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Abstract. The influence of excluded volume interactions (EVIs) governs the dynamics of branched polymeric
structures. Therefore, we developed a theory with the inclusion of ubiquitous EVIs on average square displacement
(ASD) of the centre of mass in layered random flow (LRF). The mean-field approach is used to account for effective
EVIs between non-bonded monomers of generalised Gaussian structures. The effect of polymer topology is analysed
under the influence of δ- and power-law correlated LRF. Qualitatively, the theory predicts two anomalous powerlaw regimes: (i) the intermediate time subdiffusive behaviour with enhanced ASD, due to EVIs, shows the internal
motion of the chain and (ii) the long-time superdiffusive behaviour with slightly suppressed ASD represents the
overall diffusion of the polymer. The time dependence of ASD in the presence of EVIs reveals the anomalous longtime dynamics governed by a power-law, t 2−α/2 . The model with EVIs predicts enhanced swelling of the polymeric
structure and the stretching regime in the magnitude of the ASD. The influence of EVIs in star polymer causes
enhanced delay in cross-over time which is further increased with increase in functionality. Dendrimer structure
with EVI delays the cross-over time with spacer length. Finally, the increase in EVIs in all topologies causes the
enhancement in ASD and delay in cross-over time from subdiffusive to superdiffusive regime.
Keywords. Polymer dynamics; excluded volume interactions; layered random flow; generalised Gaussian
structures; average squared displacement.
PACS Nos 36.20.−r; 83.80.Rs; 47.57.−s

1. Introduction
Polymer solutions with different branched topologies
have been extensively used in various potential applications like drug delivery [1,2], catalysis [3,4], tissue
engineering [5,6], biomaterials [7], etc. The dynamical
behaviour of the polymers in various types of flow is
strongly affected by the excluded volume interactions
(EVIs) [8,9]. The swelling behaviour of the polymers
in good solvents due to EVI was successfully predicted
in [10,11]. In dilute solutions, the size of a real chain is
determined by the diffraction experiment, its influence
on the intrinsic viscosity, the osmotic second virial coefficient, the friction coefficient, etc. [12]. The physical
picture underlying the bead-spring model of the polymer dynamics is that the motion of the polymer chain is
strongly restricted by the surrounding of the molecules
[13]. Such chains can interact strongly due to the topological constraints that the chains cannot cut through
each other. In the past two decades, a subject of growing
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interest about the polymer dynamics motivated by many
of the potential applications of the branched polymers
[14]. Many theoretical and the experimental studies have
been done on various statistical properties of the starburst polymer [15–21]. Tomalia and co-workers [22,23]
studied the statistical properties of star-like polymers
that have attracted recent interest due to the controlled
synthesis of the successive generation of the star-burst
polymer. Intensive studies have been done on polymer
in solutions [24] and in melt [25] conditions. The perennial Rouse model [26] was initially introduced to study
the linear flexible polymeric chain dynamics. Further,
the concept of generalised Gaussian structure (GGS)
[27–29] for various branched polymers was used for
the extension of Rouse model. A serious drawback of
this model is not to include the hydrodynamic interactions and the excluded volume interactions in the
polymer structure. The GGS model is used to study various branched polymers with complex topology like star
polymer [30–34], dendrimer [30–32,34–37], comb-of
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comb [38], dendrimer built from the star [39], different fractal polymer networks, viz. Sierpinski Gasket
[40,41], Vicsek fractals [42] and random structures like
small-world network [43,44] and its dynamical properties under the influence of external forces [31,32,45].
Linear polymer dynamics in various flows, either random flow [46–52] or non-random flow [53], has to be
understood.
An outstanding problem of interest is to understand the conformational and dynamical properties of
a single polymeric structure in the external flow. Generally, a polymer varies from other molecules in various
contexts, its conformation and properties change with
respect to the solvent quality. The radius of gyration (RG ) depends on the total number of beads per
polymeric structure and follows the power-law RG ∝
N γ , where γ is an excluded volume parameter which
changes with the solvent quality. The EVI in the
polymer chain are the two-body monomer–monomer
interactions. The excluded volume parameter (v ex )
changes with various types of solvent. In poor solvents,
the chemically indistinguishable monomer–monomer
interactions are more favourable than the interactions
between the monomers and the solvent. These interactions lead to a universal structure with γ = 1/3 and
v ex < 0. In the theta condition, the interactions between
monomers and the solvent become more favourable
which leads to γ = 1/2 and v ex = 0, whereas in good
solvents, the monomer–monomer interactions become
more favourable. The radius of gyration of a real chain
2 ∝ N γ b2 , γ ∼ 6/5) and v ex > 0,
in good solvents (RG
which measures the chain size, is much larger than
2 ∝ N b2 )
the radius of gyration of an ideal chain (RG
[11]. This type of scaling behaviour is the characteristic of the three-dimensional objects being consistent
with the results from the structural studies of the flexible polymers in solutions. The polymer structure in
good solvent has swelling behaviour unlike the theta
solvents. In external flow fields, the polymer dynamics
often diverges from the regular diffusion laws known
as anomalous diffusion. The difference between the
normal (R 2 (t) ∝ t) and the anomalous diffusion
(R 2 (t) ∝ t ν ) involves the analysis of the mean-square
displacement which grows linearly with time for the normal diffusion and sublinearly (ν < 1) or superlinearly
(ν > 1) for anomalous sub- and superdiffusion, respectively. A subdiffusive behaviour of motion results from
the disorder [54] or follows from the internal relaxation
modes of the object in motion [55].
The present work is the extension of the earlier
work developed by Katyal and Kant [13,56] by taking
into account the EVI through the mean-field approach
in layered random Matheron de Marsily (MdM) flow
model. Many studies estimate these interactions by other
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approaches such as the self-consistent field approach,
scaling concept of renormalisation group approach, the
mean-field approach, etc. [11,57]. Oshanin and Blumen
[46,47] also investigated the linear chain dynamics without EVI using the layered random flow (LRF). The flow
properties of the dilute polymer solution depend on the
interactions between the non-bonded monomers. Here,
we study the effect of EVI on the shape of the polymer or
stretching in polymer structure in the LRF model. The
shape of the polymer is examined in the model where
the EVI are described using the mean-field approximation potential. A great deal of research has been done
on the connection between the macromolecule structure and its dynamics [13,30–32,38,56]. The EVI is the
repulsive intramolecular interaction between the two
non-bonded beads. Analytical treatment of the EVI is
challenging and is complicated because of a large number of intramolecular interactions.
The present paper is organised as follows: Section 2
describes the theoretical formalism of the generalised
Gaussian structure on account of EVI using the meanfield approximation in layered random MdM flow
model. Section 3 describes the stretching dynamics of
the star and the dendrimer under the influence of EVI.
Section §4 summarises and concludes the results.

2. Mathematical approach
This section deals with the branched polymer dynamics
on account of the EVI in LRF. The branched polymer structure is illustrated by the bead-spring model.
The bead denotes the monomer and the spring denotes
the average bond between the monomers. The GGS
[13,24,30–32,38,56,58] plays an ideal role to understand
the dynamics of the polymer with complex arbitrary
topology. The GGS configuration is defined by a set
of position vectors {Ri }. We start with the fundamental
Langevin equation [24] to study the equation of motion
of the ith bead under the influence of the external flow
field:
∂U ({Rk })
∂Ri (t)
=−
+ fi (t) + Fi (t).
(1)
ζ
∂t
∂Ri
The term on the left-hand side of eq. (1) describes the
frictional force with friction coefficient ζ . In eq. (1),
the first term on the right-hand side represents the
intramolecular interaction potential between the beads.
The second term, f i (t), describes the random thermal
forces due to the Brownian motion on the ith bead and
the third term describes the external random force, Fi ,
due to external flow. The interaction potential energy
term in Langevin’s equation gives information about
the topology of a polymeric structure. The interaction
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potential, U ({Rk }), in eq. (1) of the branched polymer
comprises an elastic term which accounts for the connectivity of the beads through harmonic springs and a
non-bonded interaction term due to the excluded volume, given by
U ({Rk }) = Ub ({Rk }) + Unb ({Rk })
N
3kB T 
=
Ai j Ri R j
2b2
i, j

+
U ({Rk }) =

kB T  Ni jv
Ei j Ri R j
2b2
( 4 π Ri3j )
i, j 3

N
K  ex
Ai j Ri R j .
2

(2)

j=1

The N × N square matrix,
ṽE
,
Aex = A +
3
where
Ni jv
ṽ = 4
3
3 π Ri j
has information about the connectivity of monomers
in polymeric structure between the non-bonded repulsive interactions. The N × N square matrix E [57,
59,60] denotes the arrangement of the non-bonded
beads whereas the elements of E i j are 1 if i and j are
non-bonded beads and zero otherwise. All bonds are
supposed to be equal in eq. (2) with spring constant,
K = 3kB T /b2 , where b is the average distance between
the beads. The GGS topology includes N × N connectivity matrix A = (Amn ). The connectivity matrix A is
also called adjacency or Kirchhoff matrix [27,28,61,62]
which is symmetric and the rules to define A matrix
includes: its diagonal elements Amm equals the coordination number of the mth bead and the off-diagonal
elements Amn are −1 if m and n are connected, or 0
otherwise. Here, v is the EVI parameter between the
non-bonded beads and this parameter is scaled with
the volume of ideal polymer size, Ri3j . Here, Ri j is the
radius of gyration of the polymer which can be written as
(Ni j b2 /6), Ni j is N ×N distance matrix between ith and
jth bead which measures the distance between the two
beads. Langevin equation where potential term had the
polymer structure information may approximately follow Gaussian behaviour. Biswas et al [59,60,63,64] have
done great work on the rheology and mechanical moduli of flexible, semiflexible branched and hyperbranched
molecules on account of EVI.
The random thermal forces, f i (t), arises as a result
of collision due to the constant and irregular motion of
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beads with the surrounding solvent particles and are centrerd Gaussian processes and their correlation function
follows the fluctuation dissipation theorem [24]:
 f (t) = 0;
 f iα (t) f jβ (t  ) = 2kB T ζ δi j δαβ δ(t − t  ).

(3)

Here, the angular bracket · · ·  represents the thermal
averaging over different polymer configurations, kB is
the Boltzmann constant and T is the temperature. α and
β denote the directions (x, y or z), δαβ and δi j are the
Kronecker delta functions, δ(t − t  ) is the Dirac delta
function. To obtain a linearised Langevin equation of
motion of the ith bead of GGS in the external force,
substitute the potential expression from eq. (2) in eq. (1):

∂Ri (t)
fi (t)
+σ
+ Vi ,
Aiexj R j (t) =
∂t
ζ
N

(4)

j=1

where σ = K /ζ , R ≡ (R1 , R2 , . . . , R N )T , f ≡ ( f 1 ,
f 2 , . . . , f N )T and F ≡ (F1 , F2 , . . . , FN )T , where T
signifies the transposed vector and Vi is the velocity
due to the external random flow on the ith bead position,
Vi = Fi /ζ .
To account the external forces in our system through
LRF, we are using MdM [65] flow model. The pattern
in the MdM model can be shown as an arrangement of
different layers of force or velocity vector parallel to
each other and perpendicular to any axis, say X-axis. In
each layer, the force vector orientation is constant and
varies randomly from layer to layer. Assume that the
force or the velocity vector are parallel to the Y -axis
and independent of X- and Z-components equal to zero.
The matrix representation of eq. (4) is given by
∂Xi (t)
fi X (t)
+ σ Aiexj X j (t) =
∂t
ζ
∂Zi (t)
f
i Z (t)
+ σ Aiexj Z j (t) =
∂t
ζ
and
∂Yi (t)
fiY (t)
+ σ Aiexj Y j (t) =
+ VY (X i (t)).
∂t
ζ

(5)
(6)

(7)

The solution of eqs (5) and (6) represent the diffusive
motion of beads due to random thermal forces in the
X and Z directions, respectively. The key idea of MdM
layered random flow model unravels the analytical treatment of the complex problems of branched polymeric
structures under random flow. Here, Xi and Zi in eqs (5)
and (6), respectively can be integrated independently of
Yi . The velocity vector of the Y component varies randomly with the X-coordinate. Equation (7) is linear in
Yi and the time-integral solution of this equation can be
created due to the linearity. The decoupling of the X and
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Y components is not possible in more general random
flow. It is difficult to obtain a nice closed-form time integral and analytical treatment is difficult. Further, the Y
component varies randomly with the X coordinate:
V X (X, Y, Z ) = [0, V [X ], 0].

(8)

Here, V [X ] is a random function which is considered to
be Gaussian random function with the mean
V [X ] = 0

(9)

and the finite covariance of the random function
V [X 1 ]V [X 2 ] = V02 φ (|X 1 − X 2 |).

(10)

Here, V0 is the root mean square velocity of the flow
and overline represents the average over the random
flow configuration. φ is the correlation between different
layers of the random flow. Here the random flow is considered to be a stationary process. Therefore, it depends
on the two-layer separation. The important quantity φ
is defined in terms of the power spectrum, Q(K), by the
Fourier integral
 ∞
φ(|X 1 − X 2 |) =
dKQ(K)e[i K (X 1 −X 2 )] .
(11)
−∞

To model different types of flow behaviour, we have to
choose different forms of power spectrum Q(K). For
the LRF, the power-law power spectrum is defined as
lf
|l f K|α−1
2π
Wα |K|α−1
=
(0 < α ≤ 1),
2π V02

Q(K) =

(12)

where l f is the flow persistence length which measures
the distance up to which the flow is in similar direction.
This length should be of the order of the size of the
polymer (RG ). Here, α tells about the type of flow or
persistence behaviour of the random flow. The value
α = 1 indicates delta correlated or weakly correlated
flow. The long-range correlation effects are enhanced
or show a higher persistence of the flow with decreasing
values of α. The prefactor Wα in eq. (12) is defined as
Wα = V02 l αf .

(13)

Consequently, from eqs (12) and (13), the power-law
power spectrum is related to the characteristic parameters of random flow which are α, l f and V0 . Thus, one
can mimic various flow behaviours after varying these
flow parameters. This type of power spectrum is analogous to the long-range algebraic correlations of random
flows [47],
φ(|X 1 − X 2 |) =

W
(α) cos(απ/2)
,
2
|X 1 − X 2 |α
πV0

(14)
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where (α) is the gamma function. The simplest example is the white-noise power spectrum
lf
,
(15)
2π
which describes the LRFs which are δ-correlated.
Q(K ) =

φ(|X 1 − X 2 |) = l f δ(X 1 − X 2 ),

(16)

where δ is the Dirac delta function. Equation (14)
reduces to eq. (16) when α → 1.
In general, Weissenberg number (Wi ) measures the
relative intensity of the polymer relaxation and stretching induced by the external flow. Wi is defined as the
product of the characteristic velocity gradient V0 /l f and
the longest Rouse relaxation time τR ,
Wi =

V0
τR .
lf

(17)

τR varies with polymer topology. For a given molecular weight, Wi will depend on the branched polymeric
structures. Also, l f must be of the order of the radius
of gyration RG of the polymer that is much greater than
the Kuhn segment to observe the impact of random flow
on the polymeric structure.
The convenient and general way to find the solution of
Langevin equation (4) is to write a matrix representation
for various components of Ri . The simplicity of this
problem is the decoupling of the components of Ri .
∂X(t)
f(t)
+ σ Aex X (t) =
,
∂t
ζ
∂Z(t)
f(t)
+ σ Aex Z (t) =
∂t
ζ
and
∂Y(t)
1
+ σ Aex Y (t) = (f(t) + F(t)).
∂t
ζ

(18)
(19)

(20)

The solution of eq. (20) represents the bead motion arising from the external flow and the thermal fluctuation
(as the direction of the flow is in the Y -direction). The
formal solution of eqs (18)–(20) are

1 t
X(t) =
dt  exp[−σ (t − t  )Aex ]f(t  )
(21)
ζ −∞

1 t
dt  exp[−σ (t − t  )Aex ]f(t  )
(22)
Z(t) =
ζ −∞

1 t
dt  exp[−σ (t − t  )Aex ][f(t  ) + F(t  )].
Y(t) =
ζ −∞
(23)
Now, to calculate ASD in the Y -direction, we shall use
eq. (23). Differentiate the right-hand side with respect
to t and it can be rewritten as
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Y(t) − exp[−σ tAex ]Y(0)

1 t 
dt exp[−σ (t − t  )Aex ][f(t  ) + F(t  )].
=
ζ 0
(24)
Here, assume the flow to be switched on t = 0 in
eq. (24). Therefore, Y (0) shows no displacement in Y direction and is taken to be zero. Now to calculate the
average square displacement (ASD) of the centre of
2 (t), we have to square eq. (20) and take
mass, YCM
averages for both the polymer and the random flow.
Both averages are taken to be independent of each other,
i.e., the thermal forces are assumed to be independent
of the presence of the random external forces. Similar
2 (t)
method is used here to derive the expression of YCM
as in ref. [56] using various stochastic processes [66].
The expression is valid for long time limit (t
τR )
where Rouse relaxation time (τR ) is the required time
taken to diffuse the polymer in the order of its chain
size, τR = ζ b2 N 2 /3π 2 kB T . For short time limit where
time is shorter than the Rouse relaxation time (t
τR ),
the expansion does not give information about the polymeric structure and it shows only ballistic motion of
the individual beads. For long time limit, the expansion
gives all information about the structure. Therefore, for
long time limit
2 (t) =
YCM

2kB T
t
Nζ



W (α/2)
ζ N α/2 2−α/2
+
t
π(4 − α)(2 − α) 2kB T
 2 1−α/2
 2 

π τR
π τR
,
× 1 − C1
+ C2
2t
2t
(25)
where
4−α
C1 =
Nζ



1
N

3−α/2   
m,n

1−α/2
Cimn

(26)

i =1

and

small. In the second term, the prefactor signifies the
anomalous drift due to external random flow and the
term in curly brackets tells about the contribution from
the stretch dynamics of the polymers. For δ-correlated
flow or α = 1, eq. (25) can be written as
2 (t) =
YCM

2kB T
t
Nζ

1/2
4W
ζN
+
t 3/2
3
2π kB T
 2 1/2
 2 

π τR
π τR
,
× 1 − C1
+ C2
2t
2t
(29)

where



 
3 1 5/2   mn 1/2
C1 =
Ci
2 N
m,n

(30)

i =1

and



3   mn
.
Ci
C2 =
2N 3 m,n

(31)

i =1

Therefore, we obtained the final results for ASD of the
centre of mass (in long time limit) for star and dendrimer
in LRF where the information about the connectivity
and EVIs of the polymer structure is in eigenvectors
and eigenvalues.

3. Dynamics of stars and dendrimers
This section deals with the dynamics of two topologies
of the polymeric structure (star and dendrimer) in LRF
by incorporating EVIs. The final generalised expression
for ASD of the centre of mass depends upon the eigenvalues λi and eigenvectors Q i which is obtained using
MATHEMATICA software for numerical calculations
and for generating graphs.
3.1 Effect of excluded volume interactions on stars



4 − α   mn
,
C2 =
Ci
2N 3 m,n

(27)

−1
−1
Q mi Q im
Q ni Q in
+
,
λi
λi

(28)

i =1

Cimn =
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where the term Cimn represents the dimensionless mean
square distance between the mth and nth beads. On the
right-hand side of eq. (25), the first term is the drift term
due to thermal fluctuation and it does not contain any
structural information about the polymeric structure and
contribution of this term in long time limit is negligibly

We explore the star polymer dynamics with and without
EVIs for long time limits. Our main focus is to study
the motion of the star polymer with time in LRF. The
star polymer structure emerges from a central core bead
from which f arms emanate where each arm consists of
n number of beads. The total number of beads of the star
polymer is given by N = n f + 1 and the total number
of bonds by N − 1. Here, we study the influence of
excluded volume parameter on the stretching of the star
polymer under LRF. To calculate our results, we have
supposed that each bead and spring is built up of N0
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Figure 1. Schematic diagram of the star polymer by varying the excluded volume parameter, v ∗ = 0, 0.05, 0.1, 0.15,
0.2 (from below) and flow parameters are: α = 1 and
Wα = 5 × 10−11 cm3 s−2 .

Kuhn segments so that the effective friction coefficient
(ζ ) = N0 ζ0 , where ζ0 is the friction coefficient of each
Kuhn segment. The effective segment
length (made up
√
of N0 segments) becomes b = N0 b0 where b0 is the
length of the Kuhn segment. The value of parameters
which we use in our calculations are: friction coefficient
(ζ0 ) = 0.35 × 10−8 dyne s/cm, Kuhn segment length
(b0 ) = 6.7 × 10−8 cm, thermal energy (kB T ) = 4.11 ×
10−14 ergs at 298 K. All plots are for the ASD scale with
the square of the radius of gyration of the linear chain,
2  = N b2 /6.
RG
From eq. (25), the stretching of the star polymer with
∗
2 (t) is plotted against
respect to the centre of mass, YCM
time t ∗ . Here, the asterisk shows that the quantities are
∗
2 (t) = Y 2 (t)/R 2  and
dimensionless, so that YCM
CM
G
t ∗ = σ t. In figure 1, we compare the stretch dynamics
of the star polymer (n = 30, f = 5) by varying the
excluded volume parameter (v = v ∗ b3 )= 0, 0.05, 0.1,
0.15, 0.2 (from below) under the LRF with α = 1 and
W = 5 × 10−11 cm3 s−2 . Here dashed line shows the
polymer structure without EVIs. In this plot, we observe
that as we increase the excluded volume parameter, it
enhances the magnitude of ASD. The longest relaxation
time (τ2 = 1/σ λ2 ) is determined by the lowest non-zero
eigenvalue (λ2 ). The longest relaxation time increases
with increase in the excluded volume. The increase in
EVI increases the longest relaxation time which speeds
up the dynamics. Another important observation is a
delay in cross-over time from subdiffusive to superdiffusive behaviour with increase in the excluded volume
parameter. The physical significance of this behaviour is
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Figure 2. Star polymer dynamics with (solid lines) and
without (dashed lines) EVIs under the impact of LRF,
plotted in double logarithmic dimensionless scales for constant arm length (n = 20) with varying functionality
( f = 2, 3, 4), v ∗ = 0.15. The flow parameters are: α = 1
and Wα = 5 × 10−11 cm3 s−2 .

that due to the increase in the excluded volume parameter, the non-bonded beads strongly repel to each other.
Therefore, there is an enhancement of stretching with
more excluded volume or we can say that the star polymer is more swollen with this repulsive parameter. The
internal dynamics exists for longer time by enhancing
this parameter and therefore, it delays the overall diffusion. Also, there is a decrease in slope with increasing
EVIs. The significant effect of excluded volume parameter is seen when this value is 0.15. So, for the rest of
the calculation, we have to choose this parameter.
In figure 2 we observe the star topology effect on its
stretching dynamics under the LRF both in the presence
and absence of EVI with flow parameters, α = 1, v =
0.157 and W = 5 × 10−11 cm3 s−2 . From eq. (25), the
stretching of the star polymer with respect to the centre
∗
2 (t) is plotted against time t ∗ . Here, the
of mass, YCM
asterisk shows that the quantities are dimensionless, so
∗
2 (t) = Y 2 (t)/R 2  and t ∗ = σ t. Here,
that YCM
CM
G
the functionality is varying ( f = 2, 3, 4) with constant
arm length (n = 20) and v ∗ = 0.16.
We designate EVIs by solid lines and without EVIs
by dashed lines. Here, we compare the stretch dynamics
of the star polymer with and without EVIs as shown in
figure 2.
An additional contribution of EVIs leads to the amplification of the displacement of the polymer. Stretch
dynamics qualitatively manifest two different time
regimes. Intermediate time regime is analogous to the
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Figure 3. Dynamics of the star polymer with (solid lines) and
without (dashed lines) EVI under the influence of LRF, plotted
in double logarithmic dimensionless scales for constant total
number of beads, N = 25 where n = 6, f = 4 by varying
the flow exponent α (= 1, 0.7, 0.4) (from above), v = 0.17
and Wα = 5 × 10−11 cm3 s−2 .

internal motion of the chain and follows subdiffusive
behaviour. In the intermediate time regime, the magnitude of ASD and cross-over time is significantly
affected by incorporating EVIs in the star polymer.
The EVIs between two non-bonded segments of a
polymeric structure shows the effect of repulsion and
assist the expansion of the polymer chain. Long-time
regime shows the overall diffusion of the polymer and
follows superdiffusive behaviour. The cross-over time
delay from subdiffusive to superdiffusive behaviour
due to internal dynamics exists for longer time in the
presence of EVIs. Polymer gets swollen due to nonbonded monomer–monomer repulsive interactions and
therefore enhances the stretching of the polymer. The
presence of EVIs causes ten-fold increase in the longest
relaxation time.
Next, we analyse the effect of LRF on the star polymer dynamics in figure 3 for a constant total number of
beads, N = 25, for different values of flow exponent
α, i.e., 0.4, 0.7, 1 (from below) and excluded volume
parameter, v ∗ = 0.17. We designate the case with EVIs
by the solid lines and without EVIs by the dashed lines.
The higher value of α indicates the weakly correlated or
antipersistence behaviour of the flow. The lower value
of α measures the long-range correlation and the persistent behaviour of the flow. The value of flow exponent
heightens the magnitude of ASD. The presence of EVIs
intensifies the star polymer stretching which behaves
like a swollen molecule. Cross-over time comes later in
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Figure 4. Dynamics of the dendrimer ( f = 3) polymer with
(solid lines) and without (dashed lines) EVIs under the influence of external random flow, plotted in double logarithmic
dimensionless scales for various values of generation G (= 2,
4, 6). The other parameters are: α = 1, v ∗ = 0.15 and
Wα = 5 × 10−11 cm3 s−2 .

the expanded polymer structure compared to the ideal
polymer structure.
3.2 Effect of EVIs on dendrimer
This section is devoted to the dendrimer dynamics in
the presence of EVIs in the layered random MdM
flow. The branched polymer structure dendrimer is
well known for extensively branched tree-like structure [67,68]. Topologically, dendrimer structures have
a central core to which f -arms are attached. At each
new generation G, the ends of the arms get ( f − 1)
new arms attached to them. The structure ends at the
G-generation, and the central core bead is considered to
be the zeroth generation. For f = 3 the dendrimer contains N = 3 p(2G − 1) + 1 beads where p is the spacer
length, with the number of bonds N = 3 p(2G − 1).
With the increase in the number of generations of the
dendrimer, it becomes tightly packed at the periphery forming a closed ball-like structure. The various
dynamic and conformational properties of the dendrimer branched structure are successfully studied in
[20,30–32,35,36,69,70]. Biswas et al [57,59,60,63,64]
have done quality work on the rheology of flexible and
semiflexible dendrimer and hyperbranched molecule by
incorporating EVI for the same and adjacent generation.
In our approach, the excluded volume parameter is taken
in the whole structure.
We show in figure 4 the stretch dynamics of the
dendrimer for different generations G = 2, 4 and 6
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Figure 5. Dynamics of the dendrimer ( f = 3) polymer
with (solid lines) and without (dashed lines) EVIs under
the influence of external random flow, plotted in logarithmic dimensionless scales ASD vs. time for fixed generation
G = 2 and variation of spacers, p = 3, 5, 7. Other parameters
are: α = 1, v ∗ = 0.16 and Wα = 5 × 10−11 cm3 s−2 .

under the influence of LRF for both∗ with and without
2 (t) is plotted against
EVIs. Here, dimensionless YCM
∗
dimensionless time t in double logarithmic scales.
Two anomalous power regimes are obtained for both
with and without EVIs in the dendrimer structure, viz.
subdiffusive intermediate time regime and superdiffusive long time regime. The magnitude of ASD of the
centre of mass increases by increasing the number of
generations. There are more stretching for the higher
generation of dendrimer due to the larger surface area
of the structure under the influence of LRF. Accounting EVIs in the dendrimer structure enhances stretching
compared to the dendrimer structure. Due to the nonbonded monomer–monomer repulsive interactions, the
polymer structure is more stretched out. The cross-over
time comes later on account of EVIs. After the crossover time, polymer structure has no influence on these
repulsive interactions. Therefore, in long time regime,
dendrimer structure with and without EVIs has similar
stretching which shows the overall diffusion of the polymer structure. The longest relaxation time (τ2 ) increases
with increase in the generation of dendrimer. The presence of excluded volume causes further enhancement
in τ2 , i.e., three-fold for G = 2 and eighteen-fold for
G = 6 where v ∗ = 0.15.
In figure 5, the formalism was further applied to
examine the role of spacer length ( p) in dendrimers.
The enhancement in stretching dynamics is observed in
the presence of EVIs under the influence of LRF with
increasing spacer lengths p = 3, 5, 7 (from below) with
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Figure 6. Dendrimer (G = 3) plot in double logarithmic
dimensionless scales ASD vs. time for fixed total number of
beads and varying α (= 1, 0.7, 0.4) (from above), v ∗ = 0.15
and Wα = 5 × 10−11 cm3 s−2 .

fixed G = 2. Excluded volume interactions enhance
the ASD magnitude in intermediate time regime and
show negligible effect in long time regime. The slope
of the curve decreased on account of these non-bonded
interactions than the polymeric structure. There is
enhancement in τ2 with increasing spacer length in the
dendrimer.
Next, we study the effect of flow parameters on the
dendrimer dynamics in figure 6 which shows the anomalous diffusion of dendrimer (G = 3) for different flow
exponents α, i.e., 0.4, 0.7 and 1. The results obtained are
similar to the results obtained for star polymeric structure. Due to the swollen polymer structure, it intensifies
the stretching and therefore has a higher magnitude of
ASD in intermediate time regime. The longest relaxation time becomes larger in the presence of excluded
volume. The cross-over time remains the same for all
flow exponents. The effect of excluded volume delays
the cross-over time from subdiffusive to superdiffusive
behaviour.

4. Summary and conclusions
In this work, we investigate the dynamics of the flexible branched polymers under the influence of the
all-pervasive excluded volume interactions (EVIs) using
a mean-field approach. Dendrimers and their base structure, the star polymers, are focussed on the analysis
of the dynamical behaviour under LRF. The statistical
nature of LRF is modelled using a workable Matheron de Marsily model with white noise and long-range
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power-law spectrum. The average square displacement
is obtained after two averaging, viz., external random
flow and thermal noise. This average quantity accounts
for the overall stretch and diffusion of a polymeric structure. The presence of EVIs enhances the magnitude of
ASD which leads to the swelling of the structure. It
also causes a delay in cross-over time to the anomalous
drift region. ASD has quantitatively similar behaviour
for systems with and without EVIs. In this work, we
have analysed both the effect of varying topology of
the star and dendrimers under the influence of δ- and
power-law correlated LRF. The influence of varying
topology is understood by varying the number and
length of branches for stars, the number of generations
and spacer lengths for dendrimers. Qualitatively, the
theory predicts two anomalous power-law regimes of
motion in ASD: the intermediate and long time regimes
are obtained for both with and without EVIs in the polymer structure. The intermediate time regime shows that
the internal motion and the drift of the polymer structure
follow the subdiffusive behaviour whereas the long time
regimes show that the overall diffusion of the stretched
polymer structure due to LRF follows the superdiffusive behaviour. So, polymers in LRF are very good
examples of a complex system which shows anomalous
diffusion where both subdiffusive and superdiffusive
behaviours are observed. By increasing the EVI parameter, the molecule swells more and more by increasing
the stretching and magnitude of ASD.
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