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Abstract. In this paper, a new concentric Hamming linear aperture is suggested. The point spread function (PSF) is
computed for concentric Hamming linear aperture and it is compared with the corresponding circular, conventional
Hamming and obstructed Hamming apertures. In addition, the autocorrelation corresponding to the aperture under
consideration is computed and plotted. Application of the Hamming linear aperture in the formation of modulated
speckle images of Ramses II statues using definite random diffuser is given. A diffuser limited by a circular uniform
aperture is the basic element in the formation of ordinary speckle images located in the Fourier plane. Meanwhile,
the Fourier spectrum of images of Ramses II multiplied by the ordinary speckle give modulated speckle images.
Discrimination between the modulated speckle images is justified by comparing the profiles corresponding to each
speckle image. Finally, the speckle contours and correlation of the modulated speckle images compared to the
ordinary speckle images are investigated. It is noted that all computation and formation of images and plots are
based on fast Fourier transform (FFT) techniques using Matlab codes.
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1. Introduction
The speckle images are formed by taking fast Fourier
transform (FFT) for the multiplication of the diffuser
and either the circular or the modulated aperture [1–
10]. Hence, the speckle images are computed from the
convolution product of the Fourier spectrum of the diffuser and the point spread function (PSF) corresponding
to the aperture. The numerical Fourier holograms are
originated by operating the FFT upon the multiplication of the object to be coded and the diffuser [11–20].
Hence, we get the Fourier spectrum corresponding to
the object convoluted with the Fourier spectrum of the
randomly distributed function. Consequently, the common element in the formation of both the hologram and
the speckle images is the randomly distributed function
called diffuser which is considered as an object or carrier
wave in holography. A paper on monitoring foam coarsening using as a computer optical mouse as a dynamic
laser speckle [21] was presented.
In this paper, the images of Ramses II are studied using speckle photography illuminated with diffuse
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laser beam. A new Hamming linear aperture is considered in the formation of speckle images and compared
with the corresponding speckles is considered in the
case of conventional and obstructed Hamming aperture.
Speckle profiles are investigated for all the images of
Ramses II. Finally, results and discussion are given followed by a conclusion.
2. Theoretical analysis
2.1 Computation of the PSF for Hamming linear
aperture
The concentric Hamming linear aperture is assumed to
have linearly varied distribution in the centre surrounded
by Hamming zone. In this case, the two zones are independent and the aperture is represented as the addition
of the two zones as follows:
PH−L (x, y) = P L (x, y) + PH (x, y)
 
r0 
= rL + 0.54 + 0.46 cos βπ r −
,
4
(1)
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 rL 
for   ≤ 1/4; r = (x, y)
r0

PL (r ) = rL
and

 
r0 
PH (r ) = 0.54 + 0.46 cos βπ r −
4
r
≤ r ≤ r0 ,
for
4
β is a parameter which has a value between zero and
one. Now, the PSF is computed by applying the Fourier
transform upon eq. (1), and we get the following result
[20]:
h H−L (ρ) = F.T.{PH−L (r )}



r0 
= F.T.{rL }+ F.T. 0.54+0.46 cos r −
4
J1 (αρ)
J0 (αρ)
PSF(ρ) =
+
αρ
(αρ)2
Ji (αρ)
+ {0.54 ∗ δ(ρ)
−2
(αρ)3
i

βλr0
βλ f
+ 0.46 ∗ 1/2 δ1 ρ −
−
2
4

βλr0
βλ f
+δ2 ρ +
+
,
(2)
2
4

where α = 2πr0 /λ f , f being the focal length of the
F.T. lens.
2.2 Formation of modulated speckle images
We assume that a coherent laser beam of uniform illumination is incident upon the diffuser d(x, y) limited by
a circular aperture P(x, y) of radius = r0 . In addition,
an image g(x, y) is placed in the same plane of the aperture. In this case, the complex amplitude is represented
by the multiplication of the three functions as follows:
A(x, y) = d(x, y) · g(x, y) · P(x, y),

(3)

where the randomly distributed function considered as
the diffuser is represented in matrix form of dimensions
M × N as follows:
M

N

d(x, y) =

exp[2πi(mx, ny)],

(4)

m=1 n=1

where M = N for the square matrix.
For the circular uniform aperture,
Pcir (r ) = 1 for r/r0 ≤ 1
= 0 for r/r0 > 1.

(5)

Figure 1. (a) The image of Hamming aperture without
obstruction. The diameter of the aperture = 128 pixels, (b)
the image of Hamming aperture with the central dark width
= 64 pixels and (c) the image of Hamming linear aperture.
The diameter = 128 pixels while the central linear width =
64 pixels.
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Figure 2. (a) The plot of Hamming aperture without obstruction, (b) the plot of obstructed Hamming aperture with the central
dark width = 64 pixels and (c) the plot of Hamming linear aperture. The total diameter = 128 pixels while the central linear
width = 64 pixels.

For conventional Hamming aperture,
(6)
Pham (r ) = 0.54 + 0.46 cos(βπr ),
where 0 ≤ r ≤ r0 .

Here r = x 2 + y 2 is the radial coordinate for the
above aperture.
For obstructed Hamming aperture,
P(obst.)ham (r )=0.54+0.46 cos[(βπ(r − rd )],

(7)

where rd ≤ r ≤ r0 . rd represents the central dark radius.

For Hamming linear aperture, it is represented in eq.
(1) as
 
r0 
PH−L (x, y) = rL + 0.54 + 0.46 cos βπ r −
.
4
(8)
Consequently, the modulated speckle formed in the
focal plane of a converging lens L is obtained by operating the Fourier transform on eq. (3), making use of
eqs (4) and (5) for circular aperture, eqs (4) and (6)
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Figure 3. (a) The intensity PSF corresponding to the Hamming aperture shown in figure 1a, (b) the intensity PSF corresponding to the obstructed Hamming aperture shown in figure 1b, where the central dark width = 64 pixels and (c) the intensity PSF
corresponding to the Hamming linear aperture shown in figure 1c, where the central linearly distributed width = 64 pixels.

for conventional Hamming aperture, eqs (4) and (7)
for obstructed Hamming aperture and finally eqs (4)
and (8) for Hamming linear aperture. In this case,
the simple product in eq. (3) is transformed into a
convolution product corresponding to the Fourier spectrum of each function written in symbolic form as
follows:
Ã(u, v) = d̃(u, v) ⊗ g̃(u, v) ⊗ h(u, v),

(9)

where the Fourier spectrum corresponding to each function is written as follows:
d̃(u, v) = F.T.{d(x, y)}
g̃(u, v) = F.T.{g(x, y)}
h 1 (u, v)=F.T.{Pcir (x, y)}, for circular aperture

(10)
(11)

(12)
h 2 (u, v)=F.T.{Pham (x, y)}, for Hamming aperture
(13)
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Figure 4. (a) The autocorrelation corresponding to the conventional Hamming aperture shown in figure 2a, (b) the autocorrelation corresponding to the obstructed Hamming aperture shown in figure 2b and (c) the PSF corresponding to the Hamming
linear aperture shown in figure 2c, where the central linearly distributed width = 64 pixels.

h 3 (u, v) = F.T.{Pobst.ham (x, y)},
for obstructed Hamming aperture

(14)

h 4 (u, v) = F.T.{Pham-linear (x, y)},
for Hamming aperture.

(15)

√
ρ = u 2 + v 2 is the radial coordinate in the Fourier
plane.
The ordinary speckle images are obtained from the
Fraunhoffer diffraction of the diffuser limited by the
uniform circular aperture.
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Figure 5. Different speckle images formed using definite randomly distributed function. The different apertures are shown
in the speckle images using the image shown in figure 15a.

Figure 6. Different speckle images formed using definite randomly distributed function. The different apertures are shown
in the speckle images using the image shown in figure 15b.

3. Results and discussions
The images of the apertures under consideration compared to the circular aperture are plotted in figure 1a
for conventional Hamming aperture, in figure 1b for
obstructed Hamming aperture with obstruction width
= 64 pixels and in figure 1c for Hamming linear aperture
with equal ratio of Hamming and linear zones. The plots
corresponding to the described apertures are shown in
figures 2a–2c. The total diameter = 128 pixels for all the

apertures. The selection of Hamming linear aperture is
considered better than the obstructed Hamming aperture
because we gain more intensity from the central linear zone. In addition, both the obstructed Hamming and
Hamming linear apertures will give resolution which
is better than that obtained in the case of circular
aperture.
The PSF or the Fourier spectrum corresponding to
each aperture is computed from the FFT technique
and plotted in figures 3a–3c and the autocorrelation
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Figure 7. Different plots corresponding to the speckle images, shown in figure 5, at certain horizontal line at 128 pixels.

Figure 8. Different plots corresponding to the speckle images, shown in figure 6, at certain horizontal line at 128 pixels.

Figure 9. Autocorrelation of speckle images modulated by image 1 shown in figure 15a using different apertures.
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Figure 10. Autocorrelation of speckle images modulated by image 2 shown in figure 15b using different apertures.

Figure 11. Cross-correlation of speckle images modulated by image 1 shown in figure 15a using different apertures. A stands
for circular, B for conventional Hamming, C for obstructed Hamming and D for Hamming linear apertures.

corresponding to each aperture is shown in figures 4a–
4c. It is shown, referring to figure 3a, that the PSF
corresponding to the Hamming aperture is composed
of a central peak surrounded by two side peaks located
at ±25 pixels as expected for the Hamming aperture.
In figures 3b and 3c corresponding to both obstructed
Hamming and Hamming linear apertures, the PSF or
the normalised spectrum has similar pattern like that
obtained in the case of conventional Hamming aperture but affected by noises due to either the central dark

obstruction or the linear central zone. In addition, in both
cases, splitting of peaks is shown.
The autocorrelation of the conventional Hamming
aperture has a width = 256 pixels which is two times the
aperture width as expected (shown in figure 4a), while
the autocorrelation of the obstructed Hamming aperture
of the central dark zone is shown in figure 4b, and discontinuity is shown proportional to the dark zone. The
autocorrelation of the Hamming linear aperture in figure 4c decreases harmonically in proportionality with
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Figure 12. Cross-correlation of speckle images modulated by image 2 shown in figure 15b using different apertures. A, B, C
and D are as in figure 11.

Figure 13. Contours corresponding to ordinary and different modulated speckle images using image 1 shown in figure 15a.

the linear central zone and again decreases harmonically
until reaching zero. The linear part in figure 4c extends
from r = ±32 pixels up to r = ±66 pixels.
The modulated speckle images are obtained using
eqs (9)–(15) applying FFT techniques on the two
selected images of Ramses II. Circular, Hamming,

obstructed Hamming and Hamming linear apertures are
used in the formation of speckle images using certain
diffuser illuminated with coherent laser beam. Different speckle images using image 1 are shown in figure 5,
while other speckle images using image 2 are shown in
figure 6.
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Figure 14. Contours corresponding to ordinary and different modulated speckle images using image 2 shown in figure 15b.

The profiles corresponding to the different speckle
images are plotted in figure 7 using image 1 and in figure 8 using image 2. It is shown from the profiles that
all the speckle images are different which is due to the
presence of different images or the difference between
the apertures used in the fabrication of the speckle
images. This is obvious from the convolution product
of the Fourier spectrum corresponding to the different apertures and the different objects as indicated in
eq. (9).
The autocorrelation curves corresponding to the different speckle images using image 1 are shown in
figure 9, while the other set of curves using image 2
are shown in figure 10. It is shown that similar central peaks are obtained for the autocorrelation curves
while the secondary oscillating weak peaks are different for different apertures as shown in figure 9 and
similar results are perceived in figure 10. The crosscorrelation corresponding to the speckle images of A, B
for ordinary speckle and speckle using Hamming aperture, cross-correlation corresponding to the images A, C
for ordinary speckle and speckle using obstructed Hamming aperture, cross-correlation of B, C, speckle images
using Hamming and obstructed Hamming apertures and
finally the cross-correlation corresponding to the images
B, D for speckle using Hamming and Hamming linear
apertures are shown in figure 11, where image 1 is used
in the formation of the modulated speckle images. Similar set of cross-correlation plots are given for image 2 as

shown in figure 12. It is shown that the cross-correlation
profiles are different depending on the intensity distribution inside the circular aperture.
The contours corresponding to the different speckle
images either ordinary or modulated are shown in figure 13 using image 1, and in figure 14 using image 2.
Figure 13a gives the contour of the ordinary speckle
using only diffuser and circular aperture while figures 13b–13d correspond to the contours for conventional Hamming, obstructed Hamming and Hamming
linear apertures respectively in the presence of image
1. Similar modulated apertures are used by considering
image 2 as shown in figures 14b–14d.
Agglomeration of darker intensities are shown for the
ordinary speckle, while more agglomeration of transparent speckle patches is shown in the presence of image 1,
in particular using Hamming linear aperture, as shown
in figure 13. Intermediate agglomeration is seen for
conventional and obstructed Hamming aperture. This
may be attributed to the diffuse scattering from the
image under investigation. Hence, based on agglomeration concept of speckle patches, we can differentiate
between the ordinary speckle image in the absence of
the image and the modulated speckle image in presence
of the image. Another example is applied on image 2.
It showed different agglomerations in the contours of
the modulated speckle images as shown in figure 14.
Images 1 and 2 used in the formation of speckle images
and its investigation are given in figures 15a and 15b.
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comparison of the profiles corresponding to the modulated speckles with the ordinary speckle profiles formed
from only the diffuser and limited by circular aperture
showed a remarkable difference. Hence, we can confirm
the presence of objects (Ramses II images) by comparing the modulated speckle images with a reference
ordinary speckle image. In addition, the autocorrelation
and cross-correlations corresponding to the different
modulated speckle images are investigated.
Finally, speckle contours corresponding to the modulated speckle images compared to the ordinary speckle
contours is considered as a good discrimination between
the different speckle images.
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