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Abstract. We investigate the impact of a constant force excitation on the dynamics of a simple jerk system with
piecewise quadratic nonlinearity. We demonstrate that in the presence of the forcing term, the model is asymmetric
yielding more complex and striking bifurcation patterns such as parallel bifurcation branches, coexisting multiple
asymmetric attractors, hysteretic dynamics, crises, and coexisting asymmetric bubbles of bifurcation. Accordingly,
the coexistence of two, three, four, or five asymmetric periodic and chaotic attractors are reported by changing the
model parameters and initial conditions. The control of multistability is investigated by using the method of linear
augmentation. We demonstrate that the multistable system can be converted to a monostable state by smoothly
adjusting the coupling parameter. A very good agreement is observed between PSpice simulation results and the
theoretical study.
Keywords. Jerk system with broken symmetry; multiple attractors; coexisting bubbles; control of multistability;
PSpice simulations.
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1. Introduction
It is well known that the asymmetry deliberately induced
in a nonlinear dynamical system can be controlled
to discover many complex features (e.g. mixed mode
oscillations, bursting, hysteresis, coexisting multiple
asymmetric attractors, and so on) as in the case of Chua’s
circuit [1,2], Helmholtz–Duffing oscillator [3], parametrically excited pendulum [4,5], model of thermal
convection [6], network of nonlinear circuits [7], and
Josephson equation [3], just to cite a few.
In this paper, we consider the dynamics of a simple jerk circuit [8] where the symmetry is broken by
the presence of an additive constant k that controls the
symmetry of the system. We study the mechanism of
chaos generation and the occurrence of coexisting multiple attractors both in the symmetric (k = 0) and
the non-symmetric (k  = 0) regimes of operation. It
is important to note that jerk systems [8–14] denote
0123456789().: V,-vol

3D ordinary
differential equations (ODEs) with the
...
x
form
= J (ẍ, ẋ, x) where the nonlinear function
J (·) indicates the ‘jerk’ (i.e. the third-time derivative
of the position x). The issue of multistability in simple jerk systems has recently been reported in a number
of works from varied fields of science and engineering.
On this line, the coexistence of four self-excited attractors in a simple jerk system with odd cubic nonlinear
term was discussed in [14] utilising both numerical and
experimental arguments. This striking event of multiple coexisting attractors mostly relies on the system’s
odd symmetry and thus is also obtained with a hyperbolic sine function [8], a hyperbolic tangent function
[15], a smooth composite tanh-cubic nonlinear term
[12] or a voltage-controlled memristor [16] described
by pinched hysteresis loop current–voltage characteristics. Although very interesting, it should be stressed
that all cases of multistability discussed so far are concerned with symmetric jerk systems. Also, the issue of
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Figure 1. Plots of the nonlinear function φk (x) = −k + x
− x|x| for five discrete values of the symmetry parameter k.
We notice that the number (one, two, or three) of zeros of φk
depends strongly on the value of k. In other words, the value
of k determines the number and location of equilibrium points
of system (1).

Figure 3. Coexistence of a limit cycle with a stable fixed
point obtained for γ = 1.35, a = 8.0, μ = 0.75
and k = 0.030. Initial conditions (x1 (0), x2 (0), x3 (0)) are
(±0.5, 0, 0). We stress that for any value of γ in the range
1.263 ≤ γ ≤ 1.413, the system develops a limit cycle or a
fixed point motion depending on the value of initial conditions.
√
Figure 2. Plots of the distance δ(k) =
1 + 4k
 −1
√
− 1 − 4k μ between the Hopf bifurcation points related
to the equilibrium points (P1 , P2 ) in terms of the symmetry parameter for some discrete values of μ. Notice that this
distance vanishes for k = 0 and increases with k.

multistability in jerk systems in the presence of a broken symmetry is very little documented. Motivated by
the previous works on jerk dynamic systems, we consider the effects of symmetry breaking on a simple
autonomous jerk system with a piecewise linear nonlinearity previously investigated in ref. [8]. Thus, the new
chaotic flow can be smoothly adjusted to behave either
symmetrically or to experience no symmetry through
a single variable parameter. Interestingly, the investigations reveal that the modified system can exhibit
two, three, four, five or six coexisting (symmetric or

asymmetric) attractors and it displays richer dynamic
behaviours than the original symmetric one [8]. The
addition of a constant term can be regarded as a purely
mathematical practice to uncover new nonlinear bifurcation patterns. One of the main motivations is that
in real physical systems, symmetries are rarely exact
and some symmetry-breaking imperfections are always
present [17–20].
The outline of the paper is as follows. Section 2
presents the evolution equations of the forced system
and discusses the possible symmetries. The stability of
the equilibrium points is studied with respect to the
parameters and the analytical conditions for the occurrence of Hopf-type bifurcations are established. In §3,
the bifurcation behaviour of the model is investigated
numerically, highlighting several parameter ranges of
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Figure 4. Bifurcation diagrams (a(i)–b(i)) of local maxima of the coordinate x1 and the corresponding graphs of largest
Lyapunov exponent (MLE) computed with a = 8.0 and μ = 0.75 for two discrete values of the symmetry parameter
k (k = 0.000, 0.030). Blue and magenta colours correspond to downward continuations starting with initial conditions
(±0.5, 0, 0).

multiple coexisting solutions and hysteretic dynamics.
The control of multistability based on the linear augmentation scheme is described in §4. Section 5 focusses on
the experimental study of the system. A convenient electronic circuit (i.e. the analogue simulator) is designed for
investigating the extremely complex dynamics of the
forced system. PSpice simulation experiment confirms
the results of the theoretical study. Finally, §6 draws the
conclusions of this work.
2. Description and analysis of the model
2.1 The model
The state equation of the modified jerk system under
consideration is expressed by the following autonomous
ordinary differential equations (ODEs) with a piecewise
quadratic term:

⎧
⎨ ẋ1 = x2
ẋ2 = ax3
⎩ ẋ = −k − γ x − μx + x − x |x |
3
2
3
1
1 1

,

(1)

where a, γ , μ, and k are positive control parameters.
The piecewise quadratic nonlinearity involves a singlestate variable, namely x1 . Here, parameter k controls
the symmetry of the model. Specifically, for k = 0 the
model displays a perfect symmetry corresponding to the
case previously investigated by Kengne et al [13]. The
case k  = 0 relates to a non-symmetric system for which
more complex nonlinear dynamics arise (that cannot be
explained based on symmetry consideration) including,
for instance, coexisting bifurcation branches, multiple
coexisting asymmetric attractors, and crisis (see §4).
Interestingly, we would like to quote that the piecewise quadratic nonlinearity has also been considered
in many problems related to Chua’s system [9]. The
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Figure 5. Phase-space trajectories showing routes to chaos in the system for varying a: (a) Period-1 for γ = 0.75, (b) period-2
for γ = 0.65, (c) period-4 for γ = 0.635, (d) single-band spiralling chaos for γ = 0.62, (e) single-band screw-like chaotic
attractor for γ = 0.57 and (f) double-band chaotic attractor for γ = 0.5. The rest of the parameters are: a = 8.0, μ = 0.75
and k = 0.0. Initial conditions (x1 (0), x2 (0), x3 (0)) are (±1, 0, 0).

presence of this nonlinear term in system (1) accounts
for the extremely complex and striking dynamics developed by the model. We obtain the most elegant form [9]
of system (1) by rewriting it in the general jerk equation:

Finally, we notice that the state variable x1 appears only
in the third equation of system (1) implying that it represents an offset boosted variable [21,22].

...
x = −aγ ẋ − μẍ + ax − ak − ax|x|.

As previously mentioned, it can easily be seen that
system (1) is symmetric with respect to the origin of

(2)

2.2 Symmetry and dissipation
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Figure 6. Phase-space trajectories showing routes to chaos in the system for varying a: (a) Period-1 for γ = 0.75, (b) period-2
for γ = 0.68, (c) period-4 for γ = 0.626, (d) single-band spiralling chaos for γ = 0.575, (e) single-band screw-like chaotic
attractor for γ = 0.55 and (f) double-band chaotic attractor for γ = 0.5. The rest of the parameters are: a = 8.0, μ = 0.75
and k = 0.03. Initial conditions (x1 (0), x2 (0), x3 (0)) are (±1, 0, 0).

the coordinates for the special case k = 0.0. For
this singular case, system (1) represents an inversion
invariant nonlinear dynamic system provided that it
remains unchanged when performing the coordinate
substitution: (x1 (t), x2 (t), x3 (t)) ⇔ (−x1 (t), −x2 (t),
−x3 (t)). As a result, all the attractors of system (1)

occur either as individual symmetric attractors, or as
mutually symmetric couples. This property is the key
ingredient to justify the presence of multiple coexisting solutions appearing for some combinations of
system parameters. Moreover, a suitable exploitation
of the symmetry property of the evolution equation
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Figure 7. Cross-sections of the basins of attractions onto the
plane x2 = 0 computed for γ = 0.55 (a) and γ = 0.575 (b)
while keeping a = 8.0, μ = 0.75 and k = 0.030. Attractors
and related basins of attractions are represented with the same
colours as in figure 5. Red zones relate to the unbounded
dynamics. Notice that even with a single attractor (a), the
basin of attraction is not the whole state space.

considerably simplifies the numerical experiment (e.g.
the stability analysis, the calculation of phase-space
trajectory, and the computation of basins of attraction
as well).
More generally, system (1) is non-symmetric for any
value of k  = 0.0. However, we notice the invariance of
system (1) following the coordinate transformation
(x1 (t), x2 (t), x3 (t), k) ⇔
(x − x1 (t), −x2 (t), −x3 (t), −k).
Consequently, we restrict our analysis for positive values of parameter k throughout this work. The dynamics
for negative values of k can be deduced from the latter
transformation.
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Figure 8. Bifurcation diagrams of the local maxima of the
coordinate x1 computed with γ = 0.62 and μ = 0.75 for
two discrete values of k (k = 0.015 and 0.050). Blue and
magenta colours correspond to downward continuations starting with initial conditions (±0.5, 0, 0). Notice the absence of
the merging crisis event in both figures.

The divergence of the vector field (1) is computed as
follows:
∂ ẋ1 ∂ ẋ2 ∂ ẋ3
+
+
∂ x1 ∂ x2 ∂ x3
∂(x2 ) ∂(ax3 )
=
+
∂ x1
∂ x2
∂(−k − γ x2 − μx3 + x1 − x1 |x1 |)
+
∂ x3
= −μ < 0.

=

It follows that for any point x = (x1 , x2 , x3 ) in phase
space, the divergence is always negative. Accordingly,
system (1) is dissipative and consequently can develop
attractors [23,24].

Pramana – J. Phys.

(2020) 94:81

Page 7 of 25

81

Figure 9. Bifurcation diagrams showing local maxima of the coordinate x1 vs. a computed for four discrete values of k.
Blue and magenta diagrams correspond to the downward continuation starting with initial condition (±0.5, 0, 0). Red and
black diagrams are produced by starting the system from fixed initial conditions (±0.5, 0, 0). The rest of the parameters are:
γ = 0.62 and μ = 0.75.

2.3 Fixed point analysis
Through the analysis of the bifurcation of fixed points,
it is possible to detect the existence of more complicated
dynamical behaviours [23,25]. In this regard, the study
of fixed points represents a crucial step in the analysis
of a nonlinear dynamical system. By equating all the
derivatives in system (1) to zero, we found that for 0 ≤
k < 0.25, there exist three non-symmetric equilibria:
P j = (σ j , 0, 0)( j = 0, 1, 2) where σ j are defined as
follows:
√
√
1 − 1 − 4k
1 + 1 − 4k
σ0 =
; σ1 =
;
2√
2
−1 − 1 + 4k
σ2 =
.
(3)
2
Only the range of k values mentioned above for which
the system displays three fixed points will be considered

in this work. In the special case k = 0, both P1 (1, 0, 0)
and P2 (−1, 0, 0) are mutually symmetric about the origin P0 (0, 0, 0) of the system coordinates and thus they
share the same dynamic properties. The Jacobian matrix
of system (1) obtained by carrying
 out a perturbation
around any fixed point P j σ j , 0, 0 , takes the following
form:
⎤
⎡
0
1 0
⎦
0
(4)
MJ = ⎣
  0 a .
1 − σ j − σ j sgn σ j −γ −μ
Denoting the 3×3 unity matrix by Id , the eigenvalues of
the above Jacobian matrix are the roots of the following
polynomial (Q(λ) = det(M J − λId )):

 
Q(λ) = λ3 + μλ2 + aγ λ − a 1− σ j − σ j sgn σ j .
(5)
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Evaluated at the equilibrium point P0 (σ0 , 0, 0), the characteristic polynomial takes the form:
√
Q 0 (λ) = λ3 + μλ2 + aγ λ − a 1 − 4k.
(6)
Clearly, the characteristic polynomial has coefficients
with different signs. Thus, according to the Routh stability criterion, P0 is always an unstable fixed point
independently of the values of parameters in the range
of interest. Similarly, the evaluation of characteristic
polynomial at the fixed point P1 (σ1 , 0, 0) yields the following expression:
√
Q 1 (λ) = λ3 + μλ2 + aγ λ + a 1 − 4k.
(7)
By exploiting the Routh stability criterion, we
√ found
−1
that P1 is stable only for γ > γc (P1 ) = μ
1 − 4k.
This stability is lost if the bifurcation control parameter
γ is brought beyond its critical value γc (P1 ). Accordingly, we have derived the analytical conditions for the
occurrence of Hopf bifurcation [23–25] as follows:
√
γH (P1 ) = μ−1 1 − 4k
(8a)
√
2
−1
1 − 4k
(8b)
ωH (P1 ) = aμ
dγ
−σ
Re
=
 = 0.
(8c)
2 (P )
dλ γ =γc
2 + 2ωH
1
We define above the frequency (8b) of stable oscillations
and the critical value (8c) of parameter γ corresponding to the Hopf bifurcation of the fixed point P1 . We
note that the criticality condition (8c) is always satisfied
(figure 1). In the same line, analytical conditions for the
stability and conditions for Hopf bifurcations related to
the fixed point P2 read as follows:
√
γH (P2 ) = μ−1 1 + 4k
(9a)
√
2
−1
1 + 4k
(9b)
ωH (P2 ) = aμ
dγ
−σ
Re
=
 = 0.
(9c)
2 (P )
dλ γ =γc
2 + 2ωH
2
Then, the difference between the Hopf bifurcation values corresponding to the fixed points P1 and P2 has the
following expression:
γH = γH (P1 ) − γH (P2 )
√
√

= μ−1 1 + 4k − 1 − 4k .

(10)

The graphical representation of this difference is depicted in figure 2. We note from figure 2 that γH increases
with k and vanishes in the case of perfect symmetry where k = 0. Accordingly, the model experiences
two different coexisting attractors, a limit cycle and a
stable fixed point, for any γ value lying in the range
γH (P1 ) < γ ≤ γH (P2 ). In contrast to the symmetric
case (k = 0) where coexisting attractors appear only
in mutually symmetric pairs, each limit cycle resulting from the two asymmetric fixed points undergoes its

Figure 10. Enlargement of the bifurcation diagrams of figure 4 showing complex phenomena of parallel bifurcation
branches and hysteresis. Green and light blue diagrams
correspond to downward continuation starting with initial
conditions (±0.5, 0, 0) while blue and magenta diagrams are
obtained by scanning the parameter upward starting with initial condition (±0.5, 0, 0). Parallel branches (red and black)
are obtained for fixed initial conditions (±0.5, 0, 0). Parameters are the same as in figure 4.

own scenario to chaos giving rise to two different types
of coexisting attractors in the system (figure 3). From
the above results, it turns out that the jerk system under
consideration displays self-excited attractors instead of
hidden ones [26–32].

3. Numerical study
We now concentrate on the numerical study of the
new jerk system. Its complex behaviours are investigated by performing a direct numerical integration of
system (1) using the classical Runge–Kutta algorithm.
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Figure 11. Coexistence of three asymmetric attractors computed for a = 9.85, γ = 0.62, μ = 0.75 and k = 0.030 with
x2 (0) = x3 (0) = 0: (a) chaotic attractor for x1 (0) = 0, (b) period-6 limit cycle for x1 (0) = −0.2 and (c) a period-1 cycle for
x1 (0) = 1. Blue, green and magenta zones on the cross-section of the basins of attraction correspond to the chaotic attractor,
the period-6 cycle and the period-1 cycle respectively.

Throughout this paper, we adopt a constant time step
t = 10−3 . The routes to chaos are explored when monitoring the system parameters and initial conditions as
well. Multistability of the coexisting multiple attractors
in the system is highlighted based on graphical nonlinear analysis tools such as time series, phase portraits,
Lyapunov exponent plots [33], basins of attraction,
and bifurcation diagrams obtained by using appropriate methods. Several combinations of the coexisting
attractors and the corresponding parameter ranges are
described.
3.1 Scenario to chaos
As mentioned above, the case k  = 0.0 relates to the nonsymmetric mode of operation for which the presence
of symmetric attractors is forbidden. Oscillations emanating from the pair of asymmetric equilibrium points

P1 and P2 give rise to parallel bifurcation branches
and multiple coexisting non-symmetric periodic oscillations and chaotic attractors. To illustrate the effects
of model parameters on the system response, we fix
a = 10.0, μ = 0.75 and vary γ and k. Figure 4
displays the bifurcation diagrams of the coordinate x1
vs. γ and related plots of the largest Lyapunov exponent obtained for two discrete values of parameter k
(i.e. k = 0.000 and k = 0.030). These diagrams
are produced by performing downward sweeping of
the bifurcation parameter without resetting the values
of initial states starting the system with initial state
(±0.5, 0, 0) respectively. We notice that for k = 0.0 (see
figure 4), the model is symmetric, resulting in symmetric
fixed points and attractors. For this singular case, it can
be seen from figure 4 (left panel), that the two mutually
symmetric period-1 cycles experience each a series
of period-doubling bifurcations to form a pair of
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Figure 12. Coexistence of three different asymmetric chaotic attractors (a–c) and the corresponding cross-section of the basin
of attraction (d) onto the plane x2 = 0 computed for a = 7.935, γ = 0.62, μ = 0.75 and k = 0.0025. Initial conditions are
(±1, 0, 0) for the pair of mono scroll chaotic attractors with blue and green basins in (a, b) and (0.5, 0, 0) for the three-band
chaos with magenta basin in (c).

single scroll strange attractors by decreasing the control
parameter γ (see figure 5). Via the classical merging crisis arising approximately at γ = γc = 0.725,
both mutually symmetric monoscroll strange attractors
merge giving birth to a double scroll strange attractor (see figure 5). A different scenario however occurs
when k  = 0.0 (see figures 4 and 6). More precisely, for
k  = 0.0 (e.g. k = 0.015, 0.030 and 0.050), it can be
noticed from figure 4(right panel) that a horizontal shift
occurs between the blue and the magenta bifurcation
branches. For instance, in figure 4(right panel), the first
period doublings take place at γ = 0.15 and 0.25 for
the blue and magenta branches respectively. Here, the
period-doubling cascades of the coexisting asymmetric
limit cycles yield an asymmetric double scroll strange
attractor (see figure 6). As one of the most unusual
features (the main finding of this work) (figure 7) of
system (1), we notice the sudden disappearance of one

bifurcation branch (magenta branch, see figures 4, 6, 8)
following a crisis event when decreasing γ for values of
k  = 0. Accordingly, after this crisis phenomenon, the
model experiences a single attractor prior to the onset of
the double scroll asymmetric chaotic attractor by further
decreasing γ . Several bifurcation diagrams (see figure 9)
similar to those of figure 4 were also produced for various discrete values of k by varying a. The phenomenon
of asymmetric multistability where periodic and strange
attractors coexist (see figure 9) can be clearly identified.
Further discussions along this line is given in the next
section.
3.2 Coexistence of multiple attractors
Multistability or the occurrence of multiple coexisting
attractors [34–37] for the same values of parameters is
an interesting property found in nonlinear dynamical
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Figure 13. Coexistence of four asymmetric attractors (a–d) and the corresponding cross-section of the basin of attraction (e)
onto the plane x2 = 0 computed for a = 8.40, γ = 0.62, μ = 0.75 and k = 0.0025. Initial conditions are (±0.25, 0, 0) for
the pair of chaotic attractors with blue and green basins (a, b) and (±0.5, 0, 0) for the pair of periodic attractors with magenta
and yellow basins (c, d).

systems from diverse fields of science and engineering. This phenomenon occurs both in the symmetric
(k = 0.0) and non-symmetric (k  = 0.0) regimes of

operation. The analysis of system (1) reveals that here
multistability results from the presence of parallel bifurcation branches and hysteretic domains (see figure 10).
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Figure 14. Coexistence of five different asymmetric periodic and chaotic attractors for a = 8.244, γ = 0.62, μ = 0.75,
k = 0.0025 and x2 (0) = x3 (0) = 0: (a) three-turn chaos for x1 (0) = −0.1, (b) monoscroll chaos for x1 (0) = −0.025,
(c) period-3 limit cycle for x1 (0) = +0.1, (d) period-6 cycle for x1 (0) = +0.2 and (e) two-turn chaotic attractor for
x1 (0) = +0.025. The corresponding bifurcation-like sequence showing local maxima of the coordinate x1 vs. x1 (0) obtained
with x2 (0) = x3 (0) = 0 is shown in (f).
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Figure 15. Bifurcation diagrams for varying a in the range
8.075 ≤ a ≤ 8.714 when the parameters are fixed as
γ = 0.62, μ = 0.75 and k = 0.000. (a) and (c) are produced
by scanning the parameter upward starting with initial condition (0.5, 0, 0) and (0.1, 0.1, 0.1) respectively. The graph in
(b) is obtained by scanning downward the parameter starting
with initial condition (0.1, 0.1, 0.1).
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For example, we have obtained the coexistence of three
different attractors (a chaotic attractor, period-4, and
period-1 cycles) for k = 0.030, a = 9.85 and γ = 2.0
using three different initial conditions (see figure 11).
Similarly, three coexisting chaotic attractors are found
for k = 0.0025 and a = 7.935 by starting the system
from four different initial conditions (see figure 12).
Figure 13 reports another situation where four different attractors consisting of a period-3 cycle, a period-6
cycle, and a pair of strange attractors coexist with the
set of parameters for k = 0.0025 and a = 8.40. A much
more complex and intriguing situation corresponding
to the coexistence of five different attractors (i.e. three
chaotic attractors and two limit cycles) computed for
k = 0.0025 and a = 8.244 is presented in figure 14. We
recall that if a system displays more than one attractor
for the same set of parameters, then it is interesting to
investigate the nature of the basins of attraction of various competing attractors in order to gain information
about the stability of an orbit with respect to initial conditions. In this regard, in figures 11–13, cross-sections
of the basins of attraction corresponding to the coexisting asymmetric attractors are included. Obviously, the
asymmetric nature of the various coexisting attractors
is reflected in the corresponding basins of attraction in
both cases (see figures 11–13). At this point, it should
be quoted that all the cases mentioned above refer to the
asymmetric mode of oscillations. To highlight the occurrence of multiple coexisting bifurcation dynamics in the
symmetric mode of operation (i.e. k = 0.0), we have
produced the bifurcation diagrams (see figures 15a–15c)
of system (1) for varying a in the range 8.075 ≤ σ ≤
8.714 for k = 0.0, γ = 0.62 and μ = 0.75 by using
convenient numerical techniques (see the caption of figure 15). A small window of hysteretic dynamics around
a = 8.4 can be identified in figure 15. As a sample
result, figure 16 presents the case of two coexisting pairs
of mutually symmetric strange attractors obtained for
k = 0.0, a = 8.075, γ = 0.75 and μ = 0.62. The corresponding cross-sections of the basins of attractions
respectively for y(0) = 0, z(0) = 0, and x(0) = 0
is provided in figure 16c. The perfect symmetry of the
various competing solutions and related basins of attraction is clearly visible. Importantly, up to six different
coexisting attractors consisting of two chaotic attractors, two period-3 cycles, and two period-6 cycles are
found for k = 0.0, a = 8.40, γ = 0.75 and μ = 0.62 by
starting the system from six different initial states (see
figure 17). If the occurrence of multiple attractors represents an additional source of randomness, some obvious
potential applications include, for example, chaos-based
secure communication and random signal generation.
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Figure 16. Coexistence of four attractors (two pairs of chaotic attractors with different statistical properties) for a = 8.075,
μ = 0.62, γ = 0.75 and k = 0.000. Initial conditions are (±0.5, ±0.5, 0) for the single-band pair with blue and green basins
and (±0.5, 0, 0) for the monoscroll pair with magenta and yellow basins.

3.3 Coexisting bubbles of bifurcation
Another captivating phenomenon found when monitoring the parameters of system (1) is the phenomenon of
antimonotonicity [38–42]. More precisely, the perioddoubling sequence to chaos followed by the reverse
bifurcation scenario is found by varying the control
parameter a for several values of γ for the unforced
system (i.e. k = 0.0). Sample results are presented
in figure 18 where five bifurcation diagrams of the
coordinate x1 vs. a for five discrete value of γ are
depicted. In each diagram in figure 18, two symmetric branches are identified by the blue and red colours.
From figure 18, it is seen that a period-1 bubble is
obtained for γ = 1.25. As γ decreases, the sequence P1

bubble → P2 bubbles → P4 bubble → P8 bubbles
· · · → full Feigenbaum tree takes place. This behaviour
corresponds to the unforced (k = 0.0) system and
more complex nonlinear dynamic phenomena occur in
the presence of the excitation force (i.e. k  = 0.0) as
illustrated in figure 19. This figure shows the bifurcation diagrams of the coordinate x1 vs. parameter a
computed for discrete values of the forcing term k, keeping γ = 0.76 and μ = 0.755. In contrast with the
cases reported in figure 18, lower and upper bifurcation branches are non-symmetric; depict a horizontal
shift and different periodicities as well (figure 19). This
striking behaviour is unique and thus represents an
enriching contribution to the dynamics of these types
of systems in particular and nonlinear dynamic systems
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Figure 17. Coexistence of six different attractors (a pair of chaotic attractors, a pair of period-6, and a pair of period-3 cycles)
obtained for a = 8.40, μ = 0.62, γ = 0.75 and k = 0.000. Initial conditions (x1 (0), x2 (0), x3 (0)) are (±1.6, ±0.5, 0),
(±0.6, ±0.5, 0), (±0.5, ±0.1, ±0.1) respectively. The corresponding bifurcation-like sequence showing local maxima of the
coordinate x1 vs. x1 (0) obtained with x2 (0) = x3 (0) = 0 is shown in (d).

in general as it complements the recent report of coexisting bubbles by Bao et al in a memristor oscillator
[43].

4. Control of multistability
Recently, a control method referred to as linear augmentation was described which is suitable to control
the dynamics of a nonlinear system without perturbing
the system’s parameters. In this strategy, a nonlinear
dynamic system is coupled with a linear one [44–47].
The motivations of this coupling scheme are two-fold:
(a) to stabilise the steady state in a given nonlinear oscillator and (b) to adjust the number of coexisting attractors
for a multistable system. Accordingly, the dynamics of

the jerk system with piecewise cubic nonlinearity coupled to a linear system is described by the following
fourth-order system:
⎧
ẋ = x2 ,
⎪
⎨ 1
ẋ2 = ax3 ,
(11)
ẋ
⎪
⎩ 3 = −γ x2 − μx3 − k + x1 − x1 |x1 | + δu,
u̇ = −σ u − δ(x1 − β).
Here, σ ≥ 0 represents the decay parameter of the linear
system u, δ denotes the coupling strength, and β is the
control parameter which serves to locate the position
of the equilibrium points. For δ = 0, both oscillators
evolve independently and the linear system exhibits a
fixed point motion. For a non-zero coupling coefficient
(i.e. δ  = 0), there is a mutual influence between the
nonlinear oscillator and the linear system resulting in
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Figure 18. Bifurcation diagrams of the system showing local maxima of the coordinate x1 vs. the control parameter a
computed for some discrete values of γ keeping μ = 0.75 and k = 0.0. In each diagram, the blue and red branches are
obtained by scanning the parameter downward (i.e. downward continuation) starting with initial conditions (−2, 0, 0) and
(2, 0, 0) respectively.
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Figure 19. Bifurcation diagrams of the coordinate x1 vs. a showing coexisting bubbles of bifurcation computed for five
discrete value of k, keeping γ = 0.76 and μ = 0.755. In each diagram, the blue and red branches are obtained by scanning
the parameter downward (i.e. downward continuation) starting with initial conditions (−2, 0, 0) and (2, 0, 0) respectively.
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Figure 20. Bifurcation diagrams of the coordinates x1 vs. the coupling strength δ in the range 0 ≤ δ ≤ 0.44 showing the
transition from the state of five coexisting attractors to monostability when smoothly adjusting the coupling strength. The
parameters are: a = 8.244, μ = 0.75, γ = 0.62, k = 0.0025, σ = 0.50, and β = 0.75. Each graph is obtained by scanning
the parameter upward starting from the relevant coexisting attractor of figure 14.
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Figure 21. Coexistence of a period-1 limit cycle with a chaotic attractor a(i) for δ = 0.25 and the corresponding cross-sections
of the basins of attraction a(ii). A single attractor b(i) is obtained for δ = 0.43 as justified by the corresponding cross-section
of the basin of attraction b(ii). Basins of attractions are represented using the respective colour of the attractor. Red zones
denote unbounded dynamics. The rest of parameters are the same as in figure 20.

the symmetry breaking of the whole system even for
k = 0.0. The fixed points of the coupled system are
yielded by the following nonlinear algebraic system:

−k + x1 − x1 |x1 | + δu = 0,
(12)
−σ u − δ(x1 − β) = 0.
System (12) clearly shows that the fixed points are
asymmetrically located in state space and their number strongly depends on the values of the linear system
parameters as well as the coupling strength. Considering the case where the system develops five distinct
periodic and chaotic attractors, we examine the range
of coupling parameters corresponding to the monostable behaviour of the coupled system. To this end, the
parameters are fixed as follows: β = 0.75, σ = 0.5,
a = 8.244, γ = 0.62, and μ = 0.75. Figure 20 is
the bifurcation diagram illustrating the transition from

a multistable state (see figure 14) to a monostabile state
by smoothly varying the coupling strength in the range
0 ≤ δ ≤ 0.44. Five sets of data are superimposed. These
data are obtained by scanning the parameter upward
starting from each of the five coexisting attractors without resetting the initial conditions. From figure 20, it
clearly appears that the system develops a single attractor when the coupling strength exceeds the critical value
δm ≈ 0.41. We present in figure 21 sample phase portraits of the system and the corresponding cross-sections
of the basins of attraction, highlighting the transition of
the system to a monostable state computed for δ = 0.25
and 0.43 respectively. We would like to stress that the
successful control of a system from the state of five
coexisting attractors to a monostable state based on
the linear augmentation scheme achieved in this work
is reported for the first time according to the current

81

Page 20 of 25

Pramana – J. Phys.

(2020) 94:81

(a)

(b)

Figure 22. Electronic circuit implementation (a) of system (1). The circuit realisation of the absolute value function is shown
in (b). The following values of electronic circuit components are used for the analysis: D1 = D2 (1N 4148), R = 10 k ,
C = 10 nF, R = 1 k , R2 = 13.33 k , R3 = 16.66 k (case A), R3 = 16129 (case B), R4 is the tunable resistor.

state-of-the-art [44–47] and thus deserves dissemination.
5. PSpice simulations
The physical implementation of chaotic theoretical
models [48–50] is of high potential value for chaosbased applications such as random signal generation,
chaos-based communication, and image encryption.
Furthermore, the analogue circuit realisation offers an
interesting opportunity to check the results of numerical
integration and represents a complementary approach
for investigating complex nonlinear models. In this part,
an electronic analogue of system (1) is designed and
implemented in PSpice [51] in order to confirm the theoretical results derived previously.
5.1 Design of the analog simulator
Figure 20 depicts the circuit diagram of the electronic analogue proposed for the new jerk system under

consideration. Four-quadrant voltage multipliers chips
(AD633JN) are exploited to implement the quadratic
nonlinearity of the model. Standard operations such as
subtraction, addition, and integration are realised by
using operational amplifiers (e.g. TL082), resistors, and
capacitors. By feeding nodes X 2 and X 3 to the X and Y
inputs respectively, the analog computer’s output signals
can be displayed on an oscilloscope. Upon applying the
Kirchhoff laws to the circuit diagram of figure 22, the
following evolution equations related to output voltages
X 1 , X 2 , and X 3 can be easily derived:
⎧
X2
dX 1
⎪
⎪
=
⎪
⎪
dte
RC
⎪
⎪
⎪
⎨ dX
X3
2
=
.
⎪
dte
R2 C
⎪
⎪
⎪
⎪
dX 3
X1
X2
X3
X 1 |X 1 |
V cc
⎪
⎪
⎩
+
−
−
−
=−
dte
RC
Rk C
R1 C
R4 C
10R3 C
(13)
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Figure 23. PSpice simulation results showing the transition to chaos obtained for Rk = 4 M : (a1)–a(2) period-1 limit-cycle
for R1 = 13.5 k , (b1)–b(2) period-2 and period-1 limit-cycles for R1 = 14.5 k , (c1)–c(2) spiralling chaotic attractor and
period-2 limit cycle for R1 = 15.5 k , (d1)–d(2) screw-like chaos and spiralling chaos for R1 = 17 k , (e) screw-like chaos

for R1 = 18 k , and (f) asymetric double-band attractor for R1 = 19 k . Initial conditions Vc1 (0), Vc2 (0), Vc3 (0) are
(±0.25, 0, 0).
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Figure 23. Continued.

Considering the time scaling te = t RC and change of
variables X j = x j × 1V ( j = 1, 2, 3), it is easy to show
that system (13) is equivalent to system (1) with the
parameters defined in terms of the values of resistors as
follows:
a = R/R2 , γ = R/R1 , μ = R/R4 , k =

R VCC
Rk 1V
(14)

provided the critical relationship R = 10R3 is fulfilled.
We would like to stress that the time scaling operation
allows analogue devices such as operational amplifiers
and analogue multipliers to work under their bandwidth.
Furthermore, the process of time scaling offers the possibility to simulate the behaviour of the system at any
given frequency by properly choosing the values of
resistors and capacitors.

5.2 Results
It is predicted from these theoretical studies that the
jerk system considered in this work can experience rich
and extremely complex dynamics both in the symmetric
and asymmetric modes of operation. PSpice simulation [51] represents a convenient way to confirm such
results by performing a direct simulation of the electronic implementation (i.e. analogue computer) of the
system (see figure 22). The circuit diagram of figure 22
is designed in PSpice using the following electronic
component values: C1 = C2 = C3 = 10 nF, R =
10 k , R2 = 16129 , R3 = 1 k , R4 = 13333 ,
Rk = 4 M , U j ( j = 1, 2, 3, 4) = T L074C N . R1
is the tuneable resistor. Figure 23 shows the circuit
evolution as R1 is gradually increased. We note that
two asymmetric limit cycle coexist for R1 = 13.5 k
while period-2 and a period-1 cycles are obtained
for R1 = 14.5 k . Similarly, a chaotic attractor
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Figure 24. PSpice simulation results showing two-dimensional projections of the asymmetric double-band chaotic attractor
(a–b), the corresponding times traces (c) and the corresponding power density spectrum (d) obtained for R1 = 19 k and
R2 = 1.25 k , with the initial condition Vc1 (0), Vc2 (0), Vc3 (0) = (±0.25, 0, 0).

coexisting with a period-2 limit cycle is observed for
R1 = 15.5 k . As R1 is further increased, the coexistence of two asymmetric chaotic attractors occurs
(see figure 23d), for instance at R1 = 17 k . In contrast, a single attractor similar to the one shown in
figure 21e takes place when R1 is further increased.
Finally, the single-band chatic attractor metamorphoses
to a double-band strange attractor as depicted in figure 23f. Two-dimensional projections of the latter
attractors are presented in figure 24 along with the
corresponding time series and frequency spectrum.
The sequence of bifurcation observed in PSpice is

identical to the one reported during the theoretical
analysis.
6. Conclusions
By adding a constant forcing term (i.e. k) to a simple odd
symmetric jerk system with piecewise quadratic nonlinearity, a novel autonomous system with interesting
features of a tunable symmetry and nonlinearity was
designed in this work. The analysis indicates that with
a zero forcing term, the model shows a perfect symmetry and experiences hysteresis dynamics, merging
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crisis, multiple coexisting pairs of mutually symmetric attractors, and coexisting symmetric bubbles. With
a non-zero forcing, the symmetry is destroyed and the
system undergoes more complex and striking nonlinear phenomena marked by the occurrence of coexisting
bifurcation branches, multiple asymmetric attractors,
and coexisting asymmetric bubbles of bifurcation. For
example, the analysis has demonstrated the simultaneous presence of a stable equilibrium point with a stable
limit cycle, the coexistence of two, three, four, and five
asymmetric limit cycles and/or chaotic attractors by
varying the system parameters and initial conditions.
The magnetisation of the state space due to the presence of numerous coexisting attractors is illustrated via
the corresponding basins of attraction. The control of
multistability based on the linear augmentation scheme
is exploited to tune the system from the state of five
coexisting attractors to monostability. An electronic circuit realisation of the model was carried out in PSpice
using simple electronic components such as resistors,
capacitors, and operational amplifiers. PSpice simulation investigations support the theoretically predicted
results. We would like to point out that, to the best of
the authors’ knowledge, the model introduced in this
work is among the simplest paradigms with extremely
rich and complex modes of oscillations (e.g. coexisting
symmetric and asymmetric bubbles) reported to date,
and thus deserves dissemination. Moreover, the results
obtained in this work show that similar behaviours may
occur in any other odd symmetric nonlinear systems
under constant forcing showing at least three rest points
(e.g. Chua oscillator, jerk systems, Shinriki’s circuit).
Research on this line is under consideration and represents the topic of our upcoming publication.
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