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Abstract. Selecting the asymmetric Gaussian (AG) potential to describe the confinement of electron in a diskshaped quantum dot (QD), the ground state and the first excited state energy and wave function of the system
are derived by using the Lee–Low–Pines (LLP) Pekar transformation variational method, and the two-level
structure required for a qubit is constructed. The influence of material parameters such as the dispersion coefficient,
dielectric constant ratio and electron–phonon coupling constant on the qubit properties of AG potential QD with
the electromagnetic field are investigated. The results show that the electric field and magnetic field have opposite
adjustment functions for the formation of qubit. The electric field is advantageous for the qubit survival and
information storage, while magnetic field and electron–phonon coupling are detrimental to the qubit survival and
information storage, respectively. The decoherence time of the qubit increases with increasing magnetic field
cyclotron frequency ‘from the turning point’. Applying an electric field, increasing the dielectric constant ratio, the
dispersion coefficient and the electron–phonon coupling constant of the materials are all beneficial to improve the
coherence of the qubit.
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1. Introduction
Quantum information is an interdisciplinary subject
between quantum mechanics and information science.
The carrier of quantum information can be any two-state
microsystem, but each system has its advantages and
disadvantages when used as a quantum information carrier. The semiconductor quantum dot (QD) scheme has
attracted a lot of attention [1–5] because QDs have the
advantages of growth control, adjustable energy level
structure, easy implementation of large-scale integration and miniaturisation of devices. The unit of storage
and processing of quantum information is qubit. The
so-called qubit refers to the superposition state of two
quantum states |0 and |1 that satisfy the orthogonal
normalisation:
|qubit = a |0 + b |1 , |a|2 + |b|2 = 1.
In quantum information, both quantum parallel computing and quantum modelling are based on the coherence
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of quantum states. However, the coherence of the quantum state is unstable and extremely susceptible to the
external environment, and the result will be the attenuation of quantum coherence, which is called qubit
decoherence. If the coherence is lost, the superiority of
quantum computing disappears. Therefore, the problem
of quantum decoherence has become a major obstacle
in the development of quantum information. How to
eliminate or reduce quantum decoherence has naturally
become a research hotspot in the quantum information.
In recent years, some scholars have studied the theoretical schemes of suppressing decoherence by electric field
[6], electron spin [7], spin–orbit coupling [8], magnetic
field [9], Coulomb bound potential [10] and ambient
temperature [11,12], and obtained some useful results.
However, there are still some valuable factors in this
topic that need to be studied.
First, the geometry of QD is often assumed to be
an ideal spherical structure. In fact, the shape of QD
is related to growth conditions, and it may be more
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accurate to describe QDs as columnar or thin disk [13].
Second, it is important to select a suitable confinement
potential function for the three-dimensional confinement of electrons in QD. However, in the above works,
the single parametric parabolic potential has been used
to describe the confinement of electrons in QD. In fact,
parabolic potential is an ideal model that is too simplified, and the result is undoubtedly rough. Recently, some
researchers [14,15] chose the two-parametric asymmetric Gaussian (AG) potential to describe the confinement
of electrons in low-dimensional quantum structures,
because some experimental results show that the real
confinement of electrons should be a non-parabolic
well-like potential [16], while the AG potential wells
with finite well depth and well width should be a good
approximation. However, in recent years, the work of
introducing AG potential to low-dimensional structures
has mostly focussed on quantum wells, and related
research is rarely in the field of QDs. Third, there are
many influencing factors of the QD qubit coherence.
In addition to the above electromagnetic fields, spins
and temperature, possible factors should also include the
quality of QD materials, such as dispersion, dielectric
constant (DC), electron–phonons coupling (EPC) constant, etc. The effects of dispersion coefficient, DC ratio
and EPC constant of the materials on the decoherence
of the AG potential QD qubit under an external electromagnetic field caused by the spontaneous emission of
phonons, has not been reported. Fourth, the influences of
the external electromagnetic field, dispersion, DC ratio
and EPC constant of materials on the formation, survival
time and decoherence time of the AG potential qubit are
also problems to be clarified. This work will fill some
of the research gaps in the field.

2. Hamiltonian
We consider an electron that is three-dimensionally
confined in a disk-shaped QD (as shown in figure 1),
assuming that the electron is subjected to different local
confinement forces along the growth direction of the QD
and its vertical direction, respectively, while the electrons also interact with hydrogen-like impurity and bulk
longitudinal optical (LO) phonon in the medium. The
AG potential VG (z) (as shown in figure 2) and parabolic
finite potential VP (x, y) are selected to represent the
constraints on electron in the direction of growth along
the QD (z-axis) and in the vertical direction (x–y plane),
respectively. The magnetic field with the vector potential
A = B (−y, x, 0) /2 and the electric field F are applied
in the z direction. Then the Hamiltonian of the five-body
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Figure 1. A schematic diagram of the geometry of a
disk-shaped QD.

Figure 2. Asymmetric Gaussian potential curve.

interaction system such as electron, electric field, magnetic field, hydrogen-like impurity and LO phonons, can
be written as [12,14]
H = He + VE (z) + VG (z) + VP (ρ)
+VC (r ) + Hph + He−ph ,

(1)

where



eA 2
1
He =
p+
,
2m b
c
VE (z) = −ze∗ F



z2
−V0 exp − 2L
2 , z ≥ 0
VG (z) =
,
∞, z < 0
1
VP (ρ) = m b ω02 ρ 2 ,
2
e2
VC (r ) = −
,
ε∞r

Hph =
ωLO bk+ bk

(1a)
(1b)
(1c)
(1d)
(1e)
(1f)

k

and
He−ph =


k


vk bk eik·r + vk∗ bk+ e−ik·r ,

(1g)

represent the kinetic energy of electrons, additional
energy caused by the electric field, the confinement
potential of the electron along the growth direction (zaxis) of the QD and its vertical direction (x–y plane), the
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Coulomb energy of the electron-hydrogen-like impurity, LO phonons field energy and electron–LO phonon
coupling energy, respectively. V0 represents the well
depth of the AG √
potential (V0 > 0), L represents its
well width, R0 = /(m b ω0 ) is called the range of the
parabolic confining potential and the physical meaning
of other quantities are the same as in ref. [12].

3. Lee–Low–Pines (LLP) transformation and
Pekar-type variational calculation
In order to implement the Pekar-type variational (PTV)
calculation for the energy and state of the system,
the Lee–Low–Pines transformation (LLP) [17] is performed on the Hamiltonian as follows:
U −1 HU =

p2
β 4 2 iβ 2 ∂
− e∗ z F
+
ρ −
2m b
32m b
4m b ∂ϕ
1
e2
+ m b ω02 ρ 2 + VG (z) −
2
ε∞r

+
∗
ωLO (bk + f k )(bk + f k )
+
k

+





vk (bk + f k )ei k · r + h.c. ,

(2)

k

where f k ( f k∗ ) is the variational parameter and β 2 =
2eB/c. According to the variational principle, it can be
written as
δ  | U −1 HU |  = 0,

(3)

where |  is the test wave function of the system.
According to the PTV method [18], the ground state
| 0  and the first excited state | 1  of the system are
selected as


1
−1/4
| 0  = 2λ0 π
exp − λ20 ρ 2 + z 2 0ph , (4)
2


1
3/2
| 1  = 2π −1/4 λ1 z exp − λ21 ρ 2 + z 2 0ph , (5)
2
where λ0 and λ1 are variational parameters and |0ph  is
the vacuum state of the LO phonon, as determined by
bk |0ph  = 0.
Substituting eqs (2), (4) and (5) into eq. (3), we can
derive the equations that the variational parameters f k ,
f k∗ , λ0 and λ1 satisfy. After a lengthy calculation, the
ground-state energy E 0 = lim  0 | U −1 HU | 0  and
the first excited state energy E 1 = lim  1 | U −1 HU | 1 
of the system can be obtained. A two-level system is
required to construct a qubit by using E 0 , E 1 , formulas
(4) and (5). The probability density of the electrons in
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the superposition state or the qubit is as follows:
w(ρ, z, t) = π −3/2 λ30 e−λ0 (ρ
2

2 +z 2 )

+2π −3/2 λ51 z 2 e−λ1 (ρ +z )

2 3/2 5/2 − 1 (ρ 2 +z 2 )(λ2 +λ2 )
0
1
+2
λ λ ze 2
π3 0 1
E ·t
,
× cos

2

2

2

(6)

where E = E 1 − E 0 represents the energy gap
between the first excited state and the ground state, and
its expression is as follows:
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where ωc = eB/(m b c) is the magnetic-field cyclotron
(MFC) frequency, α is the EPC constant, η = ε∞ /ε0
is
√ called the DC ratio of the material and r p =
/(2m b ωLO ) is the effective radius of the polaron.
The oscillation period of the qubit can be written as
T =

h
h
.
=
E1 − E0
E

(8)

Considering that the superposition state of electrons is
easily affected by the external environment, introducing
the parabolic dispersion relationship, based on the Fermi
gold rule and the even-order approximation, the phonon
dispersion relationship ω = ωLO − ζ ck 2 is introduced
when the environment is kept at a low temperature, and
the spontaneous emission rate τ −1 of the LO phonon
can be calculated as [19]
e2 E
| 0 | r | 1 |2
2π cε0 2 ς
16λ30 λ51
e2 E
=
,
2π cε0 2 ς λ2 + λ2 5
0
1

τ −1 =

(9)

where τ is the decoherence time of the qubit and ζ is
the dispersion coefficient of the material.
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Figure 3. The energy gap
different values of α.

E vs. V0 of the AG potential for

Figure 4. The energy gap
different values of ωc .

E vs. V0 of the AG potential for

4. Results and discussion
The data curve of the energy gap E, the electronic
probability density | (ρ, z, t)|2 in the qubit, the oscillation period T and the decoherence time τ of the qubit are
shown in figures 3–18. In order to make the variation law
of each physical quantity represented by these numerical
curves universal, F0 = ωLO /(e∗r p ), ωLO , (ωLO )−1 ,
ωLO and r p are used as the units of the electric field
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Figure 5. The energy gap E as a function of V0 of the AG
potential for different values of F.

Figure 6. The energy gap E as a function of L of the AG
potential for different values of η.

(EF) strength, frequency, time, energy and length in the
figures, respectively.
Figure 3 describes the variation of the energy gap E
as a function of the well depth V0 of the AG potential
for different values of EPC constant α. It is shown that
E decreases with the increase in V0 . The reason for
this is that, first, the energy of the polaron in the bound
state is generally less than zero, |E 0 | > |E 1 | [20]. The
AG potential VG (z) = −V0 exp(z 2 /2L 2 ) < 0, |VG (z)|
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Figure 7. The probability density w(ρ, z, t) vs. V0 of the AG
potential for different values of ωc .

Figure 9. The probability density w(ρ, z, t) as a function of
L of the AG potential for different values of η.

Figure 8. The probability density w(ρ, z, t) as a function of
V0 of the AG potential for different values of F.

Figure 10. The oscillation period T as a function of L of the
AG potential for different values of F.

increases with increasing V0 , and so the absolute value
of the energy of the polaron increases with the increase
of V0 . Second, the absolute value |E 0 | of the groundstate energy increases with the increase of V0 more than
that of the excited state energy |E 1 |, causing the energy
spacing E to increase with the increase of V0 . From
figure 3 one can see that E increases with increasing
EPC constant α with fixed V0 . The reason for this is that

the absolute value of the EPC energy increases with the
increase of the EPC constant α. The average number of
phonons of the excited state polaron is less than that of
ground-state polaron [21], and thus, the contribution of
EPC energy to the absolute value of the energy of the
excited state is less than that of the absolute value of the
energy of the ground state, causing the energy spacing
E to increase with the increase in the EPC constant α.
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Figure 11. The oscillation period T as a function of V0 of
the AG potential for different values of ωc .

Figure 12. The oscillation period T as a function of L of the
AG potential for different values of α.

Figure 4 plots the variation of E as a function of
V0 of the AG potential for different values of MFC frequency ωc . It is shown that E increases with increase
in ωc when V0 is fixed. This is because the application
of magnetic field will strengthen the polarisation of the
medium, so that the EPC increases with the increase of
magnetic field [20]. The increase in ground-state energy
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Figure 13. The oscillation period T as a function of L of the
AG potential for different values of η.

Figure 14. The spontaneous emission rate τ −1 as a function
of V0 of the AG potential for different values of F.

with the increase in magnetic field is greater than that of
excited state energy. So, E increases with the increase
of ωc .
Figure 5 plots the variation of E as a function of
V0 of the AG potential under different values of EF
strength F. It is shown that E decreases with increasing F when V0 is fixed. The reasons are as follows: First,
applying an electric field will weaken the polarisation of
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Figure 15. The spontaneous emission rate τ −1 as a function
of V0 of the AG potential for different values of ωc .

Figure 17. The spontaneous emission rate τ −1 as a function
of L of the AG potential for different values of ζ .

Figure 16. The spontaneous emission rate τ −1 as a function
of L of the AG potential for different values of η.

Figure 18. The spontaneous emission rate τ −1 as a function
of L of the AG potential for different values of α.

the medium [20], so that the EPC will weaken with the
increase of the electric field. Secondly, the electric field
weakens the EPC of the ground state more than that of
the excited state, so that E decreases with the increase
of F.
Figure 6 describes the variation of E with the well
width L of the AG potential for different values of DC
ratio η. It can be seen from figure 6 that E increases
with increasing η when L is fixed. This is because the

larger the η, the stronger the impurity-electron Coulomb
potential VC ∝ −(1 − η)−1 , and the greater the energy
of the system, wherein, increase in amplitude of the
ground-state energy E 0 with the increase of η is larger
than the amplitude of the first excited state energy E 1 .
Figure 7 describes the probability density w(ρ, z, t)
as a function of V0 of the AG potential for different
values of ωc . From here we see that the probability
density | (ρ, z, t)|2 oscillates and decreases with the
increase of V0 . This is because it can be seen from

98

Page 8 of 9

figure 3 that E increases with increasing V0 , resulting from the overlap between | 0  and | 1  decreases
with increasing V0 , so that the probability density
| (ρ, z, t)|2 decreases with the increase of V0 . We
observed from figure 7 that some interesting changes
have taken place between the | (ρ, z, t)|2 –V0 curves
under the influence of the cyclotron frequency ωc , which
are marked by the emergence of two ‘turning points’.
Specifically, at V0 ≈ 50.0ωLO , the probability density
| (ρ, z, t)|2 increases with the increase of ωc and at
V0 ≈ 150.0ωLO , the probability density | (ρ, z, t)|2
decreases with the increase of ωc .
In figure 8, we have plotted w(ρ, z, t) as a function of
V0 of the AG potential for different values of F. It can
be seen from figure 8 that V0 has a significant effect on
the change of w(ρ, z, t) with F, which is manifested in
the existence of two ‘turning points’. That is, at V0 ≈
98.0ωLO , w(ρ, z, t) decrease with the increase of F
and at V0 ≈ 305.0ωLO , w(ρ, z, t) increases with the
increase of F.
Comparing figures 7 and 8, it is not difficult to find
that the magnetic field and the electric field have opposite adjustment functions for the oscillation of w(ρ, z, t)
with V0 , which means that the influence of V0 on
w(ρ, z, t) can be adjusted by the electric field and the
magnetic field, to obtain a suitable qubit.
Figure 9 describes the variation of w(ρ, z, t) with L of
the AG potential under different values of η. From here
we see that w(ρ, z, t) increases with increasing η when
V0 is fixed. This is because the larger is the value of η, the
greater is the Coulomb attraction between the electron
and the impurity, so that the average phonon number
around the electron is more, resulting in an increase in
the overlap between | 0  and | 1  with the increase of
η.
In figure 10, we have plotted the oscillation period T
as a function of L of the AG potential for different values
of F. We observed from this figure that T increases with
increasing F when L is fixed. According to figure 5, this
is because E decreases with increasing F, causing T
to increase with increasing F. This result is consistent
with the conclusion of ref. [6].
Figure 11 plots the variation of T with V0 of the
AG potential for different values of ωc . It is shown
that T decreases with the increase of ωc when V0 is
fixed. According to figure 4, this is because E between
the ground and the first excited states increases with
increasing ωc , so that T decreases with the increase of
ωc , which means that applying an external magnetic
field will result in a shorter survival time for the qubit.
This is detrimental to the information storage of the QD
qubits.
Figure 12 presents the variation of T as a function of
L of the AG potential for different values of α. From
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figure 12, we can see that T decreases with the increase
of α. From the formula T = h/ E, this is because
E between the ground state and the first excited state
increases with the increase of α, causing T to decrease
with the increase of α. This shows that, in terms of the
impact of α on the lifetime of the qubits, the larger is the
EPC constant α, the more detrimental is the information
storage of the qubits.
Figure 13 shows the variation of T as a function of
L of the AG potential for different values of η. From
figure 13 one can see that T decreases with increasing η,
because E increases with increasing η. This indicates
the presence of impurities in the quantum dots, so that
the oscillation period of the electron superposition state
becomes smaller. This means that the qubit survival time
becomes smaller. This is detrimental to the information
storage of the QD qubit.
Figure 14 reveals the variation of the spontaneous
emission rate τ −1 with V0 of the AG potential for different values of F. We can observe from figure 14 that
τ −1 decreases with the increase of F when V0 is fixed.
In other words, the decoherence time τ of the qubit
increases with the increase of F, because the stronger
the electric field is, the stronger is the polarisation of the
medium, resulting in a smaller spontaneous emission
rate of the phonons. This means that the application of
an external electric field improves the coherence of the
QD qubit. This result confirms that the scheme proposed
by Li et al [6] to increase the decoherence time by applying an electric field is feasible.
In figure 15, we have plotted the spontaneous emission
rate τ −1 of the LO phonon as a function of V0 of the AG
potential for different values of ωc . We observed from
figure 15 that interesting changes have taken place in
the τ −1 –V0 curves under the influence of ωc , which is
marked by the emergence of a single ‘turning point’.
Specifically, when V0 ≈ 51.6ωLO , the spontaneous
emission rate τ −1 has changed by leaps and bounds from
increasing to decreasing with the increase of ωc , i.e., the
decoherence time τ has changed by leaps and bounds
from decreasing to increasing with increasing ωc .
By comparing figures 14 and 15, we can conclude that
applying an electric field will improve the decoherence
of the qubit, while applying a magnetic field can adjust
the coherence of the qubit.
Figure 16 describes the variation of τ −1 as a function of L of the AG potential for different values of η.
From figure 16 one can see that τ −1 decreases with the
increase of η, which means that τ increases with the
increase of η. This indicates that the presence of the
impurity Coulomb potential in the QD is advantageous
for the information storage of QD qubit.
Figure 17 depicts the variation of τ −1 with L of the AG
potential for different values of the dispersion coefficient
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ζ . It can be seen from figure 17 that τ −1 decreases with
increasing ζ , which means that the decoherence time τ
increases as ζ increases. The dispersion coefficient is
determined by the nature of the material itself. Therefore, to obtain a longer decoherence time, a material
with a larger dispersion coefficient should be selected
to prepare the QD qubit.
Figure 18 depicts the variation of τ −1 with L of the
AG potential for different values of α. We observed from
this figure that τ −1 decreases with the increase of α, i.e.,
τ of the qubit increases with the increase of α. This is
because the greater the EPC constant is, the stronger will
be the EPC, resulting in smaller spontaneous emission
rate of the LO phonon, that is, the longer will be the
decoherence time. This result inspires us to use phonon
effect to obtain QD qubits with good coherence, that
is, choose the quantum dots prepared by semiconductor
materials with the highest possible EPC constant (α >
6.0), and construct qubit with good coherence.
5. Conclusion
We constructed a two-level system required by the
qubit using the five-body interaction system in the diskshaped QD with AG potential. The influence of material
parameters such as the dielectric constant, the dispersion
coefficient and the EPC constant on the qubit properties of AG potential QD with electromagnetic field
are investigated. The results indicate that: (1) The electric field and magnetic field have opposite adjustment
functions for the probability distribution of the electron
and even the formation of the qubit. (2) The oscillation
period of the qubit increases with increasing electric
field strength, but decreases with increasing MFC frequency, DC ratio and EPC constant. (3) The decoherence
time of the qubit increases with increasing electric-field
strength, DC ratio, dispersion coefficient and EPC constant, respectively. The decoherence time increases with
increasing MFC frequency from the ‘turning point’.
This paper will provide a reference for the related
experimental work of the preparation and the information storage of QD qubits. The method used in this paper
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is suitable for researches on electronic states in QDs of
the I–VII materials (such as RbCl, KI, etc.).
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