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Abstract. In this work, efficient amplitude-apodization pupils have been presented for tailoring the point spread
function (PSF), which results in a decreased full-width at half-maximum (FWHM) and suppressed sidelobes.
Comparison of PSF intensity profiles for both the unapodized and apodized cases have been reported. By analysing
the resulting PSFs, the well-known effects induced by monochromatic aberrations such as defocussing effect, and
the primary spherical aberration have been controlled for various degrees of apodization parameter β. It is shown that
the two-point resolution of the apodized optical system significantly increased in the presence of aberrations. The
proposed pupil apodizer is very effective in enhancing the resolution of the optical systems applicable in imaging
and focussing applications.
Keywords. Apodization; point spread function; defocussing; spherical aberration; full-width at half-maximum;
two-point resolution.
PACS Nos 42.15.Fr; 42.25.FX; 42.30.Kq

1. Introduction
Point spread function (PSF) engineering is the
modulation of the light distribution in the focal region
of the optical system, exploited for improving the performance of optical systems employed in numerous
applications [1–18]. This mechanism, demonstrated by
inserting suitable phase or amplitude filter masks in the
Fourier plane of the optical system, results in changes
of the focal spot size and level of its surrounding sidelobes [1–4]. Presence of optical aberrations generally
degrades the performance of the optical system [5,6].
In general, the detrimental effects of aberrations can be
reduced by inserting an optical element with a suitable
optical transmittance function [7–18]. In our previous
work [19], we studied apodization of Hanning complex
pupil functions where primary aberrations were only
confined to the central region and omitted for the semiannular regions of the pupil. Aberrations considered in
the earlier study were confined to the middle region,
and therefore the performance is attributed to the pupil
mask itself. Therefore, it was not a perfect assumption. However, in this case sidelobes were completely
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suppressed on one side of the PSF at the cost of enhanced
sidelobes on the counter side, and the resultant PSF,
being asymmetric, plays a vital role in confocal imaging [3]. Traditionally, apodization across the exit pupil
of the system has focussed on obtaining the quality output or to improve imaging characteristics. PSFs from
the lenses with aberrations are severely distorted and
thereby is a major concern in many optical applications. Therefore, generating a smooth intensity profile
PSF has been one of the keystones of modern imaging systems underneath aberrations. In this context, the
optical system with the proposed apodization technique
aims to minimise the aberration effects and to enhance
the focussing/resolution power. With the defocussing
aberration, the resulting PSF corresponding to the point
source is being detected not at the location of the diffraction focus, but at the central peak longitudinally shifted
from that point, a point with maximum diffraction intensity implanted into longitudinal expansion of the central
peak, and with the energy shifted from the central peak
into the sidelobe region resulting in a decrease in the
central intensity [9,13,19]. But, a spherical aberration
of the lens distorts the resulting intensity PSF of the
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point image due to a difference in optical ray paths from
the source to the focus, i.e. peripheral rays of the lens
are not converging into exact focus related to the paraxial rays [20]. As is evident, there is a decrease in the
central peak intensity (known as Strehl ratio), increase
in the intensity level of first-order sidelobes and the
first minima position between the central peak and the
first-order sidelobe changes a little due to the spherical aberration [9,19]. Therefore, the defocussing and
spherical aberrations are playing a vital role in characterising as they have severely distorted the PSF optical
system. Note that an aberration-free lens pupil forms
the Airy PSF in which most of the incident light energy
concentrated within the central region or Airy disk and
the remaining energy distributed among the sidelobes.
In such cases, the proposed apodizer is highly efficient in compensating the aberration effects, resulting in
high-resolution PSF. It is a well-organised apodization
technique for achieving complete control on the spatial
intensity variations in the PSF formed by the optical
system which suffers from monochromatic aberrations
that are radially symmetric in the form of second-power
defocussing effect and the primary spherical aberration
with fourth-power dependence on the radial coordinate
ρ. The proposed amplitude apodization in improving
the two-point resolution of the aberrated optical system is important in astronomical observations. However,
in the present study, we discuss a flexible apodization technique to transform the distorted intensity PSF
into a smooth intensity PSF, and it is also capable of
resolving the two-point resolution problem of the aberrated optical system illuminated by a light with different
coherence conditions. These are illustrated in figures
also and it is showed that the apodizer is very competent
in improving the PSF quality as well as the two-point
resolution of the optical system, which is under the
influence of high level of aberrations. Further, the proposed technique opens up possibility for pupil filters
design and can be used to develop the off-axis imaging system in the areas of microscopy, telescopy and
spectroscopy.

2. Formulation
Following the scalar-wave diffraction theory, a monochromatic plane wave that is impinging on the circular
aperture results in a spherical wavefront, which converges at the focal point. A general expression for the
amplitude distribution of the diffracted light at a point
in the Gaussian focal plane (D f = 0) and defocussed
plane (D f  = 0) under apodization function T (ρ), is
obtained as follows [21,22]:
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ρ2
J0 (Xρ)ρ dρ
T (ρ) exp −i D f
2
(1)

X = k sin θ = (2π/λ) sin θ.
The Gaussian-type function for the amplitude apodization of the pupil transmission is defined as T (ρ) =
2
10−βρ , where β is the apodization coefficient, which
controls the degree of apodization and eq. (1) will be
written as
B(D f , X )


 1
ρ2
2
J0 (Xρ)ρ dρ
=2
10−βρ exp −i D f
2
0

(2)

in which J0 is the Bessel function of the first kind and
zero order and ρ is the normalised distance from a point
on the exit pupil of the system is varying from 0 to 1,
also known as the radial coordinate in the pupil plane.
X is the reduced dimensionless diffraction coordinate
in the image plane. At the Gaussian focal plane with
D f = 0, the amplitude distribution of the PSF is given
by
 1
2
B(0, X ) = 2
10−βρ J0 (Xρ)ρ dρ.
(3)
0

For the defocussed planes (D f = 2π ), the amplitude
distribution of the PSF is given by
B(D f , X )


 1
ρ2
−βρ 2
J0 (Xρ) ρ dρ. (4)
=2
10
exp −i (2π )
2
0
Upon introducing the primary spherical aberration, eq.
(4) becomes
 1
2
10−βρ
B(D f , Sa , X ) = 2
0

 
ρ2
ρ4
+ Sa
J0 (Xρ) ρ dρ.
× exp −i D f
(5)
2
4
The coefficient Sa is the amount of primary spherical
aberration. The coefficient D f is the amount of defocus
aberration. For the calculation of intensity response, the
amount of aberration is expressed in terms of dimensionless quantities π/2, π , 3π/2 and 2π . In general practice,
π and its fractions represent the amount of aberration
that is the same as the dimensional quantities, 0.25wave
(π/2), 0.5wave (π ), 0.75wave (3π/2) and 1.0wave (2π ).
Here β takes the values from 0 to 1. The resultant intensity of PSF is given by

2
I (D f , Sa , X ) =  B(D f , Sa , X ) .
(6)
The amplitude apodization mask across the pupil controls the amplitude transmittance of the optical system.
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The edge of the apodization pupil is equal to 1.0. The
amplitude transmittance of the apodizer, that is the pupil
transmittance as a function of the radial coordinate ρ
with varying degrees of apodization coefficient β is
shown in figure 1. For higher values of β, 90% attenuation of light transmission from the pupil edges has been
shown to have a substantial effect on the response of
the aberrated optical system. The reason for selecting
this apodization function is that it corrects the severe
effects of aberrations such as increased sidelobes, nonzero first minima, displacement of internal energy from
the central peak, etc.
3. Engineering the point spread function
The intensity distributions of PSFs under various situations are shown in the results, from figure 2 to figure 5.

Figure 1. Amplitude transmittances of the apodized pupil as
a function of the radial coordinate (ρ).
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The resultant intensity distribution is calculated by
squaring the modulus of the amplitude distribution of the
diffracted light, since optical systems in all these cases
are aberrated and have an apodized or unapodized pupil.
Mainly, these observations are representing the performance of optical systems considered in imaging and
focussing applications. Here, the twelve-point Gauss
quadrature method of numerical integration has been
developed and applied to investigate and measure the
PSF intensity distributions under the combined effects
of defocussing and primary spherical aberrations. The
iterative method is accurate in evaluating the characteristics of the resulting PSF intensity distribution under
aberrations and apodization. In general, the impact of
pupil apodization is determined based on the intensity
level of first-order sidelobes and the FWHM of the central peak in the resultant intensity distribution. Hence,
the proposed apodization across the pupil reduces the
light energy associated with the first- and higher-order
sidelobe levels of the PSF under various considerations.
Following Rayleigh criterion [23], the transverse resolution of the PSF increases with the decrease in FWHM
of its central peak. In the presence of high aberrations,
the apodization (β = 1) across the pupil decreases the
FWHM of the central peak to a lower value by reducing the higher frequency components at the edges of
the pupil function. Here, the pupil transmission profile
strongly depends on the value of β, as well as the amount
and nature of aberrations considered in the optical
system.
Figure 2a shows that in the presence of high primary
spherical aberration (Sa = 2π ) as the amount of defo-

Figure 2. PSF Intensity profiles under high spherical aberration with different amount of defocussing aberration (D f ) for (a)
unapodized pupil (β = 0) and (b) apodized pupil (β = 1).
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Figure 3. 3D PSF intensity profiles in the presence of high primary spherical aberration (Sa = 2π ) and defocussing effect
(D f = 2π ) for different levels of pupil apodization: (a) Unapodized pupil (β = 0), (b) apodized pupil (β = 0.25), (c)
β = 0.5, (d) β = 0.75, (e) β = 1.0.

cussing effect (D f ) increases, the internal energy of
the central peak is displaced, resulting in enhanced
sidelobe region. Figure 2b shows that by employing the
apodization filter with β = 1.0, the PSF intensity profiles have been redistributed in all defocussed planes,
in a way that the PSF changes to intensity distributions
with suppressed sidelobes and the first minima with zero
intensity. This simultaneous effect is achieved due to the
increase in β.
When β = 1.0, the resulting PSF intensity distribution in different defocussed planes are found to be
in the form of perfect Gaussian-type distributions (see
figure 2b). It is a siginificant achievement that, even in
the presence of high amount of monochromatic aberrations, the employed apodization across the pupil reduces
the sidelobe levels, resulting in smooth intensity PSFs.
Next, we investigated 3D PSF intensity distribution

of the aberrated PSF for various values of pupil
apodization and the corresponding results are shown
in figure 3. For unapodized pupil with β = 0, the
3D-intensity PSF is under high amount of primary aberrations that are shown in figure 3a. The presence of
defocussing and spherical aberration is the reason for
the decrease in the central peak intensity value, and
an enhanced sidelobe region. From figures 3b–3e, it is
found that the amplitude impulse response of the optical
system is improved with β. The use of the pupil apodizer
results in the PSFs with suppressed sidelobes, and there
exists a flat phase over the region where the maximum
amount of energy is enclosed. For the highest value of
apodization (β = 1.0), the pupil function becomes more
effective in transforming the spatial intensity distribution into the PSF with an enhanced axial resolution, as
seen in figure 3e.
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Figure 4. The impact of apodization on the PSF when the
defocussing effect (D f = 2π ) and the spherical aberration
(Sa = 2π ) are high.
Table 1. FWHM values of the PSF.
D f = 2π, Sa = 2π
S.No.

β

FWHM

1
2
3
4
5
6
7
8
9
10
11

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

10.1078
9.8862
9.5831
9.2211
8.8265
8.4294
8.0590
7.7360
7.4681
7.2534
7.0850

We also presented the aberrated 1D-PSF intensity
distributions for various values of apodization (β) in
figure 4. The resulting PSF profiles shown in figure 4
are formed by the optical system, which is suffering
from a high amount of optical aberrations. It is observed
that as β increases from 0 to 1.0 in steps of 0.1, there
will be a significant improvement in the intensity profile
of the PSF, and a smooth intensity PSF is obtained. The
full-width at half-maximum (FWHM) is the well-known
quality criterion applied to assess the resolution of an
aberrated optical system. The measured FWHM values
of the PSF curves for various values of β are presented
in table 1. It is clear that for higher values of β, the
FWHM in the case of apodized PSF is lower than that
of the unapodized case.
Figure 5 shows the PSF intensity distributions of
highly defocussed PSF for different values of spherical aberration. For a highly defocussed plane (D f =
2π ), a significant amount of energy spreads into the
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sidelobes region resulting in a PSF with non-zero minima. However, for D f = 2π , the amount of energy
transfer over the sidelobes increases with the value of
spherical aberration coefficient Sa . This feature is shown
in figure 5a. It is also observed that as Sa increases, the
non-zero first minima position of the PSF shifts towards
the centre of the pattern. Figure 5b illustrates smooth
PSF intensity distributions with no non-zero first minima. For β = 1, the resultant PSF curves are found
with a flattened sidelobe region and uniform phase over
the portion of the PSF where a significant amount of
energy is enclosed. The resulting PSF distribution for
the maximum out-of-focus plane (D f = 2π ) is said
to be a perfect Gaussian intensity distribution. Finally,
the apodized optical system is completely effective, and
the resultant apodized PSF is smoother than that of the
unapodized PSF.
Tables 2 and 3 list the intensities of the central peak
and sidelobes for different values of β, D f and Sa .
All intensity values computed using MATLAB simulation are developed based on numerical methods. The
listed values are used to characterise the apodized PSF
in the presence of primary aberrations. In table 1, for
the unapodized pupil β = 0 with a high amount of
primary spherical aberration, the central peak intensity
decreases with an increase in D f . It is noted that as
β increases, the central peak intensity relative to the
unapodized case (Strehl ratio) decreases. The calculated
values in both tables explain that with the apodization
(β = 1) across the pupil function, optical sidelobes are
suppressed to zero-level intensity, i.e., completely eliminated for highly aberrated PSF.
Figure 6a shows that by employing the pupil apodization with β = 0.5, the first-order sidelobes are suppressed to zero-level for all the defocused planes and
on further increase in the degree of apodization leads to
the PSF intensity distribution without any spatial intensity variations. A similar trend is noticed for the highly
defocussed plane with varying primary spherical aberration, as seen in figure 6b. It is interesting to observe
that apodizers are also effective in the absence of primary aberrations, as the apodized PSF would be much
smoother than that of the unapodized PSF, as depicted
in figure 7.

4. Resolution of two closely associated point sources

 
ρ2
ρ4
B(X ± R) = 2
+ Sa
10
exp −i D f
2
4
0
(7)
×J0 [(X ± R) ρ] ρ dρ
2
2
I (X ) = |B(X − R)| + α|B(X + R)|
√
+ 2 αγ (X 0 ) |B(X − R)| |B(X + R)|. (8)


1

−βρ 2
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Figure 5. PSF intensity profiles for different values of spherical aberration in a highly defocussed plane D f = 2π : (a)
Unapodized pupil (β = 0) and (b) apodized pupil (β = 1).

Figure 7. Apodized and unapodized PSF intensity profiles
in the absence of aberrations.

Figure 6. Variation in the first sidelobe intensity as a function of apodization coefficient β (a) for different defocussed
planes under high primary spherical aberration and (b) for
maximum defocussed plane under different values of spherical aberration.

Equation (8) is the general expression for the
composite intensity distribution from two-points formed
by the aberrated optical system [13]. In eq. (8), α
is the intensity ratio of two-points, γ (X 0 ) remain the
significant part of complex degree of coherence of illumination, X is the dimensionless diffraction coordinate,
B(X – R) and B(X + R) are the amplitude responses of
the optical system corresponding to the two-points (eq.
(7)), located at a distance of (X 0 /2) on both sides of the
optical axis. The resultant composite intensity distributions from the two-points under different considerations
are computed from eqs (7) and (8).
In the present work, two-point resolution is investigated by considering the intensity distribution from
two-point sources that are fully coherent/incoherent
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with respect to each other. The resultant intensity
distributions are reported for different source parameters
like different distance separations X 0 , intensity ratio α
and the value of γ which represents the degree of coherence of the illumination and has been considered as 0 or
1. Note that, the resultant intensity distributions formed
by the optical system is being apodized with β = 0.5.
For different distance separations (X 0 ), the resulting composite intensity distributions from two-point
sources are shown in figure 8. When D f = 2π , the
internal energy of the central peak is decreased at the
cost of increased sidelobe region that are observed in the
PSF study. By employing apodization (β = 0.5) across

Figure 8. Composite intensity distributions of two incoherent point sources (γ = 0) as a function of distance separations
(X 0 ) formed by the highly defocussed (D f = 2π ) optical
system.
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the pupil function, it is observed that the two-points are
well resolved for a distance separation between the twopoints X 0 varying from 3.0 to 5.0. In this case, X 0 = 3.0
which is the distance separation less than that of the
incoherent Rayleigh limit (1.22λ/aperture diameter =
3.832 (X 0 )). It is evident that the apodizer is effective to
resolve the two-point sources separted by the distance
less than that of the Rayleigh limit. For all X 0 values,
the central peak or the main lobe in the resultant intensity distribution shifts away from each other producing a
clear dip which is relatively a high two-point resolution.
Composite intensity distributions of two-point sources
separated by a distance equal to the Rayleigh limit
(X 0 = 3.832) formed by the optical sytem under different coherence conditions of illumination is shown
in figure 9. It is clear that when β = 0.5 across the
pupil function, the position of the cental peaks in the
resultant intensity distribution shifts away from each
other, and, therefore the two-coherent points are well
resolved for all values of α. However, In figure 9b,
distinct dips appear which are significantly larger than
that of the case shown in figure 9a. This study concludes that in the presence of apodization, the measured
resolution of two-point sources strongly depend on γ .
Figure 10a shows the intensity distribution of two-point
sources formed by an unapodized optical system for
different distance separations (X 0 ). As observed from
the intensity distributions, two-point sources are said to
be just resolved for all values of X 0 . Composite intensity distributions of the two-incoherent points (γ = 0)
formed by the aberrated optical system with β = 0.5
are shown in figure 10b. From the resulting intensity

Table 2. Intensities of the primary and secondary lobes of the aberrated PSFs for various out-of-focus planes and β values.
Sa = 2π
β

Df

0

Central peak intensity

First-sidelobe intensity

Second-sidelobe intensity

0
π/2
π
3π/2
2π

0.800305
0.608309
0.402618
0.222474
0.094049

0.023038
0.008716
0.012017
0.016691
0.080572

0.006462
0.002846
0.003706
0.004965
0.006737

0.5

0
π/2
π
3π/2
2π

0.295718
0.235196
0.168202
0.107520
0.062013

0.000881
0.001327
0.000501
0.000768
0

0.000256
0.000346
0
0
0

1

0
π/2
π
3π/2
2π

0.135145
0.114193
0.089889
0.066669
0.047793

0.000124
0.000180
0.000066
0
0

0.000026
0.000039
0
0
0
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Table 3. Intensities of the primary and secondary lobes of the defocussed PSFs for different amounts of spherical aberration
and apodization β.
D f = 2π
β

Sa

0

Central peak intensity

First-sidelobe intensity

Second-sidelobe intensity

0
π/2
π
3π/2
2π

0.405285
0.307992
0.221669
0.149704
0.094049

0.072112
0.014099
0.082119
0.082772
0.080572

0.011442
0.003655
0.016975
0.019870
0.006737

0.5

0
π/2
π
3π/2
2π

0.154751
0.125651
0.099970
0.078599
0.062013

0.000341
0.000478
0.000666
0
0

0
0
0
0
0

1

0
π/2
π
3π/2
2π

0.079755
0.069941
0.061194
0.053767
0.047793

0.000034
0
0
0
0

0
0
0
0
0

Figure 9. For maximum defocussed plane (D f = 2π ), composite intensity distribution of two-point sources with varying
intensity ratio α: (a) coherent illumination (γ = 1.0) and (b) incoherent illumination (γ = 0).

profiles, it can be concluded that under the combined
influence of high defocussing (D f = 2π ) and primary
spherical aberration (Sa = 2π ), the two-points with an
equal intensity ratio (α = 1) are well resolved for all
distance separations (X 0 ) regardless of the amount of
energy spread into the sidelobe region.
In the presence of apodization, the two-point sources
are well-resolved, as is justified by the presence of larger
separation dips in the intensity profile curves as shown
in figure 10b. In this case, the apodizer is effective in

improving the performance of the optical system, and
the resolution is found to be excellent (with the presence
of steep dips) for the incoherent optical system under
high monochromatic aberrations.

5. Concluding remarks
In the present study, the intensity redistribution of the
PSF is determined for different values of β under
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Figure 10. Composite intensity distribution of two-incoherent point sources (γ = 0) for different values of X 0 under the
combined effect of high defocussing (D f ) and primary spherical aberration (Sa ): (a) Unapodized pupil (β = 0) and (b)
apodized pupil (β = 0.5).

the combined effects of defocussing and spherical
aberrations. For unapodized pupil (β = 0), the sidelobe
region was increased vigorously with increasing values
of D f and Sa . By employing the apodizer across the
exit pupil, the edge-ringing effect or enhanced sidelobes
and the presence of non-zero first minima are greatly
eliminated.
It is clear that the apodization pupil (β = 1) is efficient
in improving the performance of aberrated optical systems relatively with the apodization pupils (β = 0.25,
0.5 and 0.75). Specifically, suppressing optical sidelobes on either side of the diffracted point source allows
us to detect the position of a faint point source in all
directions around the apodized one. Finally, the apodization pupil with β = 0.5 is effective in separating the
two overlapping point sources under different coherence conditions. As is evidenced by the presence of
distinct dips, the central peak or main lobe in the resultant composite intensity distribution move away from
each other, and the two-point sources are said to be
well resolved. Note that, the measured two-point resolution of the aberrated optical sysetem varies with respect
to the coherence condtions (γ = 0 or 1) of illuminance. It is shown that the proposed apodizer greatly
improves the performance of aberrated optical systems.
For example, microscopy, astronomical telescopes and
also beam focussing systems.
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