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Abstract. The importance of transmission, guiding and delivery of electromagnetic waves to the targeted part of
a photonic circuit, leads to design couplers with high coupling efficiency. In the present work, we apply two types
of photonic crystal-based flat lenses for designing the couplers. The lenses are made of annular ZrO2 rods with a
triangular structure embedded in air. To design the lenses, the outer radius of the annular cylinders is kept constant
while the inner radius follows two linear and parabolic functions. At the next step, the lenses are placed along a slot
waveguide, conventional photonic crystal waveguide and funnel-form photonic crystal waveguide, separately, for
creating coupled structures. The incident light is focussed by the graded index flat lenses and transmits through the
waveguides. In the following, we study the coupling efficiency of all mentioned structures, using finite-difference
time-domain and plane wave expansion methods. The results reveal that the coupled funnel-form waveguide with
the linear lens gives the highest coupling efficiency, which is 7.49 dB and shows great improvement compared to
the previous works.
Keywords. Graded-index photonic crystals; annular flat lenses; waveguides; coupling efficiency.
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1. Introduction
Photonic crystals (PCs) are a new and novel type of
composite materials, which provide the possibility to
control and manipulate electromagnetic waves [1,2].
PCs are structured with the periodic arrangement of
dielectric materials on the length scale comparable to the
wavelength of the incident electromagnetic waves. Interference of the electromagnetic waves scattered from
the dielectric layers of PCs leads to the formation of a
range of frequencies, called photonic band gap (PBG), in
which no electromagnetic mode is allowed to propagate
[3,4]. According to the dimensionality of the periodicity
of PCs, they are classified mainly into three categories:
one-dimensional (1D), two-dimensional (2D) and threedimensional (3D) crystals. By making a 3D PC, we can
control the propagation of light in all three spatial dimensions. As the fabrication of 3D PCs is still an arduous
process, efforts are mainly directed towards the fabrication of 2D PCs.
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PCs are opening a vast variety of research and applications in photonic devices such as waveguides [5],
couplers [6], cavities [7], etc. Transmission, control
and delivery of electromagnetic waves to a targeted
part of photonic circuits are needed to design couplers
and waveguides. Conventional optical waveguides are
made of dielectric material with high refractive index,
which is surrounded by a material with lower refractive
index. These waveguides guide electromagnetic waves
by total internal reflection (TIR) mechanism while PC
waveguides are composed of a line defect in a PC
structure, which can be made by removing a series of
elements or changing its sizes or refractive index. The
light that propagates in the PC waveguides, with a frequency within the band gap of the PC, is confined to the
defect and can be directed along the defect [8].
As mentioned, couplers are essential parts of optical
circuits. It is known that the power of light and optical interactions decrease along the transmission that is
not efficient [9]. Therefore, the role of the couplers is
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to maximise the coupling efficiency between an optical device and waveguide or the next optical system
[10]. Up to now, some difficulties have been reported in
the usage of couplers, e.g. the use of conventional optical waveguides for butt-coupling with different widths
shows back reflection and Fresnel loss [11].
To overcome these difficulties, researchers suggested
the use of graded index PCs. Graded index PCs are
PC-based artificial structures, which were proposed by
Russel and Birk [12] for the first time in 1999. These
kinds of optical devices can be made by gradually changing one of the PC parameters such as lattice constants
[13,14], filling factor [15] or by using different materials having different refractive indices. Graded index
PCs can focus incident electromagnetic waves as a
lens. Therefore, a coupler composed of graded index
flat lens and PC waveguide can be considered as a
high-efficiency device in optical circuits. Many research
projects have been carried out on optical couplers [16–
19], and the research is still continuing.
In this study, at first two types of graded index PC
lens are studied. We consider a triangular lattice of circular dielectric (ZrO2 ) rods in the air; the lenses are
made by making air holes in each dielectric rod. We
consider that the outer radius of the created annular
rods is constant while the size of the inner air holes
varies along the transverse direction, the sizes of the air
holes follow the linear and parabolic functions. Then,
the designed lenses are coupled with a slot waveguide,
and coupling efficiency is calculated. At the next step,
a linear defect PC waveguide is replaced instead of the
slot waveguide. To improve coupling efficiency, the PC
waveguide is changed to a new design of PC waveguide
called funnel-form PC waveguides. Finally, the coupling
efficiency between the linear and parabolic lenses with
the waveguides is calculated, and the best results are
reported.
2. Structures and computational methods
In this work, we have considered a 2D triangular PC
lattice with annular elements in air. Zirconium dioxide
or zirconia was selected because of its high-temperature
stability and chemical corrosion resistance. Moreover,
zirconia has a high refractive index (=2.16), over a
wide wavelength range [20]. It is worth mentioning that
the index contrast ratio affects the optical properties of
PCs. The inner radius of the annular rods is gradually
changed along the y-direction, and the outer radius is
fixed. A ZrO2 -based graded index lens is made. The
inner air holes follow the linear and parabolic variation
functions. Furthermore, three kinds of waveguides have
been considered for making coupled structures. The first
one is a slot waveguide of ZrO2 material, the second
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one is a linear defect PC waveguide with the triangular structure of ZrO2 rods in the air, with some rows
of elements removed and the third one is the funnelform PC waveguide. The cross-section pictures of the
mentioned structures are shown in figure 1, schematically. Furthermore, to get a clearer image of the designed
structures, a three-dimensional schematic representation of the graded index flat lenses with triangular lattice
coupled to a waveguide is shown in figure 2.
The characterisation and detailed analysis of PCs
in both frequency and time domain can be done by
exploiting various numerical approaches. The planewave expansion (PWE) method and finite-difference
time-domain (FDTD) method are widely used techniques for investigating PCs. In this work, PWE method
is performed to extract dispersion characteristics of the
PCs and the PC waveguides. This method is implemented perfectly in MIT photonic bands (MPB) package
[21]. The FDTD or Yee’s method [22–24] is a numerical
analysis technique used for modelling the propagation of electromagnetic waves in a medium. Since it
is a time-domain method, FDTD solutions can cover a
wide frequency range with a single simulation run. The
FDTD method belongs to the general class of grid-based
differential numerical modelling methods called finite
difference methods. The time-dependent Maxwell’s
equations, in a partial differential form, are discretised
using central-difference approximations to the space and
time partial derivatives. The resulting finite-difference
equations are solved in either software or hardware in a
leapfrog manner. In fact, the electric field vector components in a volume of computational domain are solved
at a given instant in time. Then the magnetic field vector components in the same spatial volume are solved
at the next instant in time; and the process is repeated
over and over until the desired transient or steady-state
electromagnetic field behaviour is fully evolved. The
transmission and reflection spectrum of finite structures can be evaluated easily, and the wave propagation
through the medium can be observed in time, using
FDTD method. A detector and reference standard light
source is required to measure transmittance of an object.
In this paper, for calculating transmission spectra, the
structures are illuminated with a Gaussian pulse with
wide frequency range. The distance from the Gaussian
source to the left interface of the lens is almost 5a and
the detector is located symmetrically on the right side
of the structures. The FDTD method is implemented
entirely in MIT electromagnetic equation propagation
(Meep) package [25], and the authors have used it. In our
calculations, each unit cell is divided into 30 × 30 grid
points. Perfectly matched layers (PMLs) surround the
boundaries of the computational domain with a thickness of two lattice constants, for eliminating undesired
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of −6λ ≤ y ≤ 6λ [17].
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The logarithm of this result is multiplied by ten so that
coupler efficiency is specified by dB [17].
It is well known that Maxwell’s equations are scale
invariant. Therefore, it is convenient in electromagnetic
problems to choose scale-invariant units. That means
that we pick some characteristic length scale in the system, a, and use that as our unit of distance. In this paper,
a represents the lattice constant which is defined as the
distance between the centres of the nearest neighbour
annular rods.

3. Results and discussions

Figure 1. The schematic representation of (a) the graded
index flat lenses with triangular lattice with linear variation function, and coupled system of the lens with (b) slot
waveguide, (c) simple photonic crystal waveguide and (d)
funnel form photonic crystal waveguide.

In this paper, at first, PC-based lenses composed of circular dielectric rods in air, with triangular lattice have
been considered. An air hole is made in each dielectric rod, and the size of the air holes is increased in
terms of the linear and parabolic functions, from the
centre of the lens towards the edges along the y direction. At the subsequent step, we couple the mentioned
lenses with a slot waveguide, conventional PC wave
guide and funnel-form PC waveguide. The characteristics and properties of these structures will be separately
analysed in the following two subsections. Finally, it
should be noted that in this study only the transverse
magnetic (TM) polarisation mode (the electric field is
parallel to the dielectric rods) is considered. Furthermore, the band structure of the investigated PCs and
PC waveguides are calculated using PWE method and
transmission spectrum and field intensity distributions
are calculated using FDTD method.
3.1 Linearly graded index lens

Figure 2. The three-dimensional schematic representation
of the graded index flat lenses with triangular lattice with
linear variation function and coupled system of the lens with
the funnel form photonic crystal waveguide.

back reflections [26]. The length of the PML layer
should be at least half of the largest wavelength in the
simulation to ensure negligible reflections.
In this work, for calculating coupling efficiency
between the lenses and waveguides, the Simpson’s
numerical technique is used and adapted for a range

In this section, we consider the linear graded structure
composed of annular dielectric rods in air with triangular lattice. As illustrated in figure 1, the exterior and
interior radii of the annular rods are denoted by R and r,
respectively. In our designed structures, the outer shell
radius (R) is kept constant while the radius of the inner
shell varies and follows the linear function in which
the size of the inner air holes increases from the centre
towards the two edges along the transverse direction to
the optical axis (y direction). The refractive index of the
annular rods is taken to be n ZrO2 = 2.16, corresponding
to ZrO2 . The radius of the inner air holes along the y

23

Page 4 of 8

Pramana – J. Phys.

(2021) 95:23

Figure 4. Transmission spectrum of TM polarisation
through the linear graded structure with triangular lattice.
Figure 3. Dispersion relation of TM polarisation for the simple triangular lattice of annular dielectric rods in air for (a)
R = 0.50a and r = 0.00 and (b) R = 0.50a and r = 0.34a.

direction for the linear case is determined as follows:
 

r f − ri
y
r (y) = ri +
,
(2)
a
(n − 1) /2
where ri , r f and n are the radius of inner air holes at
y = 0, the radius of last air holes along the y direction
at the edge of the lens and number of annular dielectric
rods along y direction, respectively [27].
To begin with, we investigate the photonic band
structure of two simple PCs with the triangular lattice, consisting of annular rods with the radius of R =
0.50a and r = 0 and R = 0.50a and r = 0.34a. The
first and second mentioned parameters correspond to the
size of the annular rods, on the optical axis and the edges
of the lens. Figure 3 shows the photonic band spectra of
two conventional PCs corresponding to these parameters for TM polarisation mode. These figures show that,
when the size of the inner holes varies in the range of
0−0.34a, the band structure, especially at frequencies
below 0.5(2π c/a), almost remains unchanged or minor

changes are observed which is the desirable condition.
The transmission spectrum of the graded flat lens is presented in figure 4. The structure has 13 layers in the x
direction (13 columns of annular dielectric rods) and 35
layers in the y direction. It can be seen that the structure
represents a relatively high transmission in the frequency range 0.32(2π c/a)−0.45(2π c/a). The intensity
distribution of the transmitted light through the linear
graded lens in the x y plane under normalised operating frequency of ω = 0.30(2π c/a), ω = 0.40(2π c/a)
and ω = 0.50(2π c/a) are given in figures 5a and 6a
and 6b. It is obvious that, the lens can focus normalised frequency of ω = 0.40(2π c/a) better than
the other frequencies. Thus, the normalised frequency
ω = 0.40(2π c/a) is considered as operating frequency.
Now we investigate the focussing properties of the
linear designed lens comprehensively. A continuous
incident wave source with the normalised frequency of
0.40(2π c/a) and a spatial width of 38a is considered.
The source is placed in air on the left side of the flat lens.
The source is a bit broader than the transverse size of the
graded lens so that the lens is fully illuminated. Figure 5
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Figure 7. Intensity distribution of the transmitted light in the
x y plane and along the optical axis under normally incident
light with a normalised frequency of ω = 0.40(2π c/a) for
a coupled system of linear graded index lens with the slot
waveguide.

Figure 5. (a) Intensity distribution of the transmitted light in
the x y plane and along the optical axis under normally incident light with a normalised frequency of ω = 0.40(2π c/a)
for the linear graded index lens with triangular lattice and (b)
the intensity profiles at the focal points, along y direction.

Figure 6. (a) Intensity distribution of the transmitted light in
the x y plane under normal incident light with a normalised frequency of (a) ω = 0.30(2π c/a) and (b) ω = 0.50(2π c/a).

shows the focussing properties of the linear graded lens
for TM polarisation by plotting the intensity distribution
in the whole computational domain. Furthermore, the
intensity distribution of the transmitted light along the
optical axis under the normal incidence of 0.40(2π c/a)
and the intensity profiles at the focal points along y
direction, are shown in figure 5. It is obvious that the
linear lens can focus the incident light, perfectly.

Then, we investigated the coupling properties of the
linear graded lens and the slot waveguide. As illustrated
in figure 1, the slot waveguide consists of two slabs of
ZrO2 material, separated by air, called an air gap. The air
between ZrO2 slabs (ZrO2 is considered as high refractive index materials) is called a slot, and the light can be
delivered to the next device if it was located in a photonic circuit. For calculating the coupling efficiency of
the structure, for a fixed value of l (distance between
the slot-waveguide and the front surface of the lens)
coupling efficiency has been studied for all possible values of the air gap, and this procedure has been repeated
for other values of l. Actually, l and the air gap width
are adjustable parameters. The obtained results show
that the maximum efficiency is 7.04 dB at the optimum
parameters of l = 35a and the air gap width of 7a.
The results show that when the width of the air gap is
narrow or very wide, the coupling efficiency decreases
significantly. The intensity distributions of the coupled
system in the whole structure and along the optical axis
are shown in figure 7.
Now, we study the coupling efficiency of the lens
with a conventional PC waveguide. The waveguide
is made of cylindrical ZrO2 rods with the radius
0.33a in air and triangular lattice structure. We assume
that one, three, five and seven rows of rods, namely
W 1, W 3, W 5 and W 7, have been removed. The
optical axis of the lens is exactly on the middle row
of the triangular structure in which some rows are eliminated for creating waveguides. Removing one, three
and five rows of the rods can maintain symmetry of
the structure with respect to the optical axis. The linear
defects in the designed waveguides have one direction (x direction) within the plane for which discrete
translational symmetry is preserved. Thus, the corresponding wave vector k x is still a conserved parameter.
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Figure 8. Projected band diagram of TM states for the corresponding two-dimensional photonic crystal of ZrO2 rods
with triangular structure, formed by a missing row of rods.

Figure 9. Intensity distribution of the transmitted light in the
x y plane and along the optical axis under normally incident
light with a normalised frequency of ω = 0.40 (2π c/a) for a
coupled system of linear graded index lens with the conventional photonic crystal waveguide.

The band diagram of ω vs. k x is given in figure 8 for
the W 1 waveguide. The red line is the guided band of
the waveguide in the band gap of the structure. Then
we studied a coupled system, composed of the lens and
the designed waveguides. Four mentioned waveguides
(W 1, W 3, W 5 and W 7) have been placed on the
front surface of the lens and coupling efficiencies of
the structures have been studied for different values of
l (distance between the PC waveguide and front surface of the lens). The obtained results show that the
maximum coupling efficiency of the structure is around
6.59 dB as the coupling length is l = 26a for W 5
waveguide. Figure 9 shows the intensity profile of the
system, when the normalised frequency of the incident
wave is 0.40(2π c/a).
Finally, to achieve maximum value of coupling
efficiency, we changed the configuration of the PC
waveguide to the funnel-form waveguide, as shown
in figure 1d. Similar to previous cases, the coupling
efficiency of the system is optimised for all possible

Figure 10. (a) Coupling efficiency vs. the distance between
the lens and the waveguide, (b) intensity distribution of the
transmitted light in the x y plane and along the optical axis
under normally incident light with a normalised frequency of
ω = 0.40(2π c/a) for a coupled system of linear graded index
lens with the funnel-form PC waveguide.

structural parameters. In this case, the distance between
the lens and the waveguide (l) and the number of missing rows of the rod in the waveguide, are treated as
adjustable parameters. At first, for a constant value of
l, the coupling efficiency is investigated for the funnelform waveguide with various numbers of missing rods
of row and this process is repeated for other values
of l. Therefore, for all possible values of l and number of missing rows, the coupling efficiency is studied.
The obtained results show that for the funnel-form
waveguide with three missing rows of rods, the maximum coupling efficiency is around 7.49 dB for l = 26a.
The variation of coupling efficiency with l is presented in
figure 10a and figure 10b illustrates intensity distribution
of the transmitted light in the x−y plane and along the
optical axis, under the incident light with a normalised
frequency of 0.40(2π c/a) for the TM mode.

3.2 Parabolic graded index lens
In this subsection, we introduce the parabolic graded
index lens in which radius of the inner air holes follows
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Figure 11. Transmission spectrum for the TM polarisation
mode through the parabolic graded structure with triangular
lattice.

the function:

r (y) = ri +

r f − ri
((n − 1 )/2)2

 
y 2
,
a
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Figure 12. Intensity distribution of the transmitted light in
the x y plane and along the optical axis under normally incident light with a normalised frequency of ω = 0.40(2π c/a)
for a coupled system of parabolic graded index lens with the
slot waveguide.

(3)

where ri , r f and n are the radius of the inner air holes
at y = 0, the radius of the last inner air holes along the y
direction at the edge of the lens and number of annular
dielectric cylinders along the y direction, respectively
[27]. Figure 11 shows the transmission spectrum of the
structure for the TM polarisation mode. As for the linear lens, the coupling efficiency of the parabolic lens
with the slot waveguide, conventional PC waveguide
and funnel-form PC waveguide are investigated.
At first, the coupling of the lens with slot waveguide is
studied. Similar to the previous case, the slot waveguide
consists of two slabs of ZrO2 separated by air, called
the air gap. The comprehensive results show that maximum coupling efficiency (2.77 dB) is obtained when
the coupling length l = 35a and air gap width = 7a.
Figure 12 shows the intensity distribution in the whole
computational area and along the optical axis when
the electromagnetic wave with normalised frequency
of 0.40(2π c/a) passes through the coupled structure.
Then, the coupling of the parabolic structure with the
conventional PC waveguide has been investigated. As
can be seen in figure 13, the highest coupling efficiency of 5.48 dB is obtained when the coupling length
l = 39a for the W 5 waveguide. Finally, we studied the coupling between the parabolic lens and the
funnel-form waveguides. Similar to previous cases two
effective parameters: l (distance between the funnelform waveguide and front surface of the lens) and
the number of removed rows have been optimized to
achieve maximum efficiency. Figure 14 shows the highest coupling efficiency of 3.63 dB for the coupling
length of l = 50a and three removed rows in the
waveguide.

Figure 13. Intensity distribution of the transmitted light in
the x y plane and along the optical axis under normally incident light with a normalised frequency of ω = 0.40(2π c/a)
for a coupled system of parabolic graded index lens with the
conventional PC waveguide.

Figure 14. Intensity distribution of the transmitted light in
the x y plane and along the optical axis under normally incident light with a normalised frequency of ω = 0.40(2π c/a)
for a coupled system of parabolic graded index lens with the
funnel-form PC waveguide.

The comparison of the results obtained by calculating coupling efficiency of linear and parabolic lenses
with different types of waveguides reveal that, in the
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case of slot waveguide for the linear lens we can achieve
over 4 dB coupling efficiency compared to the parabolic
lens for optimum geometrical parameters. The achieved
efficiency of the linear and parabolic lenses with conventional waveguide, is in the same range with a difference of about 1 dB and coupling of the funnel-form
waveguides with linear case shows higher quality of coupling and transferring of light than with the parabolic
lens.
4. Conclusion
In this paper, we have studied the coupling efficiency
of graded index PC flat lenses with different types
of waveguides. The designed lenses comprise annular
ZrO2 rods in air with triangular lattice. We assumed
that an air hole is formed in each ZrO2 rod and the
size of the air hole is increased as the linear and
parabolic functions from the centre of the lens towards
the edges along the transverse direction of optical axis
(y direction). Therefore, the index profile of the lenses
is maximum on the optical axis and decreases towards
the edges. These lenses are placed next to the three
types of waveguides: slot waveguide, conventional PC
waveguide and funnel-form PC-based waveguide. Simulations and calculations show that maximum coupling
efficiency corresponds to the system of linear lens and
the funnel-form waveguide with a coupling efficiency
of 7.49 dB. In the previous studies, the highest reported
coupling efficiency is about 6 dB [17,28,29]. It was
predicted that by smoothly collecting light towards the
waveguide, the coupling efficiency will increase and our
simulations proved that a smooth variation of refractive index at the input part of the waveguide from space
between the lens and the waveguide to the main part of
the waveguide improves the quality of coupling.
The obtained results show great improvement compared to the earlier coupled systems. The proposed
structures with high coupling efficiency have great
potential in various optics and photonic applications.
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