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Abstract. The present article deals with theoretical analysis on the peristaltic transport of a couple stress fluid
with lubrication on the walls of the channel. The walls are coated with thin layer of power-law lubricant and the
condition arised by the coating is modelled by taking the continuity of velocity and shear stresses of both the
fluids at the fluid–fluid interface. The flow problem is discussed in two-dimensional asymmetric medium assuming
long wavelength and low Reynolds number. Closed form solutions for velocity, stream function and flow rate are
discussed. The numerical solutions for pressure rise, trapping and reflux are discussed. The effects of lubricant
parameter, couple stress parameter, phase difference, wave amplitudes and flow rate are discussed for symmetric
and asymmetric channels. It is observed that by increasing the lubrication effects, pressure rise increases in the
pumping region and for trapping, boluses disappear and streamlines become parallel to the walls of the channel.
From the given flow problem, the limiting cases of no-slip and viscous flow are presumed and found to be in
excellent agreement with the existing literature.
Keywords. Peristaltic motion; couple stress fluid; interfacial boundary condition; asymmetric channel; exact
solution; pumping; trapping; reflux.
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1. Introduction
The flow phenomena of non-Newtonian fluids have
many applications in daily life and industry. The relation between shear stress and shear rate of such fluids
is non-linear in nature and it is difficult to analyse the
flow behaviour of these fluids. Rubber, food, gel, paper
coating, plasma, petrol and grease are examples of such
fluids. The power-law fluid has been used broadly as a
lubricant in industry and research.
Couple stress fluid is an important non-Newtonian
fluid and was first studied by Stokes [1] in 1966
for polar effect. Stokes proposed the constitutive relationship between shear stress and strain rate for the
rotational velocity field. This theory laid the foundation
of polar effects in couple stresses and body couples.
The peristaltic flow received much interest from the
researchers because several flows such as urine flow
through ureters from kidney towards the bladder, food
transportation via digastric tract, chyme motion in the
gastrointestinal tract, blood flow through the arterioles,
veins and capillaries and sperm movement in the male
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reproductive tract are peristaltic. Also, peristaltic phenomenon is seen in the transport of slurries, sanitary
fluids, noxious fluids in the nuclear industry and blood
pumping in heart–lung machines. The attempt to discuss this phenomenon was first made by Latham [2].
After that, many researchers discussed peristaltic flow
for Newtonian and non-Newtonian fluids under certain conditions such as long wavelength, low Reynolds
number, low amplitude ratio and small wave numbers. Many investigators reported the peristaltic motion
of second-order fluid [3,4], third-order fluid [5,6],
Johnson-Segalman fluid [7], Oldroyd-B fluid [8] and
couple stress fluid [9,10] for conduits. The peristaltic
transport for viscous fluid [11], Johnson-Segalman fluid
[12] and couple stress fluid [13] are discussed by incorporating magnetic effects in different geometries.
The movement of fluid particles on lubricated surfaces has wide applications in industry, engineering and
biomedical engineering. These include fluid bearings,
printing, adhesive, thin films, coating and mechanical
seals. In physiological flows, the flow inside the gastrointestinal tract and fallopian tube of a female are
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examples of flow phenomenon over lubricated surface.
Some scientists evaluated the slip impacts for different geometries because of its significance. In [14–16]
the impacts of thin lubrication layers were explored for
generalised slip condition by using a power-law lubricant. The flow problem for second-grade, third-grade,
couple stress fluids for oblique stagnation point flow
was explored in [17–24] for disc and vertical plate by
incorporating the power-law lubricant. Although a lot
of discussions were made by using the slip effects of
power-law lubricant, no attention was given to the peristaltic movement of fluids with lubrication on the walls
of the conduits.
In many industrial and physiological systems such
as roller pumps, gastrointestinal tracts, human ureters,
etc., the width of the channel is negligible compared
to the wavelength of the peristaltic wave. Shapiro et
al [25] provided the experimental data of flow inside
the human ureter to explore the validity of long wavelength assumptions. Tong and Vawter [26] implemented
a finite-element method for the comprehensive study
of peristaltic pumping. They concluded that the flow
field is affected by wave amplitudes and wavelengths.
Mishra and Rao [27] studied peristaltic transportation
of a viscous fluid in an asymmetric channel assuming
long wavelength and low Reynolds number. The couple stress fluid flow under long wavelength and low
Reynolds number approximations was deliberated and
the closed form solutions were computed for axial velocity, stream function and axial pressure gradient by Ali et
al [28]. Moreover, in the peristaltic phenomenon of such
systems, flow can be treated as creeping flow or inertiafree flow [29,30]. The movement of chyme through the
small intestine is an example where assumptions of both
long wavelength and low Reynolds number are valid.
Keeping all the above discussion in view, an attempt
is made to investigate the peristaltic transport of couple
stress fluid having lubrication on the walls of the channel. The flow problem is discussed in a two-dimensional
asymmetric medium assuming long wavelength and
low Reynolds number. For lubrication purposes, a thin
coating of the power-law fluid is considered. The flow
problem is modelled in wave frame having velocity with
interfacial boundary condition and exact solutions for
velocity profile, stream function and pressure gradient
are presented. Important features of peristaltic motion
such as pumping, trapping and reflux are discussed in
detail, and the results are presented using graphs.
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Figure 1. Schematic illustration of the problem.

velocity c and width d1 + d2 . The power-law lubricant
is injected in the channel, which produces a thin layer
of coating on the walls of the channel (figure 1). The
equation of walls are given as





2π 
¯
¯
h̄ 1 X̄ , t = d1 + a1 cos
X̄ − ct , upper wall,
η
(1)






2π
h̄ 2 X̄ , t¯ = −d2 − a2 cos
X̄ − ct¯ + φ ,
η
lower wall,
(2)
where a1 , a2 represent the wave amplitudes of the upper
and the lower wall, η is the wavelength, c is the wave
speed and φ is the phase difference such that φ ∈ [0, π ],
For φ = 0 the waves are out of phase and exemplifies
the symmetric channel. The flow rate of the lubricant at
the upper wall of the channel in fixed frame of reference
is given by
 h̄ 1 ( X̄ ,t¯)
Ū( X̄ ,Ȳ ,t¯)dȲ ,
(3)
Q̄ = −
h̄ 1 ( X̄ ,t¯)−ξ( X̄ −ct¯)

 

where h̄ 1 X̄ , t¯ , ξ X̄ − ct¯ and Ū( X̄ , Ȳ , t¯) respectively
signify the upper wall of the channel, variable thickness
and velocity of the lubricant. The wall shear stress in
fixed frame of reference is defined by the relation
τ̄w = μ

∂ 3Ū
∂ Ū
− μ1 3 ,
∂ Ȳ
∂ Ȳ

(4)

2. Mathematical modelling

where μ denotes viscosity and μ1 denotes couple stress
viscosity. On implementing the no-slip boundary condition, we have



Ū X̄,h̄ 1 X̄ , t¯ = 0,



 ∂ h̄ 1 X̄ , t¯

.
(5)
V̄ X̄ , h̄ 1 X̄ , t¯ =
∂ t¯

Consider the peristaltic motion of a couple stress fluid
in a two-dimensional asymmetric medium. Flow is
induced by the propagation of sinusoidal waves with

Assume that the power-law coating is sufficiently thin.
Therefore, neglecting the effects of transverse components of velocity and also by the continuity of shear
stress and velocity of both the fluids at the fluid–fluid
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Figure 2. Effects of γ on velocity profile.

Figure 3. Effects of λ on velocity profile.



interface h̄ 1 X̄ , t¯ − ξ( X̄ − ct¯) we have
μ

∂ 3Ū
∂ Ū
∂ Ū
− μ1 3 = μ L
,
∂ Ȳ
∂ Ȳ
∂ Ȳ

invoking eqs (7)-(9) in eq. (6), we have
(6)

where μ L is the viscosity of Ostwald-de-Waele lubricant
such that
 n−1
∂ Ū
,
(7)
μL = k
∂ Ȳ
where n and k are the consistency index and dynamic
viscosity coefficient respectively.
The lubricant is shear-thinning for n < 1, viscous for
n = 1 and shear-thickening for n > 1. Following Santra
et al [16] the horizontal velocity of the lubricant can be
defined as



 

 Ũ X̄ − ct¯ h̄ 1 X̄ − ct¯ − Ȳ
¯ t¯ =


,
(8)
Ū X̄ ,Y,
ξ X̄ − ct¯
where the interfacial

 velocity of both the fluids is
¯
denoted by Ũ X̄ − ct . The thickness of the power-law
lubricant is obtained by
ξ( X̄ − ct¯) =

−2 Q̄

.
Ũ X̄ − ct¯

(9)

The continuity of the velocity component at the fluid–
fluid interface for both fluids proposed that Ũ = Ū and

1 n 2n
μ1 ∂ 3Ū
∂ Ū
k
Ū .
−
=
(10)
μ ∂ Ȳ 3
μ 2 Q̄
∂ Ȳ
The dimensional volume flow rate of the bulk fluid and
time average flux over T in fixed frame of reference can
represented as
 h̄ 1 ( X̄ ,t¯)
Ū ( X̄ , Ȳ , t¯) dȲ ,
(11)
Q=
h̄ 2 ( X̄ ,t¯)

1 T
Q dt.
(12)
Q̄ =
T 0
The relation between velocity components (ū, v̄) and
coordinates (x̄, ȳ) in the wave frame of reference can
be defined as
x̄ = X̄ − ct¯, ȳ = Ȳ ,
ū (x̄, ȳ) = Ū − c, v̄ (x̄, ȳ) = V̄ .

(13)

On neglecting the body force and body couple, the governing equations can be written in the following form
[28]:
∂ v̄
∂ ū
+
= 0,
∂ x̄
∂ ȳ
∂ ū
∂ ū
ρ ū
+ v̄
∂ x̄
∂ ȳ

(14)
=−

∂ p̄
+ μ∇ 2 ū − μ1 ∇ 4 ū,
∂ x̄

(15)
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∂ v̄
∂ v̄
+ v̄
∂ x̄
∂ ȳ
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=−

∂ p̄
+ μ∇ 2 v̄ − μ1 ∇ 4 v̄,
∂ ȳ

(16)

∂2
∂2
+
.
∂ x̄ 2 ∂ ȳ 2

In wave frame eq. (11) can be written as
Q = q + ch̄ 1 (x̄) + ch̄ 2 (x̄) ,

(17)

where

q=

(18)

h̄ 1 (x̄)

h̄ 2 (x̄)

ū(x̄, ȳ)d ȳ.

Substituting eq. (17) in eq. (12) and integrating we have
Q̄ = q + cd1 + cd2 .

(19)

The dimensionless variables are defined as
Q̄
ȳ
v̄
ū
x̄
, y= , u= , v= , θ=
,
η
d1
c
cδ
cd1
Q̄
μ1
d1
γ =
,
Q
=
,
δ
=
,
η
cd1
μd12
d 2 p̄
h̄ 1
h̄ 2
ct¯
p = 1 , t = , h1 = , h2 = ,
μηc
η
d1
d1
¯
q
ρd1 c
, F=
, Re =
.
(20)
=
cd1
μ
cd1
x=

The non-dimensional equations are
∂u ∂v
+
= 0,
(21)
∂x
∂y
∂u ∂u
∂p
Reδ
+
=−
+ ∇ 2 u − γ ∇ 4 u,
(22)
∂x
∂y
∂x
∂v ∂v
∂p
+
=−
+ δ 2 ∇ 2 v − δ 2 γ ∇ 4 v,
Reδ 3
∂x
∂y
∂y
(23)
θ = F + 1 + d,
(24)
 h1
F=
u dy,
(25)
h2

h 1 (x) = 1 + a cos 2π x,
h 2 (x) = −d − b cos (2π x + ϕ),

(26)

where δ, Re, γ , θ and F respectively represent wave
number, Reynolds number, couple stress parameter,
mean flow and wave frame of reference respectively.
Also a = a1 /d1 , b = a2 /d2 and d = d2 /d1 . Inequality a 2 + b2 + 2ab cos ϕ ≤ (1 + d)2 is satisfied [26].
Thus, the flow problem by following [25–30] with the
aforementioned assumptions takes the form
∂p
= ∇ 2 u − γ ∇ 4 u,
∂x

∂p
= 0.
∂y

(28)

The corresponding dimensionless slip boundary conditions are

in which
∇2 =

(2021) 95:7

(27)

∂ 3u
∂u
− γ 3 = λ (u + 1)2n ,
∂y
∂y
2
∂ u
= 0 at y = h 1 ,
∂ y2
∂u
∂ 3u
− γ 3 = λ (u + 1)2n ,
∂y
∂y
2
∂ u
= 0 at y = h 2 .
∂ y2

(29)

(30)

Equation (28) shows that p = p (x), and therefore
∂ p/∂ x = d p/dx. In eqs (29) and (30) the parameters γ and λ are couple stress and slip parameters
respectively. The slip parameter is defined as λ =
kcn−1 /μ(2Q)n d1n−1 .
For large values of slip parameter our results agree
with [28] and also for γ → 0 and λ → ∞, the flow
problem reduces to Newtonian fluid model [27]. Therefore, for 0 < λ < ∞ and γ  = 0, a new slip boundary
condition for couple stress fluid can be discussed. To
discuss the flow phenomena, we choose n = 1/2.
3. Solution methodology
Exact solutions for the velocity profile, stream function
and pressure gradient are given as
1 dp 2
y
y + c1 γ cosh √
2 dx
γ
y
+ c3 y + c4 ,
+ c2 γ sinh √
γ
dp 1 3
y
ψ=
y + c1 γ 3/2 sinh √
dx 6
γ
c3
y
+ y 2 + c4 y,
+ c2 γ 3/2 cosh √
γ
2
u=

(31)

(32)

where the arbitrary constants c1 −c4 are given as
h1 + h2
dp
h1 + h2
sech
,
cosh
√
√
dx
2 γ
2 γ
h1 − h2
dp
h1 − h2
c2 =
sinh
,
sech
√
√
dx
2 γ
2 γ
1 dp
dp 1
c3 =
,
(h 1 + h 2 ) +
2 dx
dx λ
2 ddxp − ddxp (h 1 + h 2 )λ + (−2 + ddxp h 1 h 2 + 2 ddxp γ )λ2
.
c4 =
2λ2
(33)
c1 =
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dp
12 (F + h 1 − h 2 ) λ2
=−


 
dx
(h 1 − h 2 ) −12 + (h 1 − h 2 )2 − 12γ λ2 + 24γ 3/2 λ2 tanh
The dimensionless expressions for pressure rise and
volume flow rate in fixed frame of reference can be
expressed in the form


1

p =

θ =

dp
dx.
dx

0

Ȳ (Ψ̄ , X̄ ,t¯)
h̄ 1 +h̄ 2
2

(35)



Ū X̄ , Ȳ , t¯ dȲ .

(36)

Invoking eq. (13) in (36) and averaging it over one period
of the wave we have

θ̄ =

1

+
0

y ( , x) dx−

1−d
.
2

(37)

Let us define the values of θ̄ and
in the form
θ ∗ = θ̄ /θ̄w , ∗ = / w , where θ̄ and w are
at the wall, at y = h 1 , θ̄ = θw /2, ¯ w = θ̄ − 1 − d/2.
If θ ∗ increases with increases in ∗ , then the flow of
the particle is always in the pumping region, and if θ ∗
decreases with increase in ∗ then the reflux appears in
that region.

4. Discussion of numerical results
In this section, the important properties of peristaltic
flow such as pressure rise, velocity profile, pumping,
trapping and refluxes are discussed for slip parameter λ, couple stress parameter γ , phase difference φ,
wave amplitudes a, b, channel width d and flow rate
θ . The expression for p involves the integration of
d p/dx, which cannot be solved analytically. Therefore,
a numerical procedure is required for integration. Mathematica is used for this purpose and graphical results
are shown for various parameters. Figures 2 and 3 have
been plotted to show the effects of γ and λ on velocity
profile, whereas figures 4–7 display the impacts of lubricant parameter, couple stress parameter, channel width
and phase amplitudes respectively for both symmetric
and asymmetric channels. The influence of lubricant
parameter on streamlines for symmetric and asymmetric
channels are shown in figures 8 and 9, while the effects
of flow rate on reflux criteria are presented in figure 10.
Figure 2 elucidates the influence of γ in the presence
of lubrication for symmetric and asymmetric channels.

h 1√
−h 2
2 γ

.

7

(34)

The increment in velocity profile is noted near the
upper wall of the channel by increasing γ and opposite behaviour is seen on the lower wall of the channel.
The increment in couple stress parameter leads to an
enhancement in couple stress viscosity, which resists
the fluid flow. As a result, the velocity decreases near
the lower wall of the channel. The impacts of the lubricant parameter on velocity distribution are displayed in
figure 3. Velocity increases on increasing the lubrication,
while opposite behaviour is seen at the upper wall of the
channel. A similar phenomenon is seen for asymmetric channel when the lubrication is applied on the lower
and upper walls of the channel. It is further observed
that the impacts of lubrication are more prominent in
the case of asymmetric channel. When λ → ∞, the
fluid attaches with the walls of the channel and it has no
relative velocity, which means no slip condition arises.
When λ decreases, partial slip appears, and hence the
velocity of the fluid near the walls increases as λ → 0.
Figure 4 shows the influence of lubricant parameter on pressure rise. In this figure, it is observed that
there is a critical value of θ , below and above which copumping (p < 0) and peristaltic pumping (p > 0)
appear, whereas the critical value of flow rate represents free pumping (p = 0). From this figure, it is
noted that pressure rise increases in pumping region
with λ, such that 0 < λ < ∞. It appears from figure 4a that free pumping is independent of λ, whereas
opposite behaviour is noticed in augmented pumping
region. Thus, peristaltic pumping region expands on the
lubricated surface (λ → 3.5) compared to the rough
surface (λ → ∞). Hence, the magnitude of pressure
rise is greater for couple stress fluid than for Newtonian fluid (γ → 0) in the presence of lubrication. Also,
it is noted that for a fixed value of pressure rise, pressure
gradient increases in the peristaltic pumping region, and
as pressure rise gives opposite behaviour in augmented
pumping region, it decreases on increasing the lubrication effects.
Figure 5 shows the influence of γ on p in the presence of lubrication. Similar to the previous result, a
critical value of flow rate exists, and below and above
the critical value, co-pumping and peristaltic pumping
occur. Pressure rise increases in the pumping region on
increasing the value of couple stress parameter, while
opposite behaviour is seen in co-pumping region. In figure 5a, it is noted that free pumping is independent of γ ,
while figure 5b indicates that the lines for asymmetric
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Figure 4. Effects of slip parameter on pressure rise.

Figure 5. Effects of couple stress parameter on pressure rise.

Figure 6. Effects of channel width on pressure rise.

case, intersect in a narrow region, p < 0. As increment in couple stress parameter reduces the flow rate,
pressure rise increases in the peristaltic pumping region.
Furthermore, fee-pumping region exists, below which
augmented pumping region exists. Figure 6 shows the
effects of channel width on pressure rise. In this figure,
it is noted that pressure rise decreases in the pumping
region by increasing channel width and vice versa in copumping region. It is interesting to note that pressure rise
gives greater values at θ = 0, on the lubricated surface
than on the rough surface. The decrease in pressure rise
on increasing the width of the channel is more prominent
for symmetric channel than for the asymmetric channel.

The effects of upper and lower wave amplitudes on pressure rise are described in figure 7. It can be seen that, in
pumping region pressure rised increases with a, and in
co-pumping region, pressure rise decreases. From figures 7a and 7b, it is noted that, the effects of lower wave
amplitude b are similar to a.
The increase in pressure rise is more prominent for
symmetric channel than for asymmetric channel in the
pumping region (p > 0) for lubricant parameter, couple stress parameter and wave amplitudes. The impacts
of lubricant parameter λ on trapping are analysed in figures 8 and 9 for symmetric and asymmetric channels
respectively. In figure 8, it is noticed that trapping exists
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Figure 7. Effects of phase amplitudes on pressure rise.

Figure 8. Streamline pattern for the symmetric channel.
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Figure 9. Streamline pattern for the asymmetric channel.

Figure 10. Effects of flow rate in the presence of lubrication.

for a large value of lubricant parameter and the size
of the trapped bolus in the upper half is decreased by
increasing the lubrication effects. For small values of
lubricant parameter, bolus becomes streamlines in the
upper half of the channel, which are parallel to the walls
of the channel.
Figure 9 shows the effects of lubricant parameter
on streamlines for the asymmetric channel. Here we
observed that the central streamline is trapped. The size

of the trapped bolus in the upper half is decreased by
increasing the slip effects and for full slip, streamlines
are parallel to the walls of the channel. For special cases,
our results agree with those of [27] and [28]. Trapping
is an interesting phenomenon in the study of peristaltic
flows, and so whenever trapping exists, there must be
reflux [26]. The flow of the fluid in the opposite direction of the net flow is known as reflux. Figure 10 is
plotted to show the effect of flow rate in the presence
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of lubrication. It is observed that the reflux increases on
decreasing the flow rate, and this increase is more prominent for the symmetric channel than for the asymmetric
channel.
5. Concluding remarks
In the present article, the peristaltic motion of a couple stress fluid with lubricated walls is investigated.
For lubrication purpose, a thin layer of the Ostwaldde-Waele fluid model is used. To discuss the solution
of the problem, we choose a fixed value of consistency
index n = 1/2. The exact solutions for velocity distribution, pressure rise and stream function are given through
analytical procedure. Our main findings are
• Increase in velocity profile is noted on the upper wall
of the channel by increasing the impacts of lubrication.
• The pressure rise increases by increasing γ , λ, a and
b, while it decreases as d increases.
• It is noticed that pressure rise gives opposite
behaviour in the augmented region compared to the
pumping region for all the parameters.
• The values of lubricant parameter produce no-slip,
partial-slip and full-slip conditions, and as we are
using the lubrication on the walls of the channel,
increase in slip enhances the flow rate.
• It is perceived that for a large value of lubricant
parameter, trapping exists and on decreasing the
value of slip parameter bolus starts disappearing and
for the full slip case, the streamlines are parallel to
the walls of the channel.
• On increasing the flow rate, reflux zone becomes
larger.
• For special cases, our results agree with the existing
literature.
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