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Abstract. In this paper, we have meticulously studied the amplitude modulation of electron-acoustic waves and the
formation and properties of envelope solitons in a five-component complex plasma containing statistically kappadistributed warm and cold electrons, kappa-distributed positrons and Boltzmann-distributed positive and negative
ions. The picture considered here is very similar to solar atmosphere and planetary environments. The parametric
dependence of modulational instability on kappa index, positron and electron densities, ion and reciprocal of positron
temperatures has been studied in detail and the findings obtained here will be beneficial for further astrophysical
investigations.
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1. Introduction

θ2 =

Particles at high altitudes in the solar wind and many
space plasma are often non-thermally distributed. Measurements carried out by many space missions confirm
such claims [1–5]. A non-thermal distribution is a deviation from the Maxwellian distribution. These types of
distributed particles exist in low density space plasma
environments where binary collisions among charges
are rare. These suprathermal particle populations are
described by a more realistic Lorentzian velocity distribution function (VDF). A special form of such VDF
is the kappa distribution. In such a distribution, particles have high-energy tails, deviated from Maxwellian
distribution and describing as a power law in particle
velocity is given by

−(κ+1)
n j0 (κ + 1)
(v)2
j
f κ (v) =
,
1+
κθ 2
(π κθ 2 )3/2 (κ − 1 )
2

(1)
where n j0 is the unperturbed particle density and
0123456789().: V,-vol

(κ − 23 ) 2kB T j
κ
mj

is the effective thermal speed modified by spectral index
κ and kinetic temperature T j . In the limit κ tends to
infinity, it degenerates into a Maxwellian distribution
(figure 1). Kappa functions give the best fit to the
observed velocity distribution functions, using only 3
parameters, viz. particle density (n i ), temperature (Ti )
and the kappa index (κ). Over the past few years, authors
have studied space plasma phenomena. They have studied extreme dense and ultracold plasmas that exist in
the core of white dwarfs, neutron stars, nebulae. Such
plasma gives rise to many quantum mechanical effects
like quantum statistical effect, quantum diffraction etc.
[6,7]. Relativistic degeneracy and relativistic effects due
to streaming motion have also been studied [8–11].
Reports on recent plasma phenomena in space plasma
suggest that highly energetic plasma tails often give rise
to many plasma wave phenomena. For instance, a highly
energetic plasma may contain relatively energetic hot
electrons and comparatively cold inertial cold electron
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2. Basic equations

Figure 1. Variation of normalised Maxwellian and kappa
distribution in velocity space.

which can give rise to electron-acoustic wave modes.
On the other hand, ion dynamics can cause the low
frequency ion-acoustic waves. In certain cases, other
particles like positrons, dust etc. add more variations in
wave phenomena. Electron–positron–ion (e–p–i) plasmas have been suggested to exist in early Universe
[12,13], solar atmosphere [14], active galactic nuclei
(AGN) [15], neutron stars [16], accretion disks of magnetors and black holes [17]. Also in intense laser–plasma
interactions [18,19] where electron–positron are generated due to beam–particle interaction, a similar picture
can be observed [20–24]. Researchers have studied both
small- and large-amplitude solitary structures [25,26],
shocks, double layers, instabilities, vortices etc. But
apparently, the amplitude modulation and formation of
envelope solitons in astrophysical plasma configurations
considering statistically warm and cold electrons, positively and negatively charged ions and positrons have
not been studied. The motivation of the present paper
is to investigate the possibility of amplitude-modulated
electron-acoustic waves and the modulational instability
therein.
This paper is organised in the following way: In §2 the
basic dynamical equation for electron-acoustic waves
in a five-component plasma and necessary normalisation has been carried out with proper justification. In
§3 we first derive the linear dispersion relation and the
expression for group velocity. Going to the next higher
orders in perturbation, the non-linear Schrödinger equation (NLSE) describing the formation and properties of
envelope solitons is derived. In §4 we discuss the results
for various parametric values and in §5 we conclude with
remarks on the stability criteria of amplitude-modulated
electron-acoustic waves. The results obtained here is
very important in interpreting various data obtained
from space observatories. It may be also helpful in interpreting certain laboratory-produced plasma in which
electron-acoustic modes are observed [27].

We consider a homogeneous system of unmagnetised
collisionless plasma containing two distinct electron
species at different temperatures (relatively warm and
cold). The cold electrons follow a Boltzmann distribution whereas the warm electrons and positrons follow a
kappa distribution. Further, it contains two types of ions
with opposite polarity having the Boltzmann VDF. The
dynamics of the system can be described by a set of fluid
equations. The fluid model in the plasma studies often
find application in classical and quantum domains. Most
of the articles in quantum plasma have used the quantum hydrodynamic model that has been widely used by
many. Of these, Hass [28], Shukla et al [29], Mishra
and Roy Chowdhury [30], Goswami et al [31], Palodhi
et al [32], Sarkar et al [33], Singh and Chandra [34,35]
have widely used the model. However, in this work we
have studied the kappa-distributed plasma which has
been studied by other researchers as well [13,36]. We
investigated the motion in the cold electrons time scale.
Cold electrons give the necessary inertia in the system whereas warm electrons provide the pressure. The
normalised continuity and momenta equations for cold
electrons are
∂n ec
∂
+
(n ec u ec ) = 0
(2)
∂t
∂x
∂u ec
∂u ec
∂ϕ
+ u ec
=
.
(3)
∂t
∂x
∂x
We have used the following normalisations:
xω pec
eϕ
, tˆ → tω pec , ϕ̂ →
,
x̂ →
VFec
2kB TFec
nj
uj
n̂ j →
and û j →
,
n 0ce
VFec
where ω pec is the plasma frequency for the cold electron,
VFec is the Fermi velocity for the cold electron, kB is
the Boltzmann constant, TFec is the Fermi temperature
for the cold electron and n 0ce is the unperturbed density
of the cold electron.
The normalised Poisson’s equation is given by
∂ 2ϕ
= (n ec + δn eh − pn p + αn i− − βn i+ ).
(4)
∂x2
Here,
n p0
n i−0
n i+0
n eh0
, p=
, α=
and β =
.
δ=
n ec0
n ec0
n ec0
n ec0
As positrons are assumed to be distributed by suprathermal one, we can use the following in velocity space:
−(κ+1)

n p0 (κ + 1)
vh 2
f κ (vh ) =
, (5)
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(κ − 23 ) 2kB T p
κ
m
is the effective thermal speed modified by spectral index
κ and kinetic temperature T p . After normalising and
integrating the distribution over velocity space, one can
obtain the positron number density as
(−κ+1/2)

ϕ
n p = n p0 1 + σ p
(6)
(κ − 23 )

where F stands for the field quantities n j ,v j and ϕ; F0
and Fs are assumed to vary slowly with space and time.
We now provide a transformation of space and time, i.e.
ξ = ε(x − C g t) and τ = ε 2 t; ε being a small parameter
and C g the group velocity of the wave under consideration. Considering ψ = kx − ωt where ω and k are
the angular frequency and wave vector respectively and
after substituting eq. (13) in dynamic equations (2)–(4)
and equating the coefficients of exp(iψ), exp(2iψ) and
terms independent of ψ, we obtain three sets of equations. To solve these equations, we make the following
perturbation expansion, for field quantities F0 and Fs :

with

X = X (1) + ε X (2) + ε 2 X (3) · · · .

where n p0 is the unperturbed positron density and
θ2 =

Tec0
.
σp =
T p0

(7)

Similarly, the hot electron density is

(−κ+1/2)
ϕ
n eh = n eh0 1 − σ 
,
κ − 23
where
n eho
σ =
n eco

(8)

(9)

and the positive and negative ions are Boltzmanndistributed as given below.
eϕ
kB Ti
eϕ
n i− = n i−0 exp σi
kB Ti
Tec0
σi =
.
Ti0
n i+ = n i+0 exp −σi

(14)

Solving the lowest-order equations substituting the
expansion in eq. (14), we get the following solutions
for the first harmonics quantities:
k 2 (1)
(1)
n ec1 = − 2 ϕ1
(15)
ω
k (1)
(1)
u ec1 = − ϕ1 .
(16)
ω
Subsequently, the linear dispersion relation may be cast
in the form
1
ω2



 .
=
2
k
k 2 − (−σ δ + pσ p ) 1−2κ
−
(α
+
β)σ
i
2κ−3
(17)

(10)
(11)
(12)

Here Tec0 and Ti0 are representatives of equilibrium
temperatures of cold electrons and ions. When the system is perturbed they become Tec and Ti respectively.
Under quasiequilibrium conditions they may be same.
This approximation is valid for a stochastic system like
this one.

From the linear dispersion relation in eq. (17) we find
that the phase velocity v p = ω/k of the wave under
consideration depends on different plasma parameters
including suprathermality index κ.
The group velocity C g = dω/dk of the wave is therefore given by
dω
Cg =
dk


=

(δσ − pσ p )

+(α + β)σi



3/2 .
k 2 − (−δσ + pσ p ) 1−2κ
−
(α
+
β)σ
i
2κ−3
1−2κ
2κ−3

(18)
There is a critical value of wave number kc below which
the group velocity is positive and above which it is negative, given by kc = critical value of k where group
velocity changes sign; put the denominator to zero.

3. Linear and non-linear analysis
3.1 Derivation of linear dispersion relation
Following the usual procedure we make the following
Fourier expansion for the field quantities:
∞

F = ε F0 +
2

εs [Fs exp(isψ) + Fs∗ exp(−isψ)],

s=1

(13)

kc = (−δσ + pσ p )

1 − 2κ
2κ − 3

− (α + β)σi .

(19)

3.2 Derivation of the nonlinear Schrödinger equation
The first harmonic quantities in the second order are
obtained from the solutions of eqs (15) and (16) by
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∂
∂
replacing −iω by −iω − εC g ∂ξ
+ ε 2 ∂τ
and ik by

and the nonlinear coefficient Q is given by

∂
ik +ε ∂ξ

and then separating out terms of the same order
in ε we get
(2)

ϕ1 = 0

(20)
(1)

(2)

dϕ
2ik
(C g k − ω) 1
3
ω
dξ

(2)

dϕ
i
(C g k − ω) 1 .
2
ω
dξ

n ec1 = −

(21)

(1)

u ec1 = −

(22)

(1)

n ec2
(1)

n ec2

A (1) 2
=
ϕ
6Bk 2 1


A
3k 4
(1)2
ϕ1
=
−
2
4
6Bω
2ω


3k 3
A
(1)2
−
ϕ
=
.
6Bkω 2ω2 1

(23)
(24)
(25)

Here,

A = −C g2 (α − β)σi2


3
1
1 − 4κ 2
2
2
+
+ ( pσ p − δσ )
(26)
2
4κ 2 − 3
2C g4


2

−
(α
+
β)σ
− (−δσ + pσ p ) 1−2κ
i
2κ−3
B=−



3 .
1−2κ
2
2 k − (−δσ + pσ p ) 2κ−3 − (α + β)σi
(27)
In order to derive the NLS equation we need to consider
first harmonic quantities in the third order. Collecting coefficients of ε 3 from both sides of the set of
equations (20)–(22) and after substituting perturbation
expansion equation (14) we get the desired equations
and after proper elimination, we obtain the following
NLSE describing the amplitude modulation of electronacoustic wave in the 5-component plasma,
(1)

(1)

∂ϕ
∂ 2 ϕ1
(1)2 (1)∗
i 1 +P
= Qϕ1 ϕ1 ,
2
∂τ
∂ξ

⎡
Q=

1
1 − 4κ 2
1 ⎢
2
2
2
⎣(α − β)σi + ( pσ p − δσ )
3k
2
4κ 2 − 3




6 ⎤
1−2κ
3
(−δσ + pσ p ) 2κ−3 −(α + β)σi
⎥
+



4 ⎦.
2 − (−δσ + pσ p ) 1−2κ
2κ−3 − (α + β)σi
k2 −

(30)

The second harmonic quantities in the lowest order are
obtained from the previous set of equations after substituting expansion (14) in eqs (15) and (16) to write
(1)
ϕ2

(2021) 95:54

(28)

where the group dispersion coefficient P is given by




1−2κ
)
−3
(−δσ
+
pσ
−
(α
+
β)σ
p
i
2κ−3
1
P=



5/2
2 2
k − (−δσ + pσ p ) 1−2κ
−(α
+
β)σ
i
2κ−3
(29)

4. Results and discussion
We now want to investigate the dependence of linear dispersion characteristics on various plasma parameters.
The primary parameters on which the linear and nonlinear properties depend are the hot-to-cold equilibrium
electron density (δ), kappa index (κ), positron density
( p), reciprocal of positron temperature (σ p ) and ion temperature (σi ). Figures 2–6 show the dependence of the
linear dispersion characteristics on various parameters.
It shows that with increase in the hot electron density, the
dispersion curve acquires a decreasing slope (figure 2).
It is a result of the mobility of hot electrons that causes
the dispersion of energy from the bulk of the wave.
Figure 3 shows the variation of frequency (ω) vs.
wave number (k) for different values of kappa index
(κ). The kappa index which shows a deviation from the
Maxwellian distribution is attributed to the steepness of
the dispersion curve. Though there is a slight positive
growth with kappa index, it is not that prominent as
observed due to an increase in hot electron density. It
may be predicted from figure 3 that the role played by
hot electrons, if replaced by positrons, will give inverse
dependence on density. When we vary the positron density, our intuitive claim is proved to be right. This is
shown in figure 4 where the dispersion curve becomes
steeper with increase in positron density, i.e. opposite to
that of the hot electron density.
Further, we study the dependence of dispersion curve
on positron temperature (σ p ) and ion temperatures
(σi ). It is seen that with increase in the reciprocal of
positron temperature compared to cold electrons, the
curve becomes steeper. This is due to the combined
effect of positron mobility and charge. The effect causes
a more dispersive effect altogether (figure 5). Next, if we
study the dependence of dispersion characteristics on
ion temperature, we shall find that it decreases in slope
with increase in ion temperature (figure 6). The mass
of ions being heavier, their inertia causes a mismatch in
oscillation and the energy does not travel faster. It means
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Figure 2. Linear dispersion relation for different values of
hot electron density (δ).

Figure 5. Linear dispersion relation for different values of
reciprocal of positron temperature (σ p ).

Figure 3. Linear dispersion relation for different values of
kappa index (κ).

Figure 6. Linear dispersion relation for different values of
reciprocal of hot electron temperature (σ ).

Figure 4. Linear dispersion relation for different values of
positron density ( p).

that the energy associated with the wave some how lags
behind due to the relative mobility of ions in the plasma.
Figures 7–12 show the dependence of group velocity
on the aforesaid parameters in the previous paragraphs.
While interpreting the results presented in the figures
above for group velocity (C g ) vs. wave number (k)
for various parameters we find a region of very steep
variation in group velocity between two slowly varying
regions. For lower values of wave number, the group
velocity is positive and after a certain value of wave
number (k) it becomes negative. This critical value of

Figure 7. Group velocity for different values of hot electron
density (δ).

wave number (k) depends on all the parameters. A critical look into the expression for group velocity (eq.
(18)) tells us that such a change in nature of group
velocity is a combined effect of kappa index, the densities of positrons, cold and hot electrons as well as
positive and negative ions as well as their temperatures. It is shown that with increase in hot electron
density (figure 7), positron density (figure 9), reciprocal positron temperature (figure 10) and reciprocal of
hot electron temperature (figure 11) the group velocity starts from a higher value and after crossing critical
value in wave number (kc ) (which depends on all the
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Figure 8. Group velocity for different values of kappa index
(κ).

Figure 11. Group velocity for different values of reciprocal
of hot electron temperature (σ ).

Figure 9. Group velocity for different values of positron
density ( p).

Figure 12. Group velocity for different values of reciprocal
of ion temperature (σi ).

Figure 10. Group velocity for different values of reciprocal
of positron temperature (σ p ).

Figure 13. Ratio of dispersive and non-linear coefficients for
different values of hot electron density (δ).

parameters) it ends up with a lesser value. If we consider
the magnitude we can say that by magnitude it behaves
steadily, but the sign of group velocity which determines
the direction of energy flow is reversed. In contrast to
variation in hot electron density, positron density, reciprocals of temperatures of hot electrons and positrons
the other parameters, viz. kappa index (κ), reciprocal of
ion temperature (σi ) plays opposite role, i.e. the group
velocity has a lower magnitude for higher values of these
quantities.

The suprathermality index (κ) plays a major role here
along with the ion temperature factor (σi ). It is a correlation between the thermally Boltzmann-distributed ions
and the kappa-distributed positrons and electrons. The
lighter particles (positrons and electrons), due to their
massive kinetic energies and high mobility, move very
fast. This has a resonance kind of effect with the waves.
With reference to figure 8, we see that below a certain
range of values of wave number (k), group velocity corresponding to a kappa index behaves oppositely in the
higher wave number region. This is a correspondence
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Figure 14. Ratio of dispersive and non-linear coefficients for
different values of kappa index (κ).

Figure 15. Ratio of dispersive and non-linear coefficients for
different values of positron density ( p).
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Figure 17. Ratio of dispersive and non-linear coefficients for
different values of reciprocal of ion temperature (σi ).

Figure 18. Growth rate for different values of hot electron
density (δ).

Figure 19. Growth rate for different values of positron
density ( p).
Figure 16. Ratio of dispersive and non-linear coefficients for
different values of reciprocal of hot electron temperature (σ ).

of the field–particle energy exchange mechanism. The
energy inherent in the wave gets distributed amidst particles when the wavelength of the waves are small (i.e.
lower wave number), attributing a higher group velocity
for small values of kappa index (κ)
Next we plot the relative strength of group dispersion
coefficient (P) and non-linear coefficient (Q) for NLSE
describing the formation and properties of envelope soliton and the associated modulational instability. The set
of plots that we shall be analysing are the relative value

of P and Q determined by P/Q. The dependence are
plotted in figures 13–17. The value of P/Q is outright
negative. This implies that the wave is modulationally
unstable. The magnitude of P/Q increases faster for
lower values of wave number (k) and then gradually
increases. It is observed from figure 13 that with increase
in the fraction of hot electrons, the group dispersion
decreases many times the non-linearity. The result may
be accounted for the mobility of hot electrons that also
supply the necessary restoring force for less dispersive
effects and the growth of non-linearity. The effect of the
non-thermal kappa index is however the reverse, with
the increase in kappa parameter the dispersive effect
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Figure 20. Variation of dispersive parameter (P) for different values of kappa index (κ).

Figure 21. Spatio-temporal evolution of the envelope soliton.

increases manifold when compared to hot electron density. The appropriate and valid explanation is that, the
high energy of kappa-distributed electrons causes dispersions. We have just found that κ and reciprocal of
ion temperature (σi ) play reverse roles when compared
to hot electron temperature (σ ), positron temperature
(σ p ), hot electron density (δ) and positron density ( p).
Here, it has been further found that the relative strength
of dispersive effects and non-linear effects expressed by
the term (P/Q) is different for hot electron density (δ)
(figure 13), reciprocal of hot electron temperature (σ )
(figure 16) when compared to κ [14], positron density
( p) (figure 15), ion temperature (σi ) (figure (17). We
know from the theory of NLSE (eq. (28)) describing the
amplitude modulation and the formation of envelope
soliton that if P Q, the product of non-linear coefficient

Q and dispersive coefficient P is positive, the wave is
modulationally stable and if it is negative, the wave is
unstable. Therefore, we find that the instability of amplitude modulation is dependent of parametric variation,
but the stability can never be attained for any value of
parameters. Further, we study the growth rate of such
instability; the growth rate depends on the value of nonlinear coefficient mod Q and it attains a maximum value
of mod Q times the amplitude square corresponding to
the wave number km = (Q/P)1/2 α (where α is the wave
amplitude).
From figures 18 and 19 it is clear that the growth rate
primarily depends on the hot electron density and the
positron density. When the hot electron concentration
increases, the growth of modulational instability falls
fast (figure 19) but increases with equal rapidity with
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Figure 22. Contour plot in ξ –τ plane for the envelope soliton.

positron density (figure 19). Such inference was earlier
drawn from figures 13 and 15.
In order to obtain the solution of eq. (28) we use the
following transform [36]:

5. Conclusion

To sum up the problem at hand, we discuss our findings once agains. The hot electron density negatively
affects non-linearity whereas positron density increases
ϕ(ξ, τ ) = f (ζ ) exp(iθ ),
(31) it. However, the electron-acoustic wave is modulationally unstable. The increase in hot electron concentration
or a decrease in positron concentration reduces the slope
where ξ and θ are related as
of linear dispersion curve. An increase in the reciprocal
ξ = ζ − (α P + β Q)
(32) of positron temperature or decrease in ion temperature
too increases the slope of dispersion characteristics. The
θ = αξ + γ τ.
(33) group velocity acquires positive as well as negative values indicating that the energy travels faster than the
Here, α, β and γ are constants and f (ζ ) is a real func- phase velocity till the critical wave number, after which
tion. Now from the procedure by Sarkar et al [36] we it becomes slower than the phase velocity. The kappa
get the solution of NLSE in the form
index, the positron density and the reciprocal of positron
temperature have positive influences on group velocity


 till the critical wave number, after which it has a negative
γ
P

γ
+ α2
· sech
+ α 2 (ζ − 2α Pτ )
ϕ=
influence. On the other hand, hot electron concentration
P
Q
P
and ion temperature negatively affect the group velocity
below the critical value of this wave number (kc ) given
× exp[i(αζ + γ τ )].
by eq. (19). At the end, we can say that the products
of terms like temperature and density of hot electrons,
The product P Q and its sign (positive and negative)
as well as positrons and that of ions play key roles in
are of crucial importance in determining the stability
determining the nature and criteria for the formation of
criteria. Researchers like Haas [28] and others have preenvelope solitons.
viously studied the stability in such a manner.
In figure 20 we find that the dispersive coefficient
(P) is independent of κ. Interestingly, P increases with
wave number (k) and then decreases. In order to study
the space–time evolution of the envelope soliton [36] we Acknowledgements
plot the same in figure 21 and its contour plots in figure
22. Such a formation of amplitude-modulated soliton The authors thank the reviewers for their time and effort
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