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Abstract. We investigate the effect of two aperiodic square waves in a quasiperiodically-driven Murali–
Lakshmanan–Chua circuit. It is found that the response of the circuit produces logical output in both strange
nonchaotic and chaotic regions. Changing the biasing of the circuit changes the response of the circuit into another
kind of logic operation and SR flip flop. Further, we show how this circuit produces two logical elements as its
outputs which are complementary to each other. It is also shown that the logical nature of the circuit persists even
when experimental noise is present. Thus, we confirm that both the dynamical behaviours, namely strange nonchaos
and chaos, can be efficient tools to construct computer architecture.
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1. Introduction
Exploiting nonlinear dynamical systems for applications in information science and computer technology
has been a fascinating area of study in nonlinear dynamics. In particular, the fundamental tasks such as storing,
communicating and processing of information in computer technology can all be accomplished by utilising
the flexibility of nonlinear dynamical systems. It was
all started by Hopfield who constructed a memory
device, which is a class of artificial neural network,
by using a nonlinear response function to store and
retrieve information [1]. In this direction, Sinha and
Ditto proposed chaotic computing using threshold controlling method to emulate different logical gates in a
chaotic system [2,3]. Simultaneously, Prusha and Lindner emphasised the importance of nonlinearity over
chaos and explained why chaos and computation need
nonlinearity [4]. Subsequently, there has been much
research activity in chaotic/nonlinear dynamics-based
computing paradigm [5–13].
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Further, Murali et al have proposed the possibility
of occurrence of logic behaviour in an optimal window of noise in nonlinear systems and they called this
phenomenon the logical stochastic resonance (LSR)
[14–16]. LSR has been realised theoretically and experimentally in diverse systems [17–34]. These include
a nanoscale device [17], resonant tuned diodes [18],
vertical cavity emitting laser [19], polarisation bistable
laser [20], chemical system [21], synthetic gene networks [20–25,30] and so on. It was also shown that the
effect of periodic forcing enhances the width of optimal noise window in the LSR case [26]. LSR has been
observed in higher dimensional systems and coupled
systems [22,24,29,31] as well.
Although there has been significant work on exploiting noise to make computation based on dynamical
system more robust, there is also a need to understand how to exploit noise sensitivity of chaotic computations. It was shown that chaotic computing is
robust if the underlying dynamical system evolves
long enough so that the control input changes the
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output, but for sufficiently longer time, noise can change
the output [23,27]. Further, Kia et al have demonstrated that chaotic computation in the presence of
noise can be accomplished by utilising reduction of
inherent noise properties in coupled systems [32].
Recently, Kohar et al proposed an approach which
decreases the number of iterations required to implement all Boolean-functions in hybrid digital-analog
systems [33]. The present authors have also shown
how by using robust strange nonchaotic attractors even
including noise, one can emulate different logic functions [35]. Recently, Murali et al have demonstrated that
by hopping between dynamical attractors in different
areas of phase space, logic gates can be implemented
[36].
Thus, there is a need to understand how computation can be performed in the presence of both chaos
and noise. It is a well-established fact that chaotic
systems are highly sensitively dependent on initial conditions. As a result, even a small amount of noise
can change the dynamics of the system drastically.
Thus, the question naturally arises: can one realise logic
gates in chaotic systems without any constraints in the
presence of noise floor? We address this issue in this
paper.
In particular, we propose a simple method to encapsulate chaotic computing and noise robustness at the
dynamics level. We show that if we use two uncorrelated square waves as inputs to the quasiperiodicallydriven Murali–Lakshmanan–Chua (QPDMLC) circuit,
the output of the circuit yields logical response in
both strange nonchaotic attractor (SNA) and chaotic
regimes. We also show how the SNAs and chaos
are tolerant to noise, so that even one can emulate different logic functions. Besides, we also report
that this circuit can simultaneously provide the logical behaviour of OR or AND gates through one
of its variables while the complimentary logic function NOR or NAND gates can be observed in the
other variable of the circuit. Because of this parallelism innate in this circuit, one can obtain both high
active set–reset (SR) flip-flop as well as low active
flip-flop.
The paper is organised as follows. In §2 we discuss the dynamical mechanism for the implementation of all the nonlinear dynamics-based logic
gates in a noise floor. In §3 we analyse the QPDMLC
system by PSpice simulation. In §4 the effect of
three-level square wave on QPDMLC circuit and various transitions from SNA to chaos exhibiting logical behaviours are discussed. In §5 we confirm the
PSpice simulation of the logical behaviour in
QPDMLC systems. Finally in §6 we present our
conclusions.
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Figure 1. Schematic diagram of the nonlinear dynamicsbased computing.

2. Dynamical mechanism for the implementation of
nonlinear dynamics-based logic gates in a noise
floor
Consider a general nonlinear system
ẋ = j (x, y)
ẏ = k(x, y) + ε + I + Dξ(t) + f (t).

(1)

Here j (x, y) and k(x, y) are some nonlinear functions,
ε is a constant bias, I is an input signal and ξ(t) is a
Gaussian white noise with strength D. f (t) is an external
periodic or quasiperiodic forcing. A schematic diagram
of system (1) is given in figure 1. By driving the system
with two square wave signals, namely I1 and I2 encoding
two logic inputs, the response of the system will be the
logical output. Practically, any logic response such as
OR/NOR and AND/NAND can be obtained. For the
binary logic number 1 the inputs take the value +
while for 0, they take the value −. Then, for binary
logic there are four possible combinations, that is (0, 0),
(0, 1), (1, 0) and (1, 1), for the inputs (I1 , I2 ). These four
combination sets are merged into three distinct values
with combined inputs +2, 0, −2 as I = I1 + I2 .
Hence, the three-level aperiodic waveforms generate the
resultant input signal I .
Now, with the given choice of the nonlinear functions
j (x, y) and k(x, y), let the nonlinear system exhibits
attractors that are bounded in different regions (either
positive or negative) of the phase space. For example,
let the attractor be bounded so that the value of the state
variable x of the system for the input states (1, 1) and
(0, 1)/(1, 0) is positive (that is the attractor is in the IVth
quadrant of the phase space, as shown in figures 2) and
for the (0, 0) state let the attractor be in the negative
range of x variable of the system (here, the attractor is
in the IInd quadrant of the phase space, figure 2). Since
x(t) > xthreshold = 0, it is mapped onto 1 and when
x(t) < xthreshold = 0 it is mapped onto 0. As a result, for
the two sets of input streams (1, 1) and (1, 0)/(0, 1), the
attractor is bounded in the positive region of x and for the
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Figure 2. Attractors in different regions of phase space
(x(t), y(t)) clearly illustrating the logical OR gate. Here we
assume xthreshold = 0.
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Figure 3. Experimental realisation of the QPDMLC circuit.
The driving signal F(t) is experimentally realised in the circuit given in figure 4.

input (0, 0) it is in the negative region of x. This confirms
the fact that one can realise logical OR gate through the
x variable of system (1). Further, it is interesting to note
in figure 2 that when the state variable x of the attractor is in the positive region of the phase space, the y
variable of the attractor resides in the negative region
of the phase space (IVth quadrant) and vice-versa (IInd
quadrant). As a consequence, if the logical OR gate is
realised through the x variable, its complementary gate,
namely the logical NOR gate, is realised through the y
variable. In this way, the dynamical system is exploited
to implement parallel gates through its state variables.
Similarly, by choosing the appropriate biasing value ε,
the dynamical attractors can switch to the other quadrant
of phase space so that one can realise the other gates,
namely logical AND/NAND gates. The attractors that
hop in the phase space may be any one of the following categories, namely fixed points, periodic attractors,
quasiperiodic cycles, strange nonchaotic attractor or
chaos.
Next, we analyse the effect of noise on the logic output of the circuit. In particular, we study the robustness
of logic behaviour in the presence of noise. Most of the

Figure 4. Circuit realisation generating the driving signal
F(t). Here we fix all the resistors R = 10 k.

previous studies focussed only on bistable systems. By
driving theses systems by two input aperiodic square
waves, the system exhibits logical behaviour in an optimal window of noise [14,15]. However, in the present
work, if the states of the dynamical system is complex,
that is strange nonchaotic or even chaotic, we wish to
investigate whether logical response persists or not in
the presence of noise. We find that in certain nonlinear
systems, the logical response survives even when the
state of the system is highly complicated. Usually, it is
believed that chaos is highly sensitively dependent on
initial perturbation. Thus, a small change in the system
causes a drastic change in the states of the system. In
the present study, we show that the logical response persists even in such highly complicated states. We further
demonstrate that this kind of logical response continues
in an optimal window region of noise. Thus, this study
paves the avenue for utilising SNA/chaos for implementing logic gates in the noise floor.

3. PSpice simulation of quasiperiodically-driven
MLC system
To establish the dynamical mechanism for the implementation of nonlinear dynamics-based computation
indicated in the previous section, let us consider the
specific example of an electronic circuit, namely the
quasi-periodically-driven MLC system (QPDMLC) as
shown in figures 3 and 4.
By applying Kirchoff’s laws to the branches of the
circuit, the dynamical equations for the voltage v across
the capacitor C and the current i L through the inductor
L are represented by the following set of differential
equations:
C

dv
= i L − g(v),
dt
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= y − h(x),
= −β(1 + ν)y − βx + f (t),
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(a)

I1

di L
= −Ri L − Rs i L − v + F(t).
(2)
dt
Here g(v) is the mathematical representation of Chua’s
diode [12]. F(t) is an external
√ driving signal, F(t) =
F1 (t) + F2 (t) + I  + ε  + Dη(t), where F1 (t) =
F1 sin(1 t) and F2 (t) = F2 sin(2 t). Here F1 and F2
are the amplitudes, and 1 and 2 are the frequencies of
the external periodic voltage sources. ε  is the constant
bias and I  is the input signal. η(t) is a Gaussian white
noise of strength D. Defining now the variables, v =
x B p , i L = yG B p , G = 1/R, ω1 = 1 C/G, ω2 =
2 C/G, t = τ C/G and β = C/LG 2 , ν = G Rs , f 1 =
F1 β/B p , f 2 = F2 β/B p , I = I  β/B p , ε = ε β/B p ,
a = G a /G, b = G b /G, G a = m 1 = −0.76 ms, G b =
m 0 = −0.41 ms and B p = 1V and finally renaming τ
as t, eq. (2) can be rewritten in the normalised form:
L

I2

78

√

(3)

Here f (t) = f 1 sin(θ ) + f 2 sin(φ) + I + ε + Dξ(t),
where the overdot indicates time differentiation and
⎧
⎨ bx + (a − b), x > 1,
|x| ≤ 1,
h(x) = ax,
(4)
⎩ bx − (a − b), x < −1.
The parameters are fixed at a = −1.02, b √= −0.55,
ν = 0.015, β = 1.0, ω1 = 1.0, ω2 = ( 5 − 1)/2
as specified in [37–39]. The quantities f 1 , f 2 , ω1 and
ω2 in eq. (3) are the amplitudes and frequencies of the
external two-frequency forcings. The circuit equation
(3) has been studied numerically and experimentally. It
exhibits various underlying dynamical features including period-doubling route to chaos, intermittent route to
strange nonchaotic attractor, etc. [37–41].
4. Effect of three-level square wave on
quasiperiodically-driven MLC circuit system
Now we study the effect of two square waves on system
(3). For this purpose, we drive system (3) with two logic
inputs I1 and I2 with a low or moderate amplitude. For
logical 0, we set I1 = I2 = −, while for 1 we assume
I1 = I2 = +, where  is a low or moderate input
amplitude. Thus, the three distinct values of I become
−2, 0, +2. As the inputs take the values of either
0 or 1, there are four possible combinations of inputs
(I1 , I2 ), viz. (0, 0), (0, 1), (1, 0) and (1, 1). Among
these four sets, two of them, (0, 1) and (1, 0), yield the
same input signal. Thus, the four combinations of input
sets get reduced to three distinct values of inputs. As

0
-0.10
22000

Time

Figure 5. From top to bottom panels: (a)–(b) show the logic
inputs of I1 and I2 , respectively and (c) shows a combination
of two input signals I1 + I2 . Input I1 = I2 = −0.05 for the
logic input 0 and I1 = I2 = +0.05 for 1. The 3 level square
waves have the values I = −0.1 for input set (0, 0), I = 0
for (0, 1)/(1, 0) set while I = 0.1 for (1, 1).

a result, the three-level aperiodic waveforms are generated by adding two independent uncorrelated square
waves. For example, if  = 0.05 then both the inputs
take the value −0.05 for logical input 0 and value 0.05
when it is 1. As I = I1 + I2 , the three-level square
wave takes the value I = −0.1 for input set (0, 0),
I = 0 for input sets (0, 1)/(1, 0) and I = 0.1 for the
input set (1, 1) (see figure 5). The response of the circuit
is obtained by the variable x(t) or y(t) of system (3).
Specifically, if for x(t) or y(t) > x ∗ or y ∗ , where x ∗ or
y ∗ are threshold values of x(t) and y(t), respectively, the
output of the system is assumed to be logical 1 while for
x(t) or y(t) < x ∗ or y ∗ , the output of the system is considered to be logical 0. The value of the threshold is to
be chosen appropriately. In the present case, we choose
the threshold values as x ∗ = y ∗ = 0. As a result, the
output can be considered as logical 1, if the attractor of
the system is such that the value of the dynamical variable x(t) or y(t) resides entirely in the positive region
of the phase space and logical 0, if the attractor of the
system is such that the value of x(t) or y(t) is entirely
negative.
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Table 1. Truth table of the basic logic gates.
NAND

NOR

(0, 0)
(0, 1)/(1, 0)
(1, 1)

0
0
1

0
1
1

1
1
0

1
0
0

In particular, the output of the system with respect to
the two-input set (I1 , I2 ) is taken to be logical 1 when
the state variable value x > 0 or y > 0 and for logical
zero the system must be with a state value of x < 0
or y < 0. Thus, as the system dynamics of the circuit
switches between these two states, the response of the
circuit switches from the logical 0 state to the logical
1 state and vice-versa. We demonstrate how one can
realise all the fundamental logic operations as given in
truth table 1 from the logic response of the quasiperiodically driven circuit (3).
Now we consider the rescaled version of the
QPDMLC circuit given by (3) subjected to the action
of the three-level square wave and numerically solve
it in the absence of noise and by varying the values of  and f 2 for fixed f 1 . The numerical results
are depicted in a two-parameter (– f 2 ) diagram for
f 1 = 0.15 (see figure 6). Various dynamical behaviours
such as SNA and chaos, exhibiting logical behaviour
(which are designated as logical SNA and logical chaos,
respectively), and standard SNA and chaos (where no
logical behaviour exists) are identified by characterising these attractors by specific quantities like Lyapunov
exponents, power spectral measures, phase sensitivity exponents and recurrence plots along with logical
behaviour. Here, we have identified two underlying
dynamical transitions from SNA to chaos: (1) the transition from SNA to chaos exhibiting logical behaviours
and (2) the transition from standard SNA to standard
chaos for fixed f 2 and varying . Similarly, we have also
identified another two prominent transitions for fixed 
and varying f 2 : (1) SNA exhibiting logical behaviour to
standard SNA, (2) chaos exhibiting logical behaviour to
standard chaos. The details for each transition are given
in the following sections.
4.1 Transition from SNA to chaos exhibiting logical
behaviours
By varying the parameter , it is very clear that
transition from SNA to chaos takes place if the maximal Lyapunov exponent becomes positive as shown in
figure 7. In this figure, the solid curve and dashed curve
indicate two different values of the control parameter
f 2 , with f 2 = 0.05 and f 2 = 0.2 respectively, where

Figure 6. Two-parameter phase diagram for force f 2 and
logic input (I1 /I2 ) of the QPDMLC circuit.
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Figure 7. Maximal Lyapunov exponent vs. the logic input
: Solid curve and dashed curve correspond to system (3)
after giving the inputs I1 , I2 and bias ε = 0.05 with two distinct values of the control parameter, f 2 = 0.05 and f 2 = 0.2,
respectively, without noise (D = 0.0).
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and ε = 0.05.

the other control parameter is fixed as f 1 = 0.15. The
solid line and the dashed line indicate transition from
logical SNA to logical chaos as well as transition from
standard SNA to chaos, depending on the value of .
If f 2 ≤ 0.1, the system exhibits logical behaviour in
both SNA and chaos regions. For f 2 > 0.1, the system exhibits transition from standard SNA to standard
chaos.
To substantiate our results, we investigate the nature
of the attractors which are in various regimes of phase
space. When we examine the type of attractor for  <
c it is found that the attractors are not chaotic, but geometrically strange as shown in figure 8a. In figure 8a, it
is obvious that for input streams (1, 1), (1, 0)/(0, 1),
the attractor is bounded in the positive range of x, and
for (0, 0) state, it is in the negative range of x. The logic
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= λ+ + λ− .
Here λ+ is obtained by partitioning a trajectory into
N+ points on the expanding regions of the phase space,
where the stretch exponents are positive and λ− is
obtained from N− points on the contracting regions of
the phase space, where the stretch exponents are negative. Hence N = N+ + N− . Therefore
λN =

N+
N−
λ+ +
λ− .
N
N

To verify our results, we compute λ+ , λ− , f + and f −
throughout the transition regions, where f + and f − are
the frequencies of the visit to the positive exponent
region and negative exponent region respectively. We
choose 50 iteration values of  in the range 0.35 <

(a)

(b)

0.5

0.1

Λ

output is 1 for x(t) > 0 and 0 for x(t) < 0. As a result,
for two sets of input stream (1, 1) and (1, 0)/(0, 1), the
attractor is bounded in the positive region of x and for
(0, 0) input it is in the negative region of x. This confirms the fact that even though the dynamical attractor
is an SNA, it will produce logical OR gate and we call
it the logical OR SNA gate.
In a similar fashion, even when the attractor is chaotic,
as shown in figure 8b, the system hops between different
regions of phase space under a stream of input signals.
Specifically, we obtain consistent OR logic elements
when the attractor switches between different quadrants
of the phase space consistently. Also it is interesting to
note in figure 8 that when the x variable of the attractor
is in the positive region, the y variable of this attractor
is bounded in the negative region and vice-versa. As a
consequence, these two variables, x(t) and y(t), produce complementary logic output that is OR/NOR and
AND/NAND in parallel in this system. The details of
the logical dynamics will be studied in the subsequent
sections.
Originally, the transition from SNAs to chaotic attractors was investigated by Lai. He found that the transition
takes place only when the contraction rates and expansion rates for infinitesimal vectors along the trajectory
of the attractor become equal and the maximal Lyapunov exponent crosses zero linearly [42]. We have also
investigated here the transition from SNAs to chaotic
attractors exhibiting logical behaviour. From figure 7, it
is also observed that the changes in the Lyapunov exponent is smooth. At the transition from SNA to chaos, it is
found that all the Lyapunov exponents of the circuit are
zero. As the largest Lyapunov exponent is the average,
it is highly interesting to know how the local exponents
λ+ and λ− can become equal to each other so as to yield
the value zero. Let us now consider the largest Lyapunov
exponent,
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Figure 9. (a) The combination of λ+ f + and λ− f − vs. the
logic input  in the range [0.352, 0.356] at transition and (b)
maximal Lyapunov exponent vs.  in the transition region.

 < 0.36. For each value of f 2 , a random initial condition is chosen to yield a trajectory of length N = 2∗105 .
Then f + and f − are given approximately as
f+ =

N+
N

and
N−
.
N
As mentioned above, here N+ and N− are the number
of points in the λ+ and λ− regions. Figure 9a shows
the combinations of λ+ f + and λ− f − vs. the parameter  in the transition region. In the nonchaotic region,
we have λ+ f + < λ− f − . In the chaotic region, we have
λ+ f + > λ− f − . This transition occurs when λ+ f + =
λ− f − . As λ+ f + and λ− f − vary linearly through transition, the Lyapunov exponent
passes through zero
linearly at the transition point (see figure 9a). As, in our
case, the most prominent transition is SNA to chaos,
we have investigated the largest Lyapunov exponent for
both types of transitions: (1) SNA to chaos exhibiting
logical behaviour and (2) standard SNA to chaos where
no logical behaviour exists. It is found that in figures 7
and 9b in both the cases, varies linearly at the transition.
f− =

4.2 Transition from logical SNA to SNA
Now we investigate the dynamical transitions by varying
f 2 for a fixed . As f 2 is varied in the range 0 < f 2 <
0.001, due to the effect of the three-level square waves, a
three-quasiperiodic torus is observed which is depicted
as three smooth branches in the Poincaré surface of section plot in the phase space and (φ–x) plane. As the
value of f 2 is increased further, the branches loose their
smoothness and transit to an SNA (figures 10a and 10c)
as the maximal Lyapunov exponent now takes the value
= −0.2890 only. Here the fractal torus undergoes a
sudden widening. In this range of f 2 , 0.001 < f 2 ≤ 0.1,
the output of the system is synchronised with the aperiodic input signal. As a consequence, the response of the
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circuit follows the logic behaviour of the aperiodic signal. As the output of the system corresponds to the SNA
behaviour and obeys logical nature, we term this attractor as logical SNA. On further increase of the value of
f 2 , 0.10 < f 2 < 0.3248, the logical SNA loses its synchrony with the input signal and ultimately approaches
the standard SNA (see figures 10b and 10d).
The observation of logical behaviour in SNA regimes
is due to the weak aperiodic three-level square wave signal. When the signal is applied to the circuit, it serves
to aperiodically modulate the segments. Essentially, the
additive forcing erratically changes the piecewise-linear
segments, thereby increasing the probability of jumps
between segments. For example, when the input signal I = (I1 + I2 ) is either (1, 1) or (0, 1)/(1, 0)
state the attractor resides in the x > 0 segment, and
when (I1 + I2 ) is the (0, 0) state, the attractor is in the
other segment, x < 0. We assign the state x < 0 as
the logical output 0 and x > 0 as the logical output
1. The attractor is said to be a logical OR gate attractor. We have found such behaviours for SNA regimes
with fixed parameters  = 0.05 and f 2 in the range,
0.001 < f 2 ≤ 0.1 with ε = 0.05 (see figures 6 and 11
also).
To characterise different attractors, and in particular
SNAs, we utilise the phase sensitivity exponent, power
spectral measure, finite-time Lyapunov exponents and
recurrence measures. The phase sensitivity exponent  N
is defined as



 dxn 
 .

 N = min max 
x0 ,φ0 0≤n≤N dφ 

26000

Time

Figure 11. OR gate in the logical SNA region: (a) Three-level input streams with I = −0.1 for (0, 0), I = 0 for
(0, 1)/(1, 0) and I = 0.1 for (1, 1) sets. (b) and (c) indicate the response of dynamical variable x(t) under different
quasiperiodic forcing: logical SNA for f 2 = 0.05 and standard SNA for f 2 = 0.2 with ε = 0.05 (see table 1).

We calculate phase sensitivity exponent for logical SNA
at f 2 = 0.05 and standard SNA for f 2 = 0.20, as shown
in figure 12a. It is observed that for both cases, the phase
sensitivity function n grows with N as a power-law
relation. To provide further evidence, we calculate the
time-dependent Fourier transform
X (, N ) =

N

n=1

xn ei2π n ,

√
for  = ( 5 − 1)/2, when the spectrum |X (, N )|2 ∼
N β holds and it is found that for the logical SNA when
f 2 = 0.05, β takes the value β = 1.12 and β = 1.32 for
standard SNA when f 2 = 0.20 as shown in figures 12b
and 12c. We also compute the distribution of finite-time
Lyapunov exponents for logical SNA for f 2 = 0.05 and
for standard SNA for f 2 = 0.20. For both the cases,
it is observed that it has stretched exponential tail as
shown in figure 12d. One can also further characterise
the SNAs by recurrence plots (RPs) as they exhibit specific features for SNAs [43]. In the case of logical SNA,
the attractor is synchronised with aperiodic input signal.
Hence, the RP for this case has a lot of vertically and
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Figure 12. The different characteristic quantities for logical SNA at f 2 = 0.05 and standard SNA at f 2 = 0.2 with
the amplitude of logic input at  = 0.05 and biasing value
ε = 0.05. (a) Distribution of phase sensitivity for (i) logical SNA and (ii) standard SNA. Fourier spectral measure
for (b) logical SNA with scaling value β = 1.12 and (c)
standard SNA with β = 1.32. The fractal trajectories in the
(Re X, Im X ) plane are indicated in the insets of (b) and (c).
(d) The distribution of finite-time Lyapunov exponent for logical SNA and standard SNA.
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Figure 13. Cross recurrence plot of the QPDMLC circuit in
the SNA region: Panels (a) and (b) depict the regimes of logical SNA and standard SNA, respectively, for various values
of f 2 = 0.05 and 0.15 with  = 0.05.

horizontally spread black areas (see figure 13a). In the
case of standard SNA, it is clearly indicated that the RP
has large distribution of longer diagonal line segments
(see figure 13b).
4.3 Transition from logical chaos to standard chaos
The above nonlinear circuit can also produce chaotic
attractors which switch between different regimes of
phase space. For example, the attractor may be in an
entirely positive value region or it may be in the negative value region of phase space, depending upon the
value of the input signal I . We have found that under
the variation of the input signal states the attractor leaps
from one quadrant of the phase space to another. So,
under different inputs, the system hops between quantitatively different attractors in different regions of phase
space corresponding to appropriate logical response.
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Figure 14. Chaotic attractors of the circuit equation (3) projected in phase space and (φ −x) plane for various values of
f 2 . (a) Logical chaos for f 2 = 0.05 and (b) standard chaos
for f 2 = 0.2 with  = 0.5 and ε = 0.05.

Let us investigate the dynamical transition by logical chaos to chaos by varying f 2 for fixed  = 0.5.
When f 2 ≤ 1.0, the dynamical system exhibits a
logical behaviour. Figures 14a and 14c show the logical behaviour in the chaos regime of Poincaré surface
in phase space and (φ–x) phase plane. Further, when
f 2 > 1.0, the system loses its logical behaviour and a
dynamical transition occurs from logical chaos to standard chaos (see figures 14b and 14d). Specifically, it is
shown in figure 14a, that the attractor switches in three
regions of phase space for f 2 = 0.05 and  = 0.5.
For example, when the input streams are in the (1, 1)
and (0, 1)/(1, 0) states, two kinds of attractors occur
in the positive regime x(t) while for the (0, 0) state a
single attractor occurs in the negative regime x(t). It
is clearly illustrated in figures 14a and 14c. In particular, it is shown that for the (1, 1) state, the attractor
is a quasiperiodic one, for the (0, 1)/(1, 0) state, the
attractor is a chaotic one and for the (0, 0) state the
attractor is again a quasiperiodic one. The different outputs which arise from these attractors while hopping
are induced by the input stream. In the present case,
it is found that for the (1, 1) and (0, 1)/(1, 0) states,
the attractors are in the positive regime of x(t) in phase
space and for the (0, 0) state the attractor resides in the
negative regime. Hence, the attractor yields logical OR
gate (see figures 15a and 15b). On further increasing
the value of f 2 to f 2 = 0.2, one finds that there is a
cross-well motion between the attractors. As a result,
the attractors lose their logical behaviour as shown in
figures 14b, 14d and also in 15c, where they exhibit a
complete chaotic behaviour.

Pramana – J. Phys.

(2020) 94:78

Page 9 of 14

(a)

1

P(logic)

1.00

I

78

0

0.5

0
0

-1.00
22000

26000

30000

0.1

f2

34000

Figure 16. The distribution of probability of getting logical
behaviour for various values of f 2 with constant bias ε = 0.05
for OR/NOR gates and ε = −0.05 for AND/NAND gates.
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Next, the reliability (or consistency) of getting a desired
logic response is analysed by computing the probability
denoted as P(logic) of the various logic gates for different input sets. That is, we estimate P(logic) which is the
ratio of the total number of successful runs to total number of runs. Thus, P(logic) of the desired logic response
is 1 for a desired output in response to all the input
sets, otherwise it is 0. For our numerical simulation,
the results of the circuit (3) are obtained by sampling
103 runs of the given input set and the same process
is repeated for 500 such sets. It is clearly indicated in
figure 16 where we obtain the desired output of the system for an optimal window of quasiperiodic forcing.
Next, we investigate the effect of noise on the behavior of
system (3). It is well known that in an electronic circuit,
noise originates due to the electronic components and
usually it is about ∼ 1 μV [44]. Thus, we wish to analyse

34000

(b)

22000

26000

30000

34000

(d)
4.00

1.00
0
D=0.0
D=0.001
D=0.005

-1.00

4.4 Quantification of the consistency of getting logic
elements and the effect of noise on the logic gates
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Figure 15. OR gate in the logical chaos region: (a) stream
of input signals I1 , I2 with I1 = I2 = −0.5 when the logic
input is 0 and I1 = I2 = +0.5 when the logic input is 1
and the three-level input streams with I = −1.0 for (0, 0),
I = 0 for (0, 1)/(1, 0) and I = 1.0 for (1, 1) sets. (b) and
(c) indicate the response of the dynamical variable x(t) under
different quasiperiodic forcing: logical SNA for f 2 = 0.05
and standard SNA for f 2 = 0.2 with ε = 0.05 (see table 1).

I

-4.00

Figure 17. The distribution of probability of getting
OR/NOR and AND/NAND logical behaviours for various
noise strengths D when f 2 = 0.05. Panels (a) and (b) represent the noise strength probability of logical SNA and logical
chaos under the logical input  = 0.05 and  = 0.5,
respectively.
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Figure 18. Effect of noise in the logic gates: (a) and (c)
show three-level input streams for different  ( = 0.05 and
 = 0.5). (b) indicates the response of dynamical variable
x(t) under quasiperiodic forcing for f 2 = 0.05,  = 0.05
for different noise strengths, D = 0.0, 0.001, 0.005 indicated by different colours. (d) represents the response of
dynamical variable x(t) under quasiperiodic forcing for
f 2 = 0.05 and  = 0.5 with three different noise strengths,
D = 0.0, 0.5, 1.0, 2.5 denoted by different colours.

the effect of noise on the logic response in the presence of noise. It is found in our studies that the logical
SNA continues to have negative values for the Lyapunov
exponents and also have the fractal structure in the presence of noise. The behaviour of OR/NOR logic in the
SNA region has been verified as long as D < 0.005
(see figure 17a). Similarly, the logic response for chaos
region persists for D < 2.5 (see figure 17b).
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4.5 Implementation of parallel logic gates as well as
other logic gates and memory latches
Finally, we investigate how the AND/NAND gates and
SR flip-flop can be demonstrated in the system.
4.5.1 Parallel logic gates, AND and NAND gates
Next, the influence of the threshold or biasing in system (3) is studied. The numerical results obtained are
depicted in figure 19. In figure 19a, the three-level diagram of the logic input I = I1 + I2 is given and we find
that as the bias value (ε) changes from 0.05 to −0.05
(see figure 19b) the system output morphs from logical
OR gate to the logical AND gate in the x(t) regime of
figure 19c (see also table 1). The morphing of the gate is
due to the change in the value of ε, which causes alternation of the symmetry of the piece-wise segments of the
circuit, thereby leading to emulate different logic gates.
The other state variable y(t) of system (3) mimics the
inverted output signal of x(t) and yields a clean logical NOR gate. It is further observed that the response
of the state y(t) of the system morphs from NOR logic
to NAND logic when the constant bias ε switches from
the value 0.05 to −0.05. Thus, system (3) provides logic
OR/AND through one of the state variables x while its
complementary logic functions NOR/NAND are provided via the other state variable y. Thus, parallelism
innate in the circuit helps to realise all the basic logic

(a)

I
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0

-0.10
22000

26000

30000

34000

26000

30000

34000

(b)
0.05

ε

In system (3) in the presence of larger noise, for
example for D > 0.005, the logical SNA loses its logical behaviour but the logical chaos retains the same
logical behaviour. In the presence of moderate noise
upto D < 2.5, the logical behaviour in the chaotic
regime does not get altered. In the presence of noise,
the logical SNA and logical chaos sustain their logical behaviour for certain strengths of noise. Figure 18
indicates the strength of noise for logical SNA and
logical chaos. Figures 18a and 18c show the effect of
three-level square waves on two different logical inputs
when  = 0.05 and  = 0.5. Figure 18b represents the
noise in the logical SNA for three different strengths of
noise level and figure 18d indicates the presence of noise
in the case of logical chaos for four different strengths
of noise level.
From our analysis, it is confirmed that the logic
response is retained even when the strength of noise
is below millivoltage range in the SNA regime and is in
a higher voltage range in the chaos regime. Hence, the
logic behaviour in our circuit continues to exist in the
noise floor where noise has originated due to electronic
components.
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Figure 19. Parallel logic gates: (a) shows a three-level input
streams with I = −0.1 for (0, 0), I = 0 for (0, 1)/(1, 0) and
I = 0.1 for (1, 1) sets. (b) shows the constant bias ε, which
changes from 0.05 to −0.05. Panel (c) represents the response
of the dynamical variables x(t) and y(t) under quasiperiodic
forcing for f 2 = 0.05. They mimic the desired OR/AND
for ε = 0.05 and the desired NOR/NAND logic outputs for
ε = −0.05 (see table 1).

operations in parallel. As a consequence, the performance of logic operations becomes faster in this circuit.
4.5.2 Set–reset (SR) flip-flop
Many of the recent works focussed on exploiting the
nonlinear system to construct memory device apart from
designing logic gates. In particular, chaos-based SR flipflop from two cross coupled Chua’s circuit was proposed
by Cafagua and Grassi [9]. The construction of different logic gates and SR flip-flop using reconfigurable
analog block was reported by Campus-Cantón et al
[45]. Construction of SR latch in noise-assisted bistable
system was demonstrated by Kohar and Sinha [28].
Implementation of all multivibrations through chaotic
Chua’s circuit was reported by Campos-Cantón et al
[45]. Recently, two of the present authors along with
Venkatesh have obtained RS flip-flop from two crosscoupled QPDMLC circuits [11]. In the present work, we
explicitly demonstrate how a simple nonlinear system
such as the QPDMLC circuit can yield a consistent and
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Table 2. Set–Reset (SR) flip-flop truth table.
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0
0
1
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State

0
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0
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0 (Reset)
1 (Set)
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Figure 20. Set–reset flip-flop: Panel (a) shows three-level
input streams with I = I1 − I2 , I = −0.1 for (0, 1), I = 0.0
for (0, 0)/(1, 1) and I = 0.1 for (1, 0) sets. Panels (b) and
(c) show the desired RS latch regime of x(t) and y(t) with
the corresponding forcings f 1 = 0.05, f 2 = 0.05,  = 0.05
and ε = 0.0.

complete RS flip-flop subjected to a random sequence
of the input stream.
In order to set memory latch, the input streams should
be modified. It is inferred from the truth table of an SR
flip-flop that the two input sets (0, 1) and (1, 0) must be
different, as these sets produce different output states
(table 2). This is possible only if we encode the inputs
in a different way. Here the first input I1 takes the value
1 when this logic inputs is +1 while it takes the value
0 when the logic is 0. However, the second input I2
takes the value +1 when the logic is 0 while it takes the
value 0 for logic 1. It is achieved by employing NOT
operation to I2 . For this case, also the input streams
(I1 , I2 ) : (0, 0), (0, 1), (1, 0) and (1, 1) correspond to
0, −1, 1 and 0 values. Among these sets, (1, 1) set is a
restricted one. For example, if  = 0.05, both the inputs
take the value −0.05 for the logical input 0 and value
0.05 for logical input 1. The input signal I = I1 − I2
is thus a three-level wave form: −0.1 for (0, 1), 0 for
(0, 0)/(1, 1) and 0.1 for (1, 0) inputs sets. As a result,
one can obtain SR logic output as in the case of logic
operation when we employ the above-mentioned type
of three-level signal as its inputs (figure 20a). The logic

Figure 21. Realisation of the OR/NOR logical SNA gate
in PSpice simulation: Panel (a) shows two different inputs
I1 and I2 , when the logic input is 0 which takes −50 mV
and logic input is 1 when it takes +50 mV. Panel (b) shows
the constant bias ε , which changes from 0.05 V to −0.05 V.
Panel (c) shows the logical OR output (with vs > 0) being the
logical output 1 and vs < 0 being the logical output 0. Panel
(d) shows the output voltage v(t) giving the NOR logic gate
response.

output can be obtained as in the case of logic operations:
for x > 0, the logic output is taken as 1, 0 for x < 0. It
is very clear that figure 20b shows the operation of SR
flip-flop. When both the inputs I1 and I2 are low, the
QPDMLC system leaves the output x(t) in the previous
state. This shows that the latch remains in the present
state. When I1 is low and I2 is high, the output x(t) of
the system is set to the logical low. This makes the latch
in the reset condition. When I1 is high and I2 is low, the
output x(t) of the system is a logical high. In a similar
way, the output of the state variable y(t) as shown in
figure 20c behaves as an active low SR latch.
It is clearly illustrated that the conditions for set and
reset are interchanged for the state variable y. The parallelism inherited in the circuit makes us to realise both
active low and active high SR flip-flops. To implement
these flip-flops in digital electronics, we need separate

78
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Figure 22. Realisation of the OR/NOR logical chaos gate
in PSpice simulation: Panel (a) shows two different inputs I1
and I2 , when the logic input is 0 which takes −200 mV and
logic input is 1 when it takes +200 mV. Panel (b) shows the
constant bias ε , which changes from 0.05 V to −0.05 V. Panel
(c) shows logical OR output (with vs > 0) being the logical
output 1 and vs < 0 being the logical output 0. Panel (d) shows
the output voltage v(t) which gives the complementary NOR
logic gate response.

two coupled NAND circuits and two coupled NOR circuits [46]. However, the present study helps to realise
these two flip-flops via x and y variables without changing any other variables.

5. Investigation using PSpice simulation
Now in this section, using PSpice simulation, we verify
the results obtained by numerical simulations discussed
earlier. For this purpose, we consider the QPDMLC
circuit given in figure 3 which are subjected to two
square pulses I1 and I2 and the circuit parameters are
fixed as C = 10 nF, L = 18 mH, R = 1340 ohms,
Rs = 20 , ν1 (= 1 /2π) = 11883.258 Hz and ν2 (=
2 /2π ) = 7343.850 Hz, F1 = 0.15 V, F2 = 0.05 V and
ε = 0.05 V correspond to the dimensionless units of the
circuit parameters that we discussed earlier. The change
in the dynamics of the circuit under the influence of input
streams is obtained by measuring the voltage v across
the capacitor C and the current i L through the inductor by measuring the voltage drop across the sensitivity
resistor Rs (vs = Rs i L ). Now, we fix the logic input
signal I1 and I2 as 50 mV when the logic input is 1 and
−50 mV for 0 (see figure 21a) and also bias ε  is changed

Figure 23. Realisation of the set–reset latch in PSpice simulation: Panel (a) shows difference of two different inputs
I  = I1 − I2 , when the logic input is 0 which takes −50 mV
and logic input is 1 when it takes +50 mV. Panels (b) and (c)
show the desired SR latch regime of vs and v(t).

from 0.05 V to −0.05 V (see figure 21b). For this case,
although the system admits an SNA, the response of
QPDMLC system exhibits OR gate in vs variable and
NOR gate in the v(t) variable (see figures 21c and 21d).
For ε = −0.05 V the system gives the AND gate
when we measure the voltage across Rs and NAND
gate when we measure voltage across C. Next, the logic
input streams I1 and I2 take the value −200 mV for
the logic input 0 and 200 mV for the logic input 1.
Then, the QPDMLC system exhibits logical behaviours
(OR/NOR as well as AND/NAND) depending upon the
value of ε =0.05 V/−0.05 V in the chaotic regime (see
figure 22 and 22). Besides, when the two logic inputs I1
and I2 are −100 mV for the logic input 0 and 100 mV
for the logic input 1 and the corresponding parameter
values are F1 = 0.05 V, F2 = 0.05 V and ε = 0,
then the response of QPDMLC exhibits SR flip-flop (see
figure 23).

6. Conclusion
In the present work, we have shown that under appropriate input signals, one can realise different logical
elements and memory latch in a simple QPDMLC circuit system. The significance of our work is that by
utilising the switching between dynamical attractors, in
particular logical strange nonchaotic and chaotic attractors in different regions of phase space by varying input
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streams or parameters of the system, different logic gates
can be realised. Utilising this feature, we have explicitly demonstrated the implementation of OR gate and
flip-flop. The logical gate is morphed from OR to AND
by a small change in the bias parameter. Additionally,
the other dynamical variable in the circuit provides complementary logic operation NOR/NAND in parallel. We
have also tested the reliability of logic operations in the
noise floor even when the logic operations are in the
SNA and chaotic regimes. Consequently, the dynamics
is robust even under noise. Therefore, an efficient computational process can be designed.
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