features of nonlinear wave dynamics as the MI, formation of solitons and appearance of
RWs. The MI describes the exponential growth of an
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P 2 K 2 (K c2 − K 2 ).

(19)

The growth rate reaches its maximum value Q|φ0 |2 at
K = K c /2. Based on the sign of the product of nonlinearity and dispersion coefficients P Q, two types of
stationary solutions are possible. It becomes important
to establish the solitary wave solution of eq. (12). The
instability or stability of a wave packet depends on various parameters such as α, β, θ , σ and v0 for which
coefficients P and Q have the same or opposite signs.
The latter condition implies two types of stationary solutions of NLSE. When both P and Q have the same sign,
i.e. P Q > 0, we obtain the envelope soliton solution
given by



Q


φ(ζ, χ ) = ρ0 sech
 2P ρ0 ζ ,
where ρ0 is constant and represents the maximum
amplitude. With P and Q having opposite signs, i.e.
P Q < 0, we have modulationally stable wave and
obtain

   1/2
ρ1  Q 
bζ
φ(ζ, χ ) = ρ1 1 − b2 sech2
,
2 P
where b2 = ρ12 − ρ02 /ρ12  1 and ρ1 is a constant.
This solution represents an envelope hole sometimes
called a dark soliton. Such solution corresponds to the
accumulation of density in a region where wave intensity
is very low. The parameter b determines the depth of the
modulation and b = 1 corresponds to another special
soliton called envelope shock.
When the amplitude of the perturbation is comparable to that of the EA waves, nonlinear structures such as
bright solitary wave or RWs will emerge. On the other
hand, the dark solitary waves which are dips characterised by a phase jump at the position of the dip, can
also appear when P/Q < 0. The dispersion and nonlinear coefficients P and Q are functions of non-extensivity
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Figure 3. For slow mode, for three different values of q as
indicated and the parameters of figure 2a, plot of (a) P/Q|s
vs. k and (b) growth rate s as a function of K . Here subscript
s refers to the slow mode.

(q) and beam parameters (β, σ , v0 ). Apparently, these
parameters would significantly influence the stability
characteristics of EA waves in the present plasma model.
In order to investigate the stability profiles of both the
modes, we have numerically analysed the ratio P/Q
vs. k in various parameter regimes. In the present investigation, Q = 0 corresponds to zero dispersion point
leading to P/Q → ±∞. The corresponding value of
k(= kc ) is often referred to as critical or threshold wave
number for the onset of MI. It may be mentioned that we
have chosen the parameters within the range of observations of Viking satellite in the day-side auroral zone
[32].
In order to understand the effect of q on the MI profile
and growth rate, plots of P/Q vs. k for three different
values of q are shown in figures 3a and 3b respectively
at three different values of q for the slow mode with the
parameters of figure 2a. Both dark and bright envelope
structures are observed for the given set of parameters.
It is observed that the wave remains stable for k < kc
and MI sets in for k > kc . As shown in figure 3a,
for the slow mode, increase in non-extensivity leads to
increase in the critical value kc of both dark and bright

0

1

2

3

4

5

K

Figure 4. For fast mode, for three different values of q as
indicated and the parameters of figure 2a, plot of (a) P/Q| f
vs. k and (b) growth rate  f as a function of K . Here subscript
f refers to the fast mode.

solitons. Thus, dark solitons occur at larger wavelength
while bright envelope solitons occur at smaller wavelength. It is noticed that the critical value of k, i.e. kc
for which MI sets in, is shifted towards higher value
as electrons evolve away from thermodynamic equilibrium. However, decrease of non-extensivity leads to
decrease in critical value kc . From the plot of growth
rate  vs. K (figure 3b), it is observed that an increase
in q would lead to a decrease in the growth rate of
MI. As q = 1 corresponds to Maxwellian character,
growth rate increases when q < 1 and decreases when
q > 1. The corresponding plots for the fast mode are
shown in figures 4a and 4b respectively. It is observed
that the behaviour for dark envelope solitons is similar to that of the slow mode. However, threshold kc
is lower than the corresponding q-value of the slow
mode. Also, contrary to the slow mode, the threshold
kc decreases with increase in non-extensivity. From the
 vs. K plot, it is revealed that the behaviour of the
fast mode is similar to that of the slow mode. Hence,
for both the modes, it is observed that the growth rate
is significantly affected by the non-extensive character
of plasma. To investigate the effect of beam velocity v0
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usually an envelope of carrier wave with a wavelength
smaller than the central region of the envelope. The most
commonly used mathematical model for RW involves
the aforementioned rational solution of the NLSE. For
the first-order/fundamental RW, rational solution can be
written as [88,89]

P
4(1 + ι2Pχ )
−1 exp(ιPχ ).
ψ1 (ζ, χ )(=
Q 1 + 4ζ 2 +4P 2 χ 2
(20)

(a)
slow mode
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The second-order/super RW solutions are given by [88,
89]
 

P R2 + ιU2
ψ2 (ζ, χ ) =
+1 exp(ιPχ ),
(21)
Q
V2
where R2 , U2 , V2 are given by
3 1 4 3 2
− ζ − ζ − 6P 2 χ 2 ζ 2 − 10P 4 χ 4 − 9P 2 χ 2
8 2
2
U2 = −Pχ
15
× − +ζ 4 −3ζ 2+4P 2 ζ 2 χ 2+4P 4 χ 4+2P 2χ 2
4
1
3
1
1
+ ζ 6 + ζ 4 + P 2χ 2ζ 4
V2 =
32 12
8
2
9
3
+ ζ 2 + P 4χ 4ζ 2 − P 2χ 2ζ 2
16
2
2 6 6 9 4 4 33 2 2
P χ .
+ P χ + P χ +
(22)
3
2
8
These solutions represent the RW profile within the
modulationally unstable region, i.e. P/Q > 0, which
concentrates a significant amount of energy into a relatively small area leading to the generation of the RWs. In
order to investigate the effect of non-extensive parameter and beam parameters on the EA wave profile, we
numerically analyse the absolute first-order wave envelope |ψ1 (ζ, χ )| for the slow mode and is shown in figure
6a. Here, we have chosen q = 0.5, v0 = 0.1, α = 4,
β = 2, θ = 100 and 1/σ = 0.02. It may be mentioned that solution (20) predicts the concentration of
EA wave energy into a small region in space. This fact
may be utilised to explain EA RWs. In figure 6b, we
have displayed the profile of the first-order rogue wave
solitons (rogons) of the fast mode with the parameters
of figure 6a. These types of structures were predicted
by Tantawy et al [77] in their study. Similar behaviour
was observed when q > 1 (not shown here). It is worth
mentioning that El-Shewy et al [84] have focussed on
the first-order RWs in their study.
Hallmark of the present scientific explanation of RW
is that rational solution breather occurs only once as a
single wave solution that concentrates greater amount
of energy in a relatively small area. For slow and fast
R2 =

v0 0.3

0.06

59

5

K

Figure 5. With the parameters of figure 2b and q = 2, plot
of growth rate  as a function of K for three different values
of beam velocity v0 for (a) slow mode and (b) fast mode. Here
subscripts s and f stand for slow and fast modes.

on the MI-growth rate, plots of  vs. K at three different values of v0 are displayed in figures 5a (slow mode)
and 5b (fast mode) respectively for q < 1. For slow
mode (figure 5a), for the given set of parameters, the
growth rate increases with increase in beam velocity v0
whereas opposite trend is obtained for the fast mode (figure 5b) for which  decreases with v0 . Similar results are
observed for q > 1. El-Shewy et al have focussed more
on the effect of beam on the characteristics of RWs associated with EA waves and observations of figures 3–5 are
missing.
3.3 RW Analysis
To find the exact solution of NLSE, several mathematical methods have been proposed. The nonlinear stage of
MI is described by exact solution of the NLSE known as
Akhmediev breather [73] and prototype of rogue waves
(RW) [72]. Equation (16) has a hierarchy of rational
solutions that are localised on a non-zero background
and is localised both in ζ and χ directions. The RW is
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Figure 7. First-order RW amplitude |ψ01 |s vs. q at two different values of beam velocity v0 with the parameters of figure
2a for (a) slow mode and (b) fast mode.
Figure 6. 3D profile of the absolute first-order rational solution |ψ1 (ζ, χ )| vs. ζ and χ when q = 0.5 and the parameters
of figure 2b for (a) slow mode and (b) fast mode.

modes, two-dimensional pictorial representations of the
peak amplitude of the first-order RWs |ψ01 | as a function of q is displayed in figures 7a and 7b respectively
at two different values of beam velocity v0 with the
parameters of figure 7a. For both the modes, peak amplitude increases with increase in q. It is noteworthy to
mention here that this increasing trend is different for
both the modes. In the case of slow mode, initially the
peak amplitude varies slowly at small q and sharply at
large q (see figure 7a). However, for the fast mode, the
peak amplitude varies sharply at small values of q and
slowly at large q. In other words, amplitude of the RWs
increases with increase in q. It is also obvious from figures 7a and 7b that the peak amplitude of the slow (fast)
mode decreases (increases) with the increase in v0 . For
the sake of comparison of RW amplitude of the slow and
fast modes, figures 8a–8c exhibit graphs of |ψ01 | vs. v0
at a given value of q for the parameters of figure 6a. A
critical value of beam velocity vcr is obtained depending
upon q = 0.7 (figure 8a), q = 1 (figure 8b) and q = 1.5

(figure 8c). For v0 < vcr , amplitude of the slow mode
rogon is larger than that of the fast mode rogon whereas
an opposite behaviour is observed for v0 > vcr . It may
further be mentioned that the critical velocity is the lowest for q = 1, i.e. for Maxwellian character. However,
it goes on increasing both for q < 1 (see figure 8a)
and q > 1 (figure 8c). Hence, beam velocity largely
modifies the behaviour of RWs.
The second-order rational solution ψ2 (ζ, χ ) given by
eq. (21) is considered as a nonlinear superposition of two
rational solutions of first order. It is expected to extract
more energy from component wave solutions, having
complicated structure with higher amplitude. Choosing
the parameters as shown in figure 6a, we numerically
analyse |ψ2 (ζ, χ )| and show it in the form of graphs
for both the modes. For slow and fast modes, figures 9a
and 9b exhibit the 3D profiles of |ψ2 (ζ, χ )| as a function of parameters χ and ζ . They clearly indicate an
enhanced peak flanked by a double structure. In contrast
to double structure in second-order rational solution (as
shown in figures 9a and 9b), we observe a single structure corresponding to first order in figure 6a. It is further
mentioned that ψ1 (ζ, χ ) and ψ2 (ζ, χ ) have respectively
one and three local maxima based on two and four zeros
located symmetrically on ζ -axis and ψ2 (ζ, χ ) has larger

(2021) 95:59

Pramana – J. Phys.

Page 11 of 14

59

(a)
q 0.7

0.115

(a)

Amplitude–

01

fast mode
0.110

vcr
0.105

slow mode

0.100
0.00

0.05

0.10

0.15
v0

0.20

0.25

0.30

(b)
q 1.0

Amplitude–

01

0.120

fast mode

0.115

(b)
vcr

0.110

slow mode
0.105
0.100
0.00

0.05

0.10

(c) 0.124

01

0.20

0.25

0.30

q 1.5

0.122

Amplitude–

0.15
v0

0.120

Figure 9. 3D profile of the second-order rational solution
|ψ2 (ζ, χ )| vs. ζ and χ when q = 0.5, α = 4, β = 2, θ = 100
and v0 = 0.1 for (a) slow mode and (b) fast mode. Here s and
f stand for slow and fast modes respectively.
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Figure 8. Comparison of the first-order RW amplitude of
the slow and fast modes |ψ01 | vs. beam velocity v0 with the
parameters of figure 2a for (a) q = 0.7, (b) q = 1 and (c)
q = 1.5.

amplitude than ψ1 (ζ, χ ). For the sake of comparison
of first- and second-order peaks of the slow mode, a
2D profile of |ψ2 (ζ, 0)| and |ψ1 (ζ, 0| as a function of
ζ is presented in figure 10. It is clear that |ψ2 (ζ, 0)|
has higher amplitude and width than |ψ1 (ζ, 0)|. It is
observed that for both the modes, the second-order peak
is approx. 1.7 times larger than the first-order peak.

We have studied the linear mode structures of EA waves,
their MI and RW profiles in the four-component plasma
system consisting of stationary ions, cold electron fluid,
Tsallis-distributed hot electrons and an electron beam.
For the auroral zone parameters, a detailed analysis of
MI and RW profile has been carried out for both slow
and fast modes, highlighting the role of non-extensivity
and beam velocity v0 . Further, the RW structures for
the first- and second-order solutions have been studied
corresponding to the modulationally unstable regions.
The main findings are:
(1) The wave frequency ω for the fast mode is approximately three times that of the slow mode and is
independent of q for the slow mode. However,
substantial modification is observed in the case of
fast mode where wave frequency decreases with
q. Further, the beam velocity shows no effect on

59

Page 12 of 14

Pramana – J. Phys.

Slow mode
0.15

B1 =

Second order

,0

Fφ1 =

,0 ,

1

α 2 δ1 [( ωk −v0 )(2Ug − v0 )+( ωk − v0 ) + δ12 Q b ]

q 0.5

0.10

2

Fφ2 =
First order

0.05

(( ωk − v0 )2 − δ12 Q b )2 ((Ug − v0 )2 − δ12 Q b )

(q + 1)(3 − q)
+ B1 + C1
4K αβ
[Ug2
−

0.00

3

2

1

0

1

2

αδ1
α(1 − δ1 )
+
2
− (1 − δ1 ) Q c ] [(Ug − v0 )2 − δ12 Q b ]

q +1
2K αβ

3

Fcn = C1 −
Figure 10. For slow mode, comparison of |ψ1 (ζ, 0)| with
|ψ2 (ζ, 0)| for q = 0.5, v0 = 0.1 and other parameters of
figure 9.

the frequency of the fast mode whereas it leads to
an increase in frequency of the slow mode.
(2) In both modes, dark and bright envelop structures
are observed. With increase in q, MI sets in at a
critical value of k (i.e. kc ). Increasing q increases
(decreases) the value of kc for slow (fast) mode.
Growth rates of the slow and fast modes decrease
with q, and increase (decrease) with v0 for the
slow (fast) mode.
(3) We have carried out the RW analysis corresponding to the first- and second-order rational
solutions for both slow and fast EA modes. Peak
amplitude of rogons decreases (increases) with
beam velocity for slow (fast) mode. There exists
a critical value of beam velocity vcr that depends
upon q such that it is the lowest for Maxwellian
character (i.e. q = 1) and increases for both
q < 1 and q > 1. However, peak amplitudes
of RWs increase with q for both modes. Further,
the second-order peak is approx. 1.7 times larger
than the first-order peak. It may be mentioned that
the present investigation may be helpful in several
astrophysical and space plasmas.

Appendix A
Here
K αβ =
and

1+α+β
,
α

Qc =

3α 3 2
K
θ αβ

3α 3 2
Q b = 2 K αβ
.
σβ
C1 =

α 2 (1 − δ1 )[ ωk 2Ug + ωk ) + (1 − δ1 )2 Q c ]
( ωk 2 − (1 − δ1 )2 Q c )2 (Ug2 − (1 − δ1 )2 Q c )
2

Fbn = B1 −
Fcv =
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[Ug2

α(1 − δ1 )
Fφ
− (1 − δ1 )2 Q c ]

αδ1
Fφ
(Ug − v0 )2 − δ12 Q b

Ug Fcn
2α 2 ω/k
− 2
(1 − δ1 ) ( ω2 − (1 − δ1 )2 Q c )2
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2α 2 (ω/k − v0 )
− ω
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2
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2
2
24k 2
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( ωk − v0 )
× Fbv + Bv +
(Fbn + Bn )
δ1
α(1 − δ1 )
C3 = − 2
( ωk 2 − (1 − δ1 )2 Q c )
ω
k

(Fcv + Cv ) + Q c (Fcn + Cn )
(1 − δ1 )
αδ1
B3 = − ω
(( k − v0 )2 − δ12 Q b )
×

×

( ωk − v0 )
(Fbv + Bv ) + Q b (Fbn + Bn ) . (23)
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