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Abstract. The probability distributions of the closest neighbour (CN) and farther neighbour (FN) spacings from
a given level have been studied for interacting fermion/boson systems with and without spin degree of freedom
constructed using an embedded Gaussian orthogonal ensemble (GOE) of one plus random two-body interactions.
Our numerical results demonstrate a very good consistency with the recently derived analytical expressions using
a 3 × 3 random matrix model and other related quantities by Srivastava et al, J. Phys. A: Math. Theor. 52, 025101
(2019). This establishes conclusively that local level fluctuations generated by embedded ensembles (EE) follow
the results of classical Gaussian ensembles.
Keywords. Level fluctuations; spacing distribution; finite interacting particle systems; embedded ensembles.
PACS Nos 05.40.−a; 05.45.Mt; 05.30.Fk; 05.30.Jp

1. Introduction
Random matrix theory (RMT) originally introduced
by Wishart [1] in statistics and further introduced by
Wigner to study nuclear spectra [2], is now established
as a good model to describe spectral fluctuations arising
from complex quantum systems from a wide variety of
fields like quantum chaos, finance [3], econophysics [4],
quantum chromodynamics [5], functional brain structures [6] and many more. These spectral fluctuations
reveal whether the given complex quantum system is
in regular (or integrable) or chaotic domain and they
describe transition from regular to chaotic domain. One
of the most popular measure of RMT widely used for
this purpose is the nearest-neighbour spacing distribution (NNSD), P(s), which tells us about the short-range
correlations between nearest neighbours of energy levels (or eigenvalues) of the complex quantum system.
Dyson gave three-fold classification of classical random
matrix ensembles based on the symmetries present in
their Hamiltonian, viz. Gaussian orthogonal ensemble
(GOE), Gaussian unitary ensemble (GUE) and Gaussian symplectic ensemble (GSE) [7]. For the case of
GOE, which corresponds to quantum systems that are
time reversal invariant without spin, the energy levels
0123456789().: V,-vol

are correlated (corresponding to the chaotic behaviour)
and NNSD obeys the Wigner surmise which is essentially the GOE result P(s) = (π/2)s exp(−π s 2 /4) [8],
whereas if the energy levels of a complex quantum
system are uncorrelated (corresponding to the regular
behaviour), then the form of NNSD is given by the
Poisson distribution P(s) = exp(−s) [9]. For a given
set of energy levels, the construction of NNSD involves
unfolding of the spectra to remove the variation in the
density of eigenvalues [7,10]. Recently, NNSD has been
used to study this transition from regular to chaotic
domain in wormholes [11] and open quantum systems
[12].
Complex systems can be represented in the form of
a network and the spectral properties of these networks
are now known to follow RMT. This opened a route to
predict and control functional behaviour of these complex systems [13,14]. In some complex systems such
as cancer networks, the short-range correlations given
by NNSD may give information only about the random
connections in these networks. However, the long-range
correlations given by spectral rigidity can give further
details about the underlying structural patterns in these
systems [15]. In such systems, study of measures giving
long-range correlations, such as the number variance

34

Page 2 of 8

and spectral rigidity, are important [10,16–18]. These
days, a very good alternative to NNSD called the ratio
of level spacings [19] is gaining a lot of attention [15,20–
24] as it is simple to compute and no unfolding is needed
as it is independent of the form of density of the energy
levels. The higher orders of ratio of spacings have also
been studied in [25,26]. The distribution intermediate
of Poisson and GOE is described by Brody distribution
[27]. Recently, intermediate semi-Poissonian statistics
[28] and cross-over random matrix ensembles [29] are
also reported. Going beyond this, recently, the distribution of the closest neighbour (CN) spacing, sCN , and
farther neighbour (FN) spacing, sFN , from a given level
are introduced [30]. The distribution of sCN is important
in the context of perturbation theory, as the contribution
from the CN is prominent due to smaller energy spacing
[31]. The distribution of sFN is complementary to that
of sCN . It is important to note that the ratio of two consecutive level spacings introduced in [19] is given by
r̃ = sCN /sFN . The numerical results for the integrable
circle billiard, fully chaotic cardioid billiard, standard
map with chaotic dynamics and broken time reversal
symmetry, and the zeros of the Riemann zeta function
are shown to be in very good agreement with the analytical formulas derived in [30] for the random matrix
ensembles GOE, GUE and GSE based on a 3 × 3 matrix
modelling and Poisson spectra. In the present work,
we analyse distributions of sCN and sFN using random
matrix ensembles defined by one-plus chaos generating two-body interactions operating in many-particle
spaces, to conclusively establish that these measures
are universal and local level fluctuations generated by
many-particle interacting systems follow the results of
classical Gaussian ensembles [32–34]. These ensembles are generically called the embedded ensembles of
(1 + 2)-body interactions or simply EE(1 + 2) and their
GOE random matrix version is called EGOE(1 + 2).
These models, both for fermion and boson systems,
including spin degree of freedom and without spin, have
their origin in nuclear shell model and the interacting
boson model [35].
Now, it is very well established that EGOE(1 + 2)
ensembles apply in a generic way to isolated finite interacting many-particle quantum systems such as nuclei,
atoms, quantum dots, small metallic grains, interacting spin systems modelling quantum computing core
and so on [33,36]. For sufficiently strong interaction,
EGOEs exhibit average-fluctuation separation in eigenvalues with the smoothed eigenvalue density being a
corrected Gaussian and the local fluctuations are of GOE
type [10,34,37]. Recently, these models have also been
used successfully in understanding high-energy physics
related problems. Random matrix models with twobody interactions [EGOE(2)] among complex fermions
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are known as complex Sachdev–Ye–Kitaev models in
this area [38–40]. EGOE(1 + 2) can be defined for
fermions and bosons with spin degree of freedom and
also with many other symmetries [34,36]. Now we shall
give a preview.
The rest of this paper is organised as follows. In §2,
we briefly describe the construction of five different
EGOEs used in the present paper. Analytical results for
the probability distribution for the CN spacings and the
FN spacings are discussed in §3. Section 4 presents the
numerical results for the probability distribution for the
CN spacings and the FN spacings. Finally, we draw conclusions in §5.
2. Embedded ensembles for fermion and boson
systems
In this section, we describe the construction of various
embedded random matrix ensembles used in this paper.
Let us begin with embedded ensemble (EE) for spinless
systems. For defining such ensembles, one can consider
a system of m spinless particles (fermions or bosons)
which are to be distributed in N single particle (sp) states
and interacting via (1 + 2) body interaction. Let these
N sp states be denoted by |vi  where i = 1, 2, 3, ..., N .
A two-particle Hamiltonian matrix can be constructed
and then it can be further embedded to the m-particle
space by using the concepts of direct product space
and Lie algebra. With GOE embedding, these ensembles are called EGOE(2) for fermions (or BEGOE(2)
for bosons). For such a system, one can define the twobody Hamiltonian matrix by the expression

V (2) =
V2;α,γ A†2,α A2,γ ,
(1)
α,γ

where the term V2;α,γ is the Gaussian random variate
with zero mean and constant variance,
V2;α,γ V2;α  ,γ  = ν02 (1 + δα,α  ,γ ,γ  ),

(2)

where the overbar denotes the ensemble average and
ν0 = 1 without the loss of generality. For fermions,
A†2,α = av†1 av†2 ; A2,α = (A†2,α )† (v1 < v2 ), whereas

for bosons, A†2,α = Cbv†1 bv†2 ; A2,α = (A†2,α )† (v1 ≤
v2 ), where C is the normalisation constant given by
C = (1 + δv1 v2 )−1/2 and α simplifies the notation of
indices. Also, av†i and avi are the creation and annihilation operators respectively for fermions and bv†i and bvi
are the creation and annihilation operators respectively
for bosons. One should also note that the dimension of
Hamiltonian
matrix for fermions would
be d(N , m) =
 N +m−1
N 
and
for
bosons
d(N
,
m)
=
, with the
m
m
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two-body independent matrix elements (TBME) being
[d(N , 2)(d(N , 2) + 1)]/2 for both. V2;α,γ in eq. (1), are
anti-symmetrised TBME for fermions and symmetrised
TBME for bosons.
In such a manner, one can construct an embedded
two-body random matrix ensemble. When the mean
field one-body part is added to the Hamiltonian, they
are generally called one plus two-body random matrix
ensembles [EGOE(1 + 2)]. Thus, with random twobody interactions V (2), we can define the Hamiltonian
of EGOE(1 + 2) as follows:

3. Ordered level spacing distribution
Let us consider an ordered set of unfolded eigenvalues
(energy levels) E n , where n = 1, 2, ..., d. The nearestneighbour spacing is given by sn = E n+1 − E n . Then,
the CN spacing is defined as snCN = min{sn+1 , sn } and
the FN spacing is defined as snFN = max{sn+1 , sn }. The
probability distribution for the CN spacings is denoted
by PCN (s) and for the FN spacings it is denoted by
PFN (s). If the system is in integrable domain, NNSD
is Poisson. Then PCN (s) and PFN (s) are given by
P
PCN
(s) = 2 exp(−2s)

H = h(1) + λ{V (2)}.

(3)

34

(4)

and
P
(s) = 2 exp(−s)[1 − exp(−s)] ,
PFN

(5)

respectively. Similarly, if the system is in chaotic

Here, h(1) = i i n i is the one-body part of the Hamil- domain, NNSD is GOE and is derived using 3 × 3 real
tonian. The sp energies are defined as i and n i are symmetric matrices. Then PCN (s) and PFN (s) are given
number operators acting on sp states. λ is the two- by [30],
body interaction strength and notation { } denotes an
a
GOE
2
ensemble. The V (2) matrix is chosen to be a GOE in PCN (s) = s exp(−2as )
π


two-particle spaces [36]. Due to (1 + 2)-body nature of
√
3a 2
the interaction, many of the matrix elements of H (m)
s
× 3 6πa s − π exp
2
for m > 2 are zero and the non-zero matrix elements are


linear combinations of the sp energies and the TBMEs.
3a
2
s
(6)
×(as − 3) erfc
Going beyond spinless systems, we have considered
2
three embedded ensembles (EE) with spin degree of
freedom. For fermions with spin s = 1/2 degree of and



freedom, we have EGOE(1 + 2)-s [41]. Here, the intera
3a 2
GOE
2
action V (2) will have two parts as the two-particle spins PFN (s) = s exp(−2as ) π exp
s
π
2
are s = 0 and 1, giving EGOE(1 + 2)-s Hamiltonian




H = h(1) + λ0 {V s=0 (2)} + λ1 {V s=1 (2)}. For bosons
a
3a
2
s −erf
s
×(as −3) erf
with spin degree of freedom, we have considered the
6
2




following two EE: (i) for two-species boson systems
√
4a 2
with a fictitious (F) spin 1/2 degree of freedom, we
+ 6πa s exp
s −3
(7)
3
have BEGOE(1 + 2)-F [42]. Here also, the interaction
V (2) will have two parts as the two-particle F spins respectively. Here a = 27/8π . It is important to note
are f = 0 and 1, giving BEGOE(1 + 2)-F Hamilto- that 2P(s) = P (s) + P (s). For small spacings s,
CN
FN
nian H = h(1) + λ0 {V f =0 (2)} + λ1 {V f =1 (2)}, (ii) P GOE (s) shows level repulsion similar to the NNSD
CN
for bosons with spin-one degree of freedom, we have
GOE (s) ∝ s 4 , while for large s, P GOE (s) ∝
and PFN
FN
BEGOE(1 + 2)-S1 [43]. Here, the interaction V (2) will
−2a 2
s
 = 23 and
s
).
For
GOE,
the
average
value
exp(
CN
3
have three parts as the two-particle spins are s = 0,
1
4
1 and 2 giving BEGOE(1 + 2)-S1 Hamiltonian H = for Poisson it is 2 . However, the average value sFN  = 3
h(1)+λ0 {V s=0 (2)}+λ1 {V s=1 (2)}+λ2 {V s=2 (2)}. Note for GOE and 23 for Poisson.
that, the sp levels ( ) defining one-body part h(1) for EE
Here, spectral fluctuations in EE for fermion and
will have (2s + 1) degeneracy. For EGOE(1 + 2)-s and boson systems with and without spin degree of freedom
BEGOE(1 + 2)-F, the sp levels will be doubly degener- are studied using PCN and PFN and it is found that these
ate (N = 2 ), while for BEGOE(1+2)-S1, they will be forms of distributions are universal. Let us add that the
triply degenerate (N = 3 ). In all the five ensembles, ensembles without spin and with spin degree of freedom
without loss of generality, we choose the average spac- are used to represent the quantum many-particle systems
ing between the sp levels to be unity so that all strength with interactions [36]. We present the numerical results
of interactions are unitless.
in the next section.
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4. BEGOE(1 + 2)-F for m = 10 bosons occupying
= 4 sp levels (each doubly degenerate) with
total F-spin F = 0, 2 and F = Fmax = 5 giving
the H matrices of dimensions 196, 750 and 286.
The interaction strength λ = λ0 = λ1 = 0.08 (see
refs [42,47] for details).
5. BEGOE(1 + 2)-S1 for m = 8 bosons occupying
= 4 sp levels (each triply degenerate) with total
spin S = 4 giving the H matrix of dimension 1841.
The interaction strength λ = λ0 = λ1 = λ2 = 0.2
(see ref. [43] for details).

Table 1. The ensemble averaged skewness γ1 and excess γ2
parameters for various EE examples used.
EE

γ1

γ2

EGOE(1 + 2)
BEGOE(1 + 2)
EGOE(1 + 2)-s
S=0
S=1
BEGOE(1 + 2)-F
F =0
F =2
F =5
BEGOE(1 + 2)-S1
S=4

0.0008
0.0922

−0.3431
−0.2329

0.0202
0.0178

−0.3034
−0.3352

0.0088
0.0469
0.0677

−0.3114
−0.3129
−0.2569

0.0349

−0.1111

4. Numerical results
In order to study CN spacing distribution PCN (s) and FN
spacing distribution PFN (s), we consider the following
five EGOEs in many-particle spaces:
1. EGOE(1 + 2) for m = 6 fermions in N = 12 sp
states with H matrix of dimension 924. The interaction strength λ = 0.1 (see ref. [32] for details).
2. BEGOE(1 + 2) for m = 10 bosons in N = 5
sp states with H matrix of dimension 1001. The
interaction strength λ = 0.06 (see refs [44,45] for
details).
3. EGOE(1 + 2)-s for m = 6 fermions occupying
= 8 sp levels (each doubly degenerate) with
total spin S = 0 and S = 1 giving the H matrices
of dimensions 1176 and 1512 respectively. The
interaction strength λ = λ0 = λ1 = 0.1 (see refs
[41,46]) for details).
(a)
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In the present analysis, an ensemble of 500 members
is used for all the examples. The sp energies defining
h(1) are chosen as i = (i + 1/i). It is important to note
that as λ increases in these EE (both fermion and boson),
there is Poisson to GOE transition in level fluctuations
at λ = λC and Breit–Wigner to Gaussian transition in
strength functions (also known as local density of states)
at λ = λ F > λC . Also, they generate a third chaos
marker at λ = λt > λ F , a point or a region where
thermalisation occurs. Values of λ in the ensemble calculations are chosen sufficiently large so that there is
enough mixing among the basis states and the system is
in the Gaussian domain, i.e. λ > λ F . For EGOE(1 + 2)
[32] and EGOE(1 + 2)-s [41,46], fermion systems are
always in Gaussian domain with λ = 0.1. For spinless
boson BEGOE(1 + 2), λ = 0.06 is sufficiently large so
that the system is in Gaussian domain [44,45]. Similarly,
for boson ensembles with spin degree, BEGOE(1 + 2)F with λ = 0.08 [42,47] and BEGOE(1 + 2)-S1 with
λ = 0.2 [43], again the systems exhibit GOE level fluctuations and the eigenvalue density as well as strength
functions are close to Gaussian.
(b)

Figure 1. The CN spacing distribution PCN (s) and FN spacing distribution PFN (s) (black histograms) for a 500 member (a)
EGOE(1 + 2) ensemble and (b) BEGOE(1 + 2) ensemble. The red smooth curves are due to the corresponding eqs (6) and
(7). The NNSD is shown by the green histogram for comparison.
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(a)
(c)

(b)

Figure 2. The CN spacing distribution PCN (s) and FN spacing distribution PFN (s) for (a) EGOE(1 + 2)-s ensemble for spin
values S = 0 and 1, (b) BEGOE(1 + 2)-S1 ensemble for spin value S = 4 and (c) BEGOE(1 + 2)-F ensemble for spin values
F = 0, 2 and 5 (see figure 1 and text for details).

In the analysis, PCN (s) and PFN (s) are obtained using
the following procedure. First the spectrum for each
member of the ensemble is unfolded using the procedure described in [37], with the smooth density as a
corrected Gaussian with corrections involving up to 4–
6th order moments of the density function so that the
average spacing is unity. The ensemble averaged skewness (γ1 ) and excess (γ2 ) parameters are shown in table
1 for all the examples of EE analysed in the present
work. The histograms for PCN (s) and PFN (s) are constructed using the central 80% part of the spectrum with
the bin size equal to 0.1. The results for EE without

spin, EGOE(1 + 2) and BEGOE(1 + 2), are shown in
figure 1. Similarly, the results for EE with spin degree
of freedom, EGOE(1 + 2)-s and BEGOE(1 + 2)-F and
BEGOE(1 + 2)-S1, are shown in figure 2. A very good
agreement is observed between the numerical EE results
and the theoretical predictions given by eqs (6) and (7)
for all the examples. The ensemble averaged values of
sCN  and sFN , for all the examples, are given in table
2. They are found to be very close to the corresponding
GOE estimates. In addition to this, we have also analysed shell model example which is a typical member of
EGOE(1 + 2)-J T [32]. This ensemble is usually called
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Table 2. Average values of the CN spacings (sCN ) and FN
spacing (sFN ) obtained numerically for various EE examples
used in the present paper. Average values obtained from theory
for Poisson and GOE are also given.
EE

sCN 

sFN 

EGOE(1 + 2)
BEGOE(1 + 2)
EGOE(1 + 2)-s
S=0
S=1
BEGOE(1 + 2)-F
F =0
F =2
F =5
BEGOE(1 + 2)-S1
S=4
Poisson
GOE

0.6613
0.6600

1.3417
1.3401

0.6616
0.6625

1.3411
1.3409

0.6585
0.6600
0.6578

1.3421
1.3404
1.3420

0.6600
1/2
2/3

1.3401
3/2
4/3

Figure 3. The CN spacing distribution PCN (s) and FN spacing distribution PFN (s) vs. s for nuclear shell model example:
24 Mg with 8 nucleons in the (2s1d) shell with angular momentum J = 2 and isospin T = 0. The matrix dimension is 1206
and all levels are used in the analysis (see ref. [37] for further
details). The skewness and excess parameters are γ1 = 0.139
and γ2 = −0.061. sCN  and sFN  values are also given in
the figure.

TBRE [48]. The result is shown in figure 3. Here also the
shell model results along with the calculated averages
are consistent with the theoretical predictions.
Going further, it is also possible to study a transition from Poisson to GOE in terms of sCN  and sFN 
for EGOE(1 + 2) and BEGOE(1 + 2) ensembles as
these ensembles demonstrate Poisson to GOE transition in level fluctuations with increase in the strength of
the two-body interaction λ [22,32,42,44,46]. We have
computed sCN  and sFN  for spinless fermion and
boson ensembles by varying the interaction strength λ.

Figure 4. Ensemble averaged values of sCN  (lower panel)
and sFN  (upper panel) as a function of the two-body strength
of interaction λ, obtained for EGOE(1 + 2) ensemble with
(m, N ) = (6, 12) (black circles) and BEGOE(1 + 2) ensemble with (m, N ) = (10, 5) (red circles). In the calculations
sp energies are drawn from the centre of a GOE. The vertical
dash lines represent the position of λC for the corresponding
EGOE(1 + 2) and BEGOE(1 + 2) examples. In each calculation, an ensemble of 500 members is used. The horizontal
dotted lines represent Poisson estimate (black), GOE estimate
(red) and sCN C = 0.62 (and sFN C = 1.38) (see text for
further details).

Figure 4 represents these results. It is clearly seen that
for lower values of λ, the values of sCN  and sFN 
are close to Poisson, which gradually reach the GOE
value with increase in λ. Therefore, there is a transition from Poisson to GOE form in PCN (s) (and also
in PFN (s)). With this, it is possible to define a chaos
marker λC such that for λ > λC , the level fluctuations
follow GOE. This transition occurs when the interaction
strength λ is of the order of the spacing between the
states that are directly coupled by the two-body interaction. In the past, the NNSD [49] and the distribution of
ratio of consecutive level spacings [21] have been used
to study Poisson-to-GOE transition by constructing suitable random matrix model and the transition parameters
were used to identify the chaos marker λC in the EE
[22,32,42,44,46]. Corresponding to the critical values
of these transition parameters required for the onset of
GOE fluctuations, we found the critical value of sCN ,

Pramana – J. Phys.

(2021) 95:34

sCN C = 0.62 (and sFN C = 1.38). This is represented
by blue dotted lines in figure 4. sCN C = 0.62 gives
λC 0.028 for EGOE(1 + 2) example and λC 0.024
for BEGOE(1 + 2) example. These values are shown
by dashed vertical lines in figure 4 and are close to
the previously obtained results [22,36]. Therefore, these
measures can also be utilised to identify λC marker using
PCN (s). In the past, the criterion for the chaos marker λC
for EGOE(1+2) models [36,44], based on the perturbation theory, was derived by Jacquod and Shepelyansky
[50]. The validity of the perturbation theory gives λC .
Hence, it is important to analyse PCN (s) distribution and
related measures in the context of the onset of chaos in
EE. This is for future.
5. Conclusion
In this paper, we have studied the CN spacing distribution PCN (s) and the FN spacing distribution PFN (s)
for interacting fermion/boson systems with and without spin degree of freedom. The system Hamiltonian
is modelled by an embedded GOE of one plus twobody interactions [EGOE(1 + 2)]. In the past, it was
shown [10] that only with proper spectral unfolding, EE
exhibits GOE level fluctuations. Our numerical results
for various examples of fermion/boson system and shell
model, are consistent with the recently derived analytical expressions using a 3 × 3 random matrix model and
other related quantities [30]. This establishes that these
analytical expressions are universal. Also, it shows that
for strong enough interaction, the local level fluctuations
generated by EE follow the results of classical Gaussian
ensembles.
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