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Abstract. This article is a maiden and naive attempt to formulate, analyse and investigate the Rayleigh–Taylor (RT)
instability of two superimposed horizontal layers of nanofluids having different densities. Conservation equations are
formulated and linearised by keeping in mind that density of the base fluids as well as nanoparticles is not constant.
Linearised perturbed equations are sorted out by using the technique of normal modes and a dispersion relation
incorporating the effects of surface tension, Atwood number and volume fraction of nanoparticles is obtained. Stable
and unstable modes of RT instability are scrutinised using Routh–Hurtwitz criterion in the presence/absence of
nanoparticles and presented graphically. Numerical calculations have been performed to explore the effect of surface
tension, Atwood number and volume fraction of the nanoparticles. It is observed that in the presence/absence of
nanoparticles, surface tension has a significant impact on stabilising the unstable mode of RT instability whereas
Atwood number and volume fraction of nanoparticles hasten this instability. The graphical representations of these
numerical investigations confirm the very explanation of RT instability under the effect of different parameters that
have significant impact on the intensity of growth rate.
Keywords. Nanofluids; Rayleigh–Taylor instability; Atwood number; surface tension; volume fraction of
nanoparticles.
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1. Introduction
In the era of modern research and technology, nanofluids
have brought a revolution in the field of hydrodynamics and hydromagnetics of fluids. It is being taken to
totally new and exciting horizons of brilliance. Nanofluids have demonstrated great potential in industries like
biotechnology, pharmaceutical industry (includes cancer therapy), microelectronics, fuel cells etc. These are
the kinds of fluids which are engineered by dispersing
nanometre-sized (1–100 nm) materials called nanoparticles (such as oxide ceramics, metals such as Ag, Cu, Al,
semiconductors etc.) in the base fluid (such as water,
oil, glycol etc.) which results in very highly featured
fluid in terms of thermal conductivity. Choi et al [1]
was the first to propose the concept of nanofluid. Afterwards, a study which articulated the enhanced thermal
conductivity of nanofluids was done by Masuda et al [2],
Das et al [3] and many others. Buongiorno and Hu [4]
provided extensive analysis of nanofluids in convection
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transport which threw light on conservation equations
of nanofluids. After the formulation of conservation
equations of nanofluids, investigating the thermal instability of nanofluids became the major problem for many
researchers. Then, Tzou [5] added his name by finding that critical Rayleigh number for the nanofluid is
lower than that of the regular fluid. Further, Nield and
Kuznetsov [6–8], Bhadauria et al [9], Yadav et al [10],
Gupta et al [11,12], Sharma et al [13] and many more
researchers contributed in this field by discussing different aspects of hydrodynamics and hydromagnetics.
A lot of work on thermal instability of nanofluids has
been done by considering (a) different models like Darcy
model, Brinkman model, local thermal non-equilibrium
model (Bhadauria [14], Ahuja et al [15], Ahuja and
Gupta [16], Chamkha et al [17]) and (b) different
boundary conditions free-free, rigid-free, rigid-rigid,
revised and modified boundary conditions (Ahuja and
Gupta [18], Sharma et al [19], Nield and Kuznetsov
[20]).
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In the past decades, researchers developed their interests in RT instability in addition to thermal instability
which is a type of dynamic process which occurs when
the fluid with lighter density pushes on the fluid with
heavier density resulting in reduction of their combined
potential energy. This is a regular type of phenomenon
occurring in astrophysics (as in supernova explosion
etc.) and in hydrodynamics (where oil is mixed in
water etc.) which unveils the fluids’ characteristics.
Chandrasekhar [21] has documented his study on RT
instability of incompressible fluids. Sharma and Sharma
[22] studied the RT instability for two superimposed viscoelastic fluids and found that the system is stable for
stable configuration and unstable for considered configuration, i.e. system is stable if lower layer fluid is
having higher density than upper layer fluid and instability arises when upper layer fluid is of higher density.
Further, the effect of surface tension and rotation on
RT instability of two superposed fluids with suspended
particles was the demonstrated by Sharma et al [23].
Stabilising influence on the growth rate of RT instability
is observed for parameters like uniform small rotation,
relaxation frequency and mass concentration of the suspended dust particles while Atwood number has shown
destabilising influence on the growth rate of RT instability. Elgowainy and Ashgriz [24] investigated the RT
instability of superimposed viscous fluid layers. They
demonstrated the non-linear evolution of RT instability
of plane fluid layers and explained the reason of growing fast speed of spikes than bubble, and vice versa.
Piriz et al [25] carried out a new approach of Newton’s
second law to investigate the RT instability for nonideal fluids and provided an exact solution for simple
cases while for complex cases approximate but accurate solution is obtained. In addition to incompressible
fluids, viscoelastic fluids and viscous fluids, research on
RT instability was also carried for compressible plasma.
Bhatia [26] was one of the pioneer researchers who articulated RT instability for viscous compressible plasma.
Using variational principle, exact solutions for a semiinfinite plasma in the presence of magnetic field have
been obtained and it was interpreted that both the viscosity and magnetic field have stabilising influences while
compressibility is found to have destabilising influence.
Diaz et al [27] also considered RT instability in a single interface between two partially ionised compressible
plasmas and found that ion-neutral collision has a powerful impact on RT instability growth rate as it may get
lower compared to the value in collisionless case. On
the other hand, Sharma et al [28] considered unmagnetised plasma of two superposed compressible fluids
to investigate RT instability. They depicted that surface
tension and sound velocity delay the onset of RT instability. Further, quantum effects on the internal waves and
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the RT instability in plasma is investigated by Bychkov
et al [29]. Their results showed that quantum pressure
stabilises the RT instability and it modifies the dispersion relation of the inertial waves for the case of stable
stratification. Allah [30] discussed the cases of Kelvin–
Helmholtz instability and RT instability and concluded
that critical value of the relative velocity gives stability
criteria for Kelvin–Helmholtz instability while stability criteria for RT instability is obtained by assuming
that critical value of the relative velocity vanishes. The
researchers kept on digging the hidden fact about RT
instability and some new and valuable results were studied in this area. Cao et al [31] demonstrated the quantum
and magnetic field effects on RT instability of incompressible plasma. They interpreted that magnetic field
stabilises the RT instability while quantum effects suppress RT instability. They also investigated some new
effects by considering examples of astrophysical parameters. Hoshoudy [32] also studied the quantum effects
on RT instability of stratified plasma in the presence
of magnetic field. Presence of magnetic field brought
more stability compared to quantum effect on the growth
rate of RT instability for viscous plasma. In continuation, magnetic field effects on RT instability through
porous media for dusty magnetised fluid and superposed
couple-stress Casson fluids was analysed by Sharma et
al [33] who gave insightful result of stabilisation of
RT instability under the influence of horizontal magnetic field, porosity and dust particle density. Agoor
and Eldabe [34] discussed the stabilising influence of
parameters like bond number, couple-stress parameter, non-Newtonian parameter and destabilising effects
of permeability parameter. Rotation effects for compressible, immiscible, inviscid flows were considered
by Duan et al [35] who found that rotation diminishes
the growth of instability. In this sequence, an impressive
study was done by Kim and Kim [36] with title of RT
instability of viscous fluids with phase change. After
this, visualisation of RT instability with Boussinesq
approximation to fully compressible Navier–Stokes
model has been done by Schneider and Gauthier [37]
which was considered as a remarkable investigation of
RT instability. In this field, an overview of linear and
nonlinear RT instability was given by Allah [38] which
articulated the open problems related to RT instability. In addition to the aforementioned parameters, effect
of thickness of layers on RT instability through porous
media was also studied. Effect of thickness for couple
stress fluid has been studied by Prasad [39] and for Newtonian fluid has been considered by Piriz et al [40].
The RT instability of two superimposed fluids has
an important role in astrophysical phenomena, nuclear
fusion, magnetohydrodynamics and plasma physics.
The list of applications of RT instability is not lim-
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ited as continuous research is going on in this area. As
Allah [38] discussed the open problems related to RT
instability, he mentioned “Many stability problems in
micropolar fluids and nanofluids, have not yet studied.”
Therefore, motivated by the above stated open problem,
the current study is totally focussed on RT instability
for nanofluids. Through the literature review, it is very
clearly observed that the present study has not been
addressed by anyone in the past. Thus, the purpose of
this paper is to discover new analysis by studying the
effect of RT instability for nanofluids. Using normal
mode analysis, the model is studied and the instability
is discussed. This study is incorporated in three different structures for better stability analysis of dispersion
relation (according to the presence of nanoparticles) as
follows:

effective and is considered in the conservation equations of momentum. It is assumed that the nanoparticles
that are suspended in the fluids are of uniform size
and shape and they have homogeneous distribution in
both the layers. The nanofluids are under the influence
of acceleration due to gravity g(0, 0, −g). Suspended
nanoparticles are assumed to have high density compared to the base fluids. There is no variation in
temperature across the interface.
The basic relevant equations of the problem (Buongirono and Hu [4], Tzou [5] and Chandrasekhar [21])
are

(a) Effect of different parameters is studied in the
absence of nanoparticles to validate the results
with the previous study.
(b) To see the impact of nanoparticles, same kind of
nanoparticles are suspended in both upper and
lower layers of the fluid and different parameters
are analysed numerically as well as graphically.
(c) Further, to study elaborately, different kinds of
nanoparticles are suspended in both the layers and
a significant study is done.

(2.3)

2. Formulation of the problem
Consider two infinite horizontal layers of homogeneous
nanofluids superimposed on one another separated by
a plane interface at z = 0. Two regions z > 0 and
z < 0 contain two different layers of nanofluids. Let the
region z < 0 contains a layer of nanofluid with density
ρ1 , viscosity μ1 and φ1 as the volume fraction of the
nanoparticles and the region z > 0 contains a nanofluid
layer of density ρ2 , viscosity μ2 with φ2 as the volume
fraction of the nanoparticles (figure 1).
For these superimposed nanofluids of different densities, surface tension across the interface z = 0 is

∇ · v = 0,


∇T p
∂φ
+ v · ∇φ = ∇ · D B ∇φ + DT p
,
∂t
Tp
∂ρ
= −w Dρ,
∂t

∂v
ρ
+ v · ∇v = −∇ p + μ∇ 2 v + ρg
∂t
 
   ∂2
∂2
T
+
z s δ(z − z s ),
+
∂ x 2 ∂ y2

(2.1)
(2.2)

(2.4)

where v, T p , p, ρ, μ, φ, D B , T and δ(z − z s ) denote
the velocity, temperature, pressure, density, viscosity,
volume fraction, Brownian diffusion coefficient, surface
tension of the interfacial surface and Dirac δ function,
respectively. As the densities of the nanofluids in the
lower and upper layers are ρ1 and ρ2 which are related to
the densities of the base fluids ρ f 1 and ρ f 2 and densities
of the nanoparticles ρ p1 and ρ p2 in the lower layered
fluid and upper layered fluid respectively as
ρ1 = φ1 ρ p1 + (1 − φ1 ) ρ f 1 ,
ρ2 = φ2 ρ p2 + (1 − φ2 ) ρ f 2

(2.5)
(2.6)

and
ρ = ρ1 + ρ 2 .

(2.7)

Here subscript 1 is used for the lower layer nanofluid
and subscript 2 is used for the upper layer nanofluid.
Subscript p is used for particles and f for base fluid.
Equations (2.5) and (2.6) give valid approximation for
small values of φ1 and φ2 . Equation (2.7) gives the total
density of the fluid.

3. Perturbation equations

Figure 1. Physical configuration of the system.

Let v , δp, δρ and δφ denote the perturbations in velocity, pressure, density and volume fraction of the nanoparticles respectively. After applying these perturbations
by assuming constant temperature, eqs (2.1)–(2.4) are
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and (3.10)



∇ · v = 0,
(3.1)
∂(δφ)
= ∇ · [D B ∇(δφ)] = D B ∇ 2 (δφ),
(3.2)
∂t
∂(δρ f )
= −w Dρ f ,
(3.3)
∂t
∂(δρ p )
= −w Dρ p ,
(3.4)
∂t 
∂
∂w
= − (δp) + ρυ∇ 2 w
ρ
∂t
∂z
 
   ∂2
∂2
T
−g(δρ) +
z s δ(z − z s ).
+
∂ x 2 ∂ y2
(3.5)

nρu = −ik x (δp) + ρυ(D 2 − k12 )u,

(4.2)

nρv = −ik y (δp) + ρυ(D − k12 )v,
nρw = −D(δp) + ρυ∇ 2 (D 2 − k12 )w

(4.3)

2

−g (ρ p − ρ f )δφ + (1 − φ)δρ f

+φ(δρ p ) +
T (−k12 )z s δ(z − z s ).

(4.4)

Using eq. (4.1) in eqs (3.1)–(3.4), we obtain
ik x u + ik y v + Dw = 0

(4.5)

nδφ = D B (D 2 − k12 )φ,
nδρ f = −w Dρ f ,
nδρ p = −w Dρ p ,

(4.6)
(4.7)
(4.8)

Equation (3.5) in components of velocity u, v and w (in
x, y and z-directions) respectively can be written as

where D = d/dz and z s can be expressed in terms of
the normal component of velocity ws at z s as

∂u
∂
= − (δp) + ρυ∇ 2 u,
(3.6)
∂t
∂x
∂v
∂
ρ
= − (δp) + ρυ∇ 2 v,
(3.7)
∂t
∂y


∂w
∂
ρ
= − (δp)
∂t
∂z
 
   ∂2
∂2
2
+ρυ∇ w − g(δρ) +
zs
T
+
∂ x 2 ∂ y2
(3.8)
×δ(z − z s ).

∂ (δz s )/∂t = ws ,

ρ

As ρ = φ ρ p + (1 − φ)ρ f ,
δρ = (ρ p − ρ f )δφ + (1 − φ)δρ f + φ(δρ p ).
Using eq. (3.9) into eq. (3.8),


∂
∂w
= − (δp) + ρυ∇ 2 w
ρ
∂t
∂z


−g (ρ p − ρ f )δφ + (1 − φ)δρ f + φδρ p
 
   ∂2
∂2
z s δ(z − z s ).
+
T
+
∂ x 2 ∂ y2

(3.9)

where s indicates the value of quantity at z = z s . Putting
eqs (4.6)–(4.8) in eq. (4.4) we obtain


n[D(ρ Dw) − ρk12 w] = D ρν(D 2 − k12 )Dw
−k12 ρυ(D 2 − k12 )w
gk12
(ρ p − ρ f )D B (D 2 − k12 )φ
n
−(1 − φ)w Dρ f − wφ Dρ p

+
T k14 z s δ(z − z s ).

+

(4.10)

Treating ρ, φ and μ as constants, neglecting the effect of
surface tension, and eliminating the pressure term from
eqs (4.2) to (4.4), we obtain
n ρ D 2 w − ρk12 w
= ρυ(D 2 − k12 )D 2 w − k12 ρυ(D 2 − k12 )w

(3.10)

Thus, eqs (3.1)–(3.4), (3.6), (3.7) and (3.10) constitute
the perturbation equations. These equations are further
analysed by using normal mode technique.
4. Analysis using normal mode technique
All the above perturbation equations are analysed
through normal modes in the independent variables x,
y and t; expressed as
f (z) exp(ik x x + ik y y + nt),

(4.9)

(4.1)

where n is the growth rate parameter and k1 = k x2 + k 2y
is the wave number. Applying eq. (4.1) in eqs (3.6), (3.7)

gk12 D B
(ρ p − ρ f )(D 2 − k12 )φ.
(4.11)
n
Equation (4.11) represents the general relation of RT
instability of two superimposed nanofluids and coincides with the dispersion relation of Sharma and Sharma
[22] without taking the nanoparticles, effect of surface
tension and the effect of viscoelastic fluid (λ = 0)
under consideration which validates our results. Thus,
the presence of nanoparticles and surface tension has
modified the dispersion relation in the current study.
+

5. Two superimposed nanofluids of uniform
densities
Let us consider two superimposed nanofluids of densities ρ1 and ρ2 , viscosities μ1 and μ2 , volume fraction
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of nanoparticles φ1 and φ2 separated by a horizontal
boundary at z = 0. Subscripts 1 and 2 are used for
lower and upper nanofluids respectively. Then in each
region of constant φ, ρ, μ eq. (4.11) will be like




gk 4 D B 
ρυ D 2 − k12 D 2 − q 2 w = 1
ρ p − ρ f φ,
n
(5.1)
where q 2 = k12 +n/ν. As it was assumed that both layers
of nanofluids are going to infinity above and below the
surface, w must vanish both for z → ∞ (in the upper
layer of the nanofluid) and for z → −∞ (in the lower
layer of the nanofluid). Thus, the general solution of eq.
(5.1) with these compatible conditions can be written as
w1 = A1 e + B1 e , for z < 0,
w2 = A2 e−k1 z + B2 e−q2 z , for z > 0,
k1 z

q1 z

(5.2)
(5.3)

where A1 , B1 , A2 , B2 , are constants and q1 , q2 are
defined as
q1 =

k12 +

n
ν1

Constants A1 , B1 , A2 , B2 are eliminated from eqs
(5.5)–(5.7) by using Gauss–Jordan elimination method
and the following equation is obtained:
n 2 [X 1 {2kρ1 − (ρ1 + ρ2 )k1 }
+X 2 {ρ1 (q2 + k1 ) −ρ1 k1 − ρ2 q2 }]
+n [X 1 {−2k1 μ1 q1 (q1 + k1 )}
+X 2 {−μ1 q1 (q1 + k1 ) (q2 + k1 )
+μ2 q2(q22 − k12 )}]
+(X 1 + X 2 ) 2gk12 (1 − φ) (ρ f 2 − ρ f 1 )

+2gk12 φ (ρ p2 − ρ p1 )
+X 2 gk 4 (ρ p − ρ f )D B0 φ0 − 2T k14 (X 1 + X 2 ) = 0,
(5.8)

X 1 = μ2 (q22 + k12 ) − 2k12 μ1 + (q1 + k1 )(q2 + k1 )μ1 ,
X 2 = 2k1 μ1 (q1 + k1 ) − 2k12 (μ2 − μ1 ).

n
k12 + .
ν2

(5.9)

Further, supposing

Solutions (5.2) and (5.3) must
 satisfy
 the boundary
conditions, i.e., w, Dw and μ D 2 + k12 w must be continuous (Chandrasekhar [21]) at z = 0. Now integrating
eq. (4.11) across the interface z = 0, we get
(ρ2 Dw2 − ρ1 Dw1 )



1
2
2
2
2
μ2 (D − k1 )Dw2 −μ1 (D − k1 )Dw1
=
n
gk 2
+ 21 (ρ p − ρ f ) (D B2 Dφ2
n

−D B1 Dφ1 − k12 D B0 φ0
1−φ
− 2 gk12 (ρ f 2 − ρ f 1 )w0
n
ws k 4
φ 2
− 2 gk1 (ρ p2 − ρ p1 )w0 + T 2 1 ,
(5.4)
n
n
where w0 is the value of w1 and w2 and φ0 is the value
of φ1 and φ2 at z = 0. Now treating φ as a variable and
applying
of boundary conditions w, Dw

 2the continuity
2
and μ D + k1 w along with eq. (5.4) to eqs (5.2) and
(5.3) we get
A1 + B1 = A2 + B2 (=w0 ),
−k1 A1 + q1 B1 = −k1 A2 − q2 B2 (=Dw0 ),
μ1 (2k12 A1 + q12 B1 + k12 B1 )

= μ2 (2k12 A2 + q22 B2 + k12 B2 )(=μ(D 2 + k12 )w0 ).
(5.7)

where

and
q2 =

25

(5.5)
(5.6)

q1 = q2 = q = k 1 +

n
,
2νk

and simplifying eq. (5.8) we get



1
ρ3
−μ1 μ2 ρ 4
5
{(μ2 + μ1 )2
−
n
3
2
4
4μ
k
μ
4μ k1
1
+6μ1 μ2 } + (μ1 − μ2 )



3 ρ 2 k1
ρ1 − ρ 2
n4 −
(μ2 + μ1 )2
×
ρ1 + ρ2
2 μ2

4
(μ2 + μ1 )ρ
+ μ1 μ2 n 3 −
3
μ


1 2 Tk 21
3
ρ
× 2k1 (μ2 + μ1 ) +
2μ
ρ


2ρ 2 k12
ρ2 − ρ 1
n2 −
−g
ρ1 + ρ2
μ



Tk 21
ρ2 − ρ1
−g
n
×(μ2 + μ1 )
ρ
ρ1 + ρ2
−gk14 D B0 φ0 (ρ f − ρ p ) = 0.

(5.10)
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6. Discussion of dispersion relation
Dispersion relation (5.10) is discussed in detail by
varying surface tension, Atwood number and volume
fraction of the nanoparticles. For getting better insights
about RT instability, three cases are discussed and analysed with these variations along with the stable and
unstable configurations of the system.
6.1 Absence of surface tension and nanoparticles
Without taking the effect of surface tension and nanoparticles (T = 0, ρ p1 = ρ p2 = 0, φ0 = φ1 = φ2 = 0), eq.
(5.10) reduces to



−μ1 μ2 ρ 4
1
ρ3
5
(μ2 + μ1 )2
n −
3
2
4
4μ k1 μ
4μ k1


ρ1 − ρ2
n4
+6μ1 μ2 } + (μ1 − μ2 )
ρ1 + ρ2


3 ρ 2 k1
4
2
(μ2 + μ1 ) + μ1 μ2 n 3
−
2 μ2
3

(μ2 + μ1 )ρ
1 2
2k13 (μ2 + μ1 ) +
ρ
−
μ
2μ



ρ2 − ρ 1
n2
× −g
ρ1 + ρ2



2ρ 2 k12
ρ2 − ρ 1
n = 0. (6.1)
(μ2 + μ1 ) −g
−
μ
ρ1 + ρ2
Stable configuration (ρ1 > ρ2 )
From eq. (6.1) it is clear that the system is stable for
ρ1 > ρ2 as there is no variation in the signs (Routh–
Hurtwitz criterion). For justifying this numerically, we
have considered water and glycerol as the base fluids
and their densities are taken as ρ2 = 1000 kg/m3 and
ρ1 = 1260 kg/m3 (Volk and Kahler [41]) with viscosities μ2 = 8.9 × 10−4 Pa·s and μ1 =1.41 Pa·s (Segur
and Oberstar [42]). By taking these values, it is found
that all the coefficients of eq. (6.1) are negative and satisfy the Routh–Hurtwitz criterion for stability. Thus, the
system is stable for stable configurations.
Unstable configuration (ρ2 > ρ1 )
For unstable configuration, the base fluid glycerol is
taken at the upper layer and at the lower layer water
is considered. Clearly, there is at least one variation
of signs. To depict it numerically, let us take ρ2 =
1260 kg/m3 and ρ1 = 1000 kg/m3 and viscosities
μ1 = 8.9 × 10−4 Pa·s and μ2 = 1.41 Pa·s (Segur and
Oberstar [42]). By putting these values in eq. (6.1), at
least one variation in sign is observed which gives at
least one positive real root and the system is unstable.
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6.2 Absence of nanoparticles and presence of surface
tension
Let us discuss the effect of surface tension in the absence
of nanoparticles on the system (ρ p1 = 0, ρ p2 = 0, φ0 =
φ1 = 0 = φ2 ). By considering the influence of surface
tension and neglecting the effect of nanoparticles, eq.
(5.10) becomes



−μ1 μ2 ρ 4
1
ρ3
5
(μ2 + μ1 )2
n −
3
2
4
4μ k1 μ
4μ k1


+6μ1 μ2 + (μ1 − μ2 )A n 4


3 ρ 2 k1
4
2
(μ2 + μ1 ) + μ1 μ2 n 3
−
2 μ2
3

(μ2 + μ1 )ρ
2k13 (μ2 + μ1 )
−
μ


1 2 Tk 21
+ ρ
− gA n 2
2μ
ρ


2ρ 2 k12
Tk 21
(μ2 + μ1 )
− gA n = 0,
(6.2)
−
μ
ρ
where A is the Atwood number which is defined as
(ρ2 − ρ1 )/(ρ1 + ρ2 ).
Stable configuration (ρ1 > ρ2 )
In order to check Routh–Hurtwitz criterion, numerical values of the two base fluids, glycerol and water,
are inserted in eq. (6.2) as ρ2 = 1000 kg/m3 and
ρ1 = 1260 kg/m3 (Volk and Kahler [41]) with viscosities μ2 = 8.9 × 10−4 Pa·s and μ1 = 1.41 Pa·s
(Segur and Oberstar [42]). By putting these values in
eq. (6.2) it is found that all the coefficients of eq. (6.2)
are negative and satisfying the Routh–Hurtwitz criterion for stability. Thus, the system sustains its stability
for stable configuration by taking into account the effect
of surface tension.
Unstable configuration (ρ2 > ρ1 )
For unstable configuration, the base fluid at the lower
layer is water and at the upper layer is glycerol. As a
result, at least one variation in the sign of eq. (6.2) is
observed which leads to the instability of the system.
The general condition is found for all wave numbers in
the range 0 < k1 < kn


g(ρ2 − ρ1 ) 1/2
kn =
.
(6.3)
T
The above condition is validated with the result discovered by Sharma and Bhardwaj [43] and Sharma et al
[23].
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To examine the effects of surface tension and Atwood
number (A) on RT instability of the system, let us differentiate eq. (6.2) with respect to T and A as follows:


dn 0
(μ2 + μ1 )ρk1 ρn 0
2
=−
+ 4k1 ,
(6.4)
dT
μ
μ

dn 0
ρ2
ρ
=
(μ1 − μ2 )n 30
dA
μ 4μk1


ρn 0
2
+ 2k1
.
(6.5)
+(μ2 + μ1 )g
2μ
Negative sign in eq. (6.4) and positive sign in (6.5)
signify that the growth rate of unstable RT mode is
decreased with the increase of surface tension and
increased with the increase of A. This means that surface tension has a stabilising influence while A has a
destabilising influence on the system. In order to interpret the results graphically, numerical values of different
parameters are considered as
ρ1 = ρ f 1 = 1000 kg/m3 ,
ρ2 = ρ f 2 = 1260 kg/m3 ,
μ1 = 8.9 × 10−4 Pa · s,
μ2 = 1.41 Pa · s, ρ = 2260 kg/m3 ,
μ = 1.41089 Pa · s.
To study the effect of surface tension, all parameters
are fixed except T and the graph is plotted between
the growth rate of the unstable mode named n and
wave numbers by k (= k1 /10). By varying the values
of T = 0.7, 0.8, 0.9, it is observed from figure 2 that
increasing value of T diminishes the values of growth
rate parameter, thus stabilising the system for unstable mode of RT instability. It is also noted that growth
rate parameter increases with the wave number till it
approaches the critical value and then decreases further.

Figure 3. Effect of A on the growth rate parameter of RT
instability in the absence of nanoparticles for fixed value of
T (=0.8) and varying values of A (=0.112, 0.122, 0.132).
Table 1. Critical value n c of growth rate with surface
tension T and A in the absence of nanoparticles.
T
0.01
0.1
0.2
0.3
0.4

nc

T

nc

A

nc

A

nc

7.239
6.173
5.511
5.061
4.727

0.5
0.6
0.7
0.8
0.9

4.460
4.239
4.057
3.897
3.757

0.112
0.113
0.114
0.115
0.116

3.951
3.976
4.005
4.031
4.059

0.117
0.118
0.119
0.122
0.132

4.086
4.113
4.140
4.220
4.482

Figure 3 shows the influence of A on the stability of
the system. It is observed that as A increases, growth
rate parameter also increases. Therefore, A is found to
have destabilising influence for the unstable mode of RT
instability. Further, it can be seen that the peakedness of
curves depicting critical values of growth rate parameters (table 1) gets lower for higher values of surface
tension and it gets higher with lower values of A.
Table 1 establishes the fact that the larger value of
A results in larger critical values which confirms the
destabilising configuration for the unstable mode in the
absence of nanoparticles.
6.3 Presence of nanoparticles and surface tension
To examine the effects of surface tension and A in the
presence of nanoparticles, we shall discuss the following
two cases:

Figure 2. Effect of surface tension on the growth rate parameter of RT instability in the absence of nanoparticles for fixed
value of A(= 0.112) and varying values of T (= 0.7, 0.8, 0.9).

6.3.1 Nanofluids with same kind of nanoparticles and
different base fluids. For this, let us consider two different base fluids (water and glycerol) with densities ρ f 1 =
1000 kg/m3 , ρ f 2 = 1260 kg/m3 and nanoparticles
(aluminium) with density ρ p1 = ρ p2 = 2700 kg/m3
at 0.1% volume fraction of nanoparticles. Then we
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have μ1 = 8.9 × 10−4 Pa · s, μ2 = 1.41 Pa · s, μ =
1.41089 Pa · s, T = 0.8(≤ 1), A = 0.11, where
ρ1 , ρ2 and ρ have been defined in eqs (2.5)–(2.7) respectively. Equation (5.10) may be written as



1
ρ3
−μ1 μ2 ρ 4
5
(μ2 + μ1 )2
n −
3
2
4
4μ k1 μ
4μ k1


+6μ1 μ2 + (μ1 − μ2 )A n 4


3 ρ 2 k1
4
2
(μ2 + μ1 ) + μ1 μ2 n 3
−
2 μ2
3

(μ2 + μ1 )ρ
1 2
2k13 (μ2 + μ1 ) +
ρ
−
μ
2μ


T k 21
− g A n2
×
ρ


2ρ 2 k12
T k 21
(μ2 + μ1 )
− g A n − gk14 D B0 φ0
−
μ
ρ
×(ρ f − ρ p ) = 0.
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Figure 4. Effect of surface tension on the growth rate parameter of RT instability in the presence of nanoparticles with
A = 0.112 and φ = 0.01 by varying T (0.7, 0.8, 0.9).

(6.6)

For stable configuration (ρ1 > ρ2 )
Equation (6.6) gives negative values for all coefficients
for higher density base fluids such as chloride, chloroform, sulphuryl chloride and trichlor ethylene and lower
density nanoparticles such as sodium, lithium, potassium, magnesium etc. which helps to sustain the stability
of stable configuration. But, it is already notified that the
study is being carried out for higher densities of nanoparticles and lower densities of base fluids. That ultimately
leads to the unstable configuration.
For unstable configuration (ρ1 < ρ2 )
Let us consider water at the lower layer and glycerol at
the upper layer and aluminum as nanoparticles for eq.
(6.6), which reflects at least one variation in sign that
gives rise to RT instability.
For better understanding of RT instability in the presence of nanoparticles, graphs are plotted by varying
surface tension, A and volume fraction of nanoparticles.
Figures 4 and 5 show the influence of surface tension
and A respectively in the presence of nanoparticles.
From the graphs it is observed that by increasing the
value of T , growth rate parameter decreases while it
increases by increasing the value of A. This observation
shows that the surface tension delays the onset of RT
instability while A hastens the onset of RT instability
for unstable configuration in the presence of nanoparticles. Also, from table 2 the decrease in critical values
of growth rate parameter is observed with the increase
in surface tension but with a slower rate whereas for A,
a significant increase in critical values of growth rate
parameter is observed.

Figure 5. Effect of A on the growth rate parameter of RT
instability in the presence of nanoparticles with T = 0.8,
φ = 0.01 and A = 0.112, 0.122, 0.132.
Table 2. Critical value n c of growth rate with surface
tension T and A in the absence of nanoparticles.
T
0.01
0.1
0.2
0.3
0.4

nc

T

nc

A

nc

A

nc

7.27
6.19
5.53
5.08
4.72

0.5
0.6
0.7
0.8
0.9

4.47
4.25
4.02
3.91
3.75

0.112
0.113
0.114
0.115
0.116

3.95
3.99
4.01
4.04
4.07

0.117
0.118
0.119
0.122
0.132

4.09
4.12
4.15
4.22
4.49

Now, figure 6 demonstrates the effect of variation in
volume fraction of the nanoparticles on growth rate and
it is observed that for low concentration of nanoparticles (φ < 0.1), by increasing the concentration and
keeping surface tension and A fixed, RT instability gets
destabilised. As the volume concentration is increased
(φ ≥ 0.1) initially the system gets stabilised but after
reaching the critical value it starts to destabilise the
system (figure 7). Here, it is important to capture that

(2021) 95:25
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6.3.2 Nanofluids with different nanoparticles and different base fluids. Further, to study in an elaborate way,
different kinds of nanoparticles are suspended in different base fluids. For stable configuration, base fluid at the
lower layer is glycerol with ρ f 1 = 1000 kg/m3 and at
the upper layer it is water with ρ f 2 = 1261.17 kg/m3 . In
glycerol, magnesium nanoparticles are dispersed while
in water aluminum nanoparticles are suspended. Then
the values of physical quantities are μ1 = 0.000089
Pa · s, μ2 = 1.14 Pa · s, μ = 1.410 Pa · s, ρ p1 =
1738 kg/m3 , ρ p2 = 2700 kg/m3 , ρ1 , ρ2 and ρ are
defined in eqs (2.5)–(2.7) respectively.
Figure 6. Effect of volume fraction of nanoparticles on
growth rate parameter of RT instability when T = 0.8 and
A = 0.112, φ = 0.01, 0.06, 0.08.

Figure 7. Effect of volume fraction of nanoparticles having
larger values of growth rate parameter of RT instability in the
presence of nanoparticles when T = 0.8 and A = 0.112,
φ = 0.3, 0.5, 0.7.

For stable configuration
As discussed in eq. (6.6) the system sustains its stability
only for higher density fluids and lower density nanoparticles in order to satisfy Routh–Hurtwitz criterion. But
for unstable configuration, the variation of sign in eq.
(6.6) is clearly noticeable. Therefore, the system clearly
defines the RT instability with the presence of different
nanoparticles. For a more qualitative view, the graphs
for varying surface tension, A and different nanoparticles are plotted.
Here, figure 8 clearly shows the stabilising effect of
surface tension in the unstable mode of RT instability. If
the comparison is drawn to see the effect of surface tension in the presence/absence of nanoparticles (figures
2, 4 and 8), the very insightful output here is that the
increase in the volume fraction of nanoparticles helps the
surface tension to delay the occurrence of RT instability on the interface. Now, figure 9 shows that whenever
A is increased, the system starts to destabilise for RT
instability with significant rate. On comparing figures
3, 5 and 9, it is noticed that the presence of nanoparticles helps A to destabilise the system significantly on
the considered RT configuration.

Table 3. Critical value n c of growth rate for different values of φ volume fraction for different base fluids with
same nanoparticles.
φ
0.01
0.02
0.04
0.06
0.1

nc

φ

nc

3.87
3.88
3.92
3.97
3.9979

0.2
0.3
0.7
0.8
0.9

4.1875
4.28187
4.552
4.623
4.6896

for low concentration of nanoparticles (φ < 0.1) rate
of destabilisation is slow but for high concentration of
nanoparticles (φ ≥ 0.1) the rate of destablisation is fast.
Variation in rate of destabilisation can also be observed
from table 3.

Figure 8. Effect of surface tension on the growth rate parameter of RT instability in the presence of different nanoparticles
when φ = 0.01, A = 0.112, for T = 0.7, 0.8, 0.9.
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Figure 9. Effect of A on the growth rate parameter of RT
instability in the presence of different nanoparticles with
φ = 0.01, T = 0.8, A = 0.112, 0.122, 0.132.

Figure 11. Effect of volume fraction with smaller values of
growth rate parameter of RT instability in the presence of
different nanoparticles when A = 0.11, T = 0.8, φ = 0.3,
0.5, 0.7.

Table 4. Critical value n c of the growth rate with T and
A in the absence of nanoparticles.
T
0.01
0.1
0.2
0.3
0.4

nc

T

nc

A

nc

A

nc

7.26
6.19
5.52
5.07
4.73

0.5
0.6
0.7
0.8
0.9

4.47
4.25
4.06
3.90
3.76

0.112
0.113
0.114
0.115
0.116

3.96
3.98
4.01
4.04
4.06

0.117
0.118
0.119
0.122
0.132

4.09
4.12
4.14
4.22
4.49

Figure 10. Effect of volume fraction on the growth rate
parameter of RT instability in the presence of different
nanoparticles with A = 0.11, T = 0.8, φ = 0.01, 0.06,
0.08.

For a better comprehension of this fact, the critical
values of growth rate with respect to different values of
surface tension and A are given in table 4.
To see the impact of volume fraction of the nanoparticles, the surface tension and A are fixed and the volume
fraction of the nanoparticles is varied and a very insightful information is noticed about the unstable mode
for RT instability with the help of figures 10 and 11.

Table 5. Critical value n c of growth rate for different values of φ for different base fluids along with different
nanoparticles.
φ
0.01
0.04
0.06
0.07
0.08

nc

φ

nc

3.9
3.93
3.92
3.936
3.95

0.3
0.5
0.7
0.8
0.9

4.19016
4.32598
4.39
4.442
4.490

These figures clarify the status that initially the system
strives to stabilise but after achieving the critical value
of growth rate, it suddenly starts destabilising. In figure 10, where the variation of volume fraction is taken
as φ < 0.1, it is noticed that the difference between
the critical values of each curve is not significant and
therefore, more clear view can be obtained in figure 11
where the values of concentration is φ > 0.1. In figure 11 the system stands for stabilising (at slower rate)
before achieving the critical value but the same stands
for destabilising influence for the RT instability with
rapid rate after surpassing the critical value for once.
Such facts are established more strongly in table 5.
The better study can be drawn through tables 3 and
5, which acknowledges the variation of fraction values
keeping surface tension and A fixed. It is comprehended
that initially (for lower values of volume fraction) the
difference between critical values is not significant but
as the concentration of nanoparticles increases, then
a significantly visible difference can be seen for critical values. Thus, it can be concluded that the presence
of nanoparticles causes destabilising effects of volume
fraction on the unstable mode of configuration.
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7. Conclusion
Present article formulates the RT instability of nanofluids superimposed on one another by taking into account
the effect of surface tension. RT instability is a type
of instability which develops at the interface of two
superimposed fluids due to difference in their densities.
Conservation equations are interpreted and subjected for
perturbation. Linearised perturbed equations are analysed using normal mode technique. A new dispersion
relation is found which is not reported yet. This dispersion relation has some modification as per the theory
and assumption taken for the present study. For studying the effects of surface tension, A and volume fraction
of nanoparticles among two nanofluids, the graphs are
plotted between the wave number and growth rate by
changing one parameter and keeping the others fixed.
The following observations are reported in this paper:
(i) In the absence of nanoparticles, surface tension
has a significant impact on stabilising the unstable mode of RT instability while in the presence
of nanoparticles, different cases are discussed:
(a) base fluids are different in the upper and
lower regions and same nanoparticles are suspended in both base fluids, (b) different types
of nanoparticles are suspended in different base
fluids. Surface tension delays the onset of RT
instability in the former case, but in the latter
case also surface tension does have noticeable
effect in controlling the instability.
(ii) Atwood number plays a significant role in
destabilising the system in all the cases but if
nanoparticles are present, then clearly it has different critical values at different numbers which
fastens the noticeable effect of destabilisation
for the unstable configuration of RT instability
whereas the absence of nanoparticles also causes
destabilisation but at a slower rate. It is worth
mentioning that the peak value of growth rate
has remained maximum for larger values of A in
all the cases.
(iii) Now as the study continues to unveil the facts
about the volume fraction, it is very clear that it
helps A to destabilise the system more rapidly
than when it is absent but it also does help
surface tension to stabilise with a good rate.
When it is suspended at higher concentration,
initially it takes the credit to stabilise the system (at slower rate) till a certain limit (critical
value), then later it is adding its efforts to destabilise the unstable mode of configuration in both
the cases (same/different nanofluids are suspended). Therefore, it is relevant to say that the
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presence of nanoparticles has a great impact on
the considered configuration of RT instability.
While summarizing, it is important to state that literature review has witnessed the scope of RT instability and
nanofluids at different pedestal but results of the current
study are surely showing new dimensions to discover
new and hidden reality and scope of the combined fields.
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