Pramana – J. Phys.
(2020) 94:75
https://doi.org/10.1007/s12043-020-1942-9

© Indian Academy of Sciences

Chaos in a cyclic three-species predator–prey system with a partial
consumption of superpredator
M KRISHNADAS

∗,

P P SARATCHANDRAN and K P HARIKRISHNAN

Department of Physics, The Cochin College, Cochin 682 002, India
∗ Corresponding author. E-mail: krishnadasm96@gmail.com
MS received 23 June 2019; revised 8 January 2020; accepted 13 February 2020
Abstract. This paper aims at the detailed numerical analysis of a cyclic three species predator–prey model where
the prey consumes only a part of the super-predator population. Such a model exists only when the prey acts as
an omnivore. Here, we have investigated the dynamical behaviour of the prey, middle predator and super-predator.
All the possible equilibrium points of the model are computed and the existence and stability condition of the
equilibrium states are determined. The phase portraits are generated for different sets of parameter values. The
long term behaviour of the system is investigated by studying the bifurcation structure and nature of the attractors,
thereby identifying the domain of chaos, as each of the control parameter is varied independently. Finally, we show
that a transition from chaotic domain to escape or vice-versa of the predator in a small region of the parameter plane
leads to a fractal structure.
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1. Introduction
Mathematical models to study the complexity of interacting populations starts in the early 20th century. A
significant model is the Lotka–Volterra model. The
Lotka–Volterra predator–prey model was discovered
independently by Lotka [1] and Volterra [2] in 1925
and 1926 respectively. Volterra proposed a simple model
to describe the interactions of the predator and the
prey fish populations in the Adriatic Sea. The dynamical properties of the two-species model were studied
by many researchers in the past few decades [3–7].
May [8] studied a simple one-dimensional nonlinear
difference equation model and the dynamics generated was of stunning complexity, ranging from stable
fixed points, periodic orbits and chaotic behaviour.
From then on, numerous studies were made on discrete population models, and it became clear that the
discrete systems show a rich dynamics compared to
their continuous counterparts. Data regarding the growth
rate and death rate of the interacting species aided
in developing population models involving differential
equations.
If we look into Nature, interactions are not limited to
two species, but involve a complex structure in the food
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web. Many researchers in the past few years devised
three-species model to study its dynamical behaviour.
Hastings and Powell [9] studied the chaotic dynamics of a simple continuous three-species model where
both the predator and the prey showed a type II functional response. Moreover, three-species food chains are
of practical interest [10–12]. A three-species Lotka–
Volterra model was studied by Chauvet et al [13] where
the feeding relationship is considered in a linear manner. It is natural that the species interact in numerous
ways. When species interact, the population dynamics
of each species is affected. In general, there is a whole
web of interacting species, sometimes called a tropic
web, which makes for structurally complex communities. There are systems involving two or more species,
but here we are concentrating particularly on threespecies systems.
Cyclic competition is distinctly connected with closed
relational chains that describe the aspects of life struggle
such as feeding, hunting and mating. Such schemes are
fundamental to biological systems which cover a wide
range of quantitative scales and complexity. Examples
include the repressilator [14], the E. coli Colicin E2 system [15], the common side-blotched lizard [16], several
plant systems [17–19] and so forth. In a cyclic system,
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as soon as one of the species surpasses the others, it
becomes a source of nourishment for the next one along
the chain. This feature indicates that cyclic competition
can be a fundamental mechanism for the coexistence
and biodiversity. Cyclic predator–prey models, the socalled rock–paper–scissors (RPS) models, describe the
space–time evolution of populations of three different
species subject to the nearest-neighbour cyclic predator–
prey interactions. Kerr et al [15] and Kirkup and Riley
[20] explored the mechanism needed to guarantee the
coexistence in a community of three populations of
Escherichia coli and numerically modelled the dynamics of their experiments using the so-called RPS model,
well-known in match theory [21]. As a result, Kerr
et al [15] reported that in a well-mixed (non-spatial)
environment (i.e. when the experiments were carried
out in a flask) after some finite time, two species were
extinct, while the coexistence of populations was never
observed. A three-species cyclic generalisation of the
Lotka–Volterra model was studied by many researchers
[22–24].
The model studied here considers a partial predator
consumption which is attributed to the rate of hunger
or satiation of the omnivore, which is believed to motivate predatory behaviour of the omnivore internally. For
cyclic predator–prey interactions, predator death most
likely leads the prey feeding its predator. Prey, however,
do not always consume all of the ingestible biomass of
their predator. This behaviour can be termed as ‘partial
predator consumption’. The partially consumed predator is associated with the predator population density
and structure. As the model is cyclic, consisting of three
species, let the top-level predator (super-predator) consumes the mid-level predator, the mid-level predator
consumes the omnivore (prey) and the omnivore partially consumes the super-predator.
The feeding relationship of the model is shown as
follows:
xn+1 = ax n (1 − xn ) − bx n yn + f (m) xn z n
yn+1 = cx n yn − dy n z n
z n+1 = qy n z n − mx n z n .

(1)

Here x is the lower level prey species which is an omnivore and they benefit from the remains of the z species,
y is the mid-level predator and z is the super-predator.
One such possible system consists of insects–rodent–
reptile. In the absence of the super-predator z, the above
model reduces to a two-species model and the dynamics
of such a system has been analysed by Saratchandran
et al [25]. All the control parameters are assumed to
be non-negative. The parameter a is the natural growth
rate of x, b is the factor associated with the predation
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of species y on x. In the case of a food web, we usually see that the predators, when they die, are predated
by lower organisms and this situation is incorporated in
the equation to account for this fact and thus the system becomes more realistic. The insect consumes only
a part of the remains or carcasses of the super-predator
which describes the last term in the difference equation
of species x. Note that it is a fraction of the decrease
in z (second term in z equation), which we denote by
f (m). In this analysis, we fix f (m) as 0.3 m which is
considered to be a reasonable fraction. Also the situation could be extended to the case of insects or other
prey that devour the eggs or the young ones of the superpredator, c is the maximum predator rate of y, d is the
predator efficiency that z preys on y, q is the maximum
predator rate of z, the last term in the difference equation
of z species is accounted for the benefits of lower level
species x from the remains of z. The term may be given
zero in the absence of predation before the natural death
of the top predator.
A similar predator–prey model has been investigated by Elsadany [26] who describes the dynamical
behaviour of a three-species system without a closed
loop. There are many other research works [27–33] on
different cases of three-species model. However, these
works were mainly concentrated either to numerically
study the stable regimes using linear stability analysis,
or analysing bifurcation diagram searching for chaos
and obtaining strange attractors for selected range of
parameter values. In order to completely understand
the dynamics of the three-species model, a comprehensive numerical analysis of the entire parameter plane
is required. Such a study would provide the various
domains of dynamics in the parameter plane, especially that of chaos so that we can understand how
these domains evolve as the control parameters are
tuned. Hence the parameter plane can distinguish the
regions of chaotic attractor and periodic domains. In this
work, we propose to undertake such a detailed analysis.
Apart from identifying the bifurcations and domains of
dynamics in the parameter plane, we also report a novel
feature in a small regime of the parameter plane. It is
found that the control parameter values leading to the
escape of trajectories and chaos are intermingled and
have a fractal structure. In other words, an infinitesimal change in the control parameter can switch the
asymptotic state from chaos to escape to infinity and
vice-versa.
Our paper is organised as follows: In §2, we undertake the stability analysis of the model to identify the
stable equilibrium states. A detailed numerical analysis
is conducted in §3 to identify the dynamical transition
and domains in the parameter plane. Conclusions are
drawn in §4.
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2. Existence of equilibrium and stability analysis

2. If at least one of the roots of eq. (4) has absolute
value greater than one, then the equilibrium point
of system (1) is unstable and equilibrium point is
called a saddle.
3. If every root of eq. (4) has absolute value greater
than one, then the equilibrium point of system (1)
is a source.
4. The equilibrium point of system (1) is called hyperbolic if no root of eq. (4) has absolute value equal
to one. If there exists a root of eq. (4) with absolute
value equal to one, then the equilibrium point is
called non-hyperbolic.

The dynamics of the model can be qualitatively studied
by defining the equilibrium points. The model under
study has four equilibria:
1.
2.
3.
4.

E0
E1
E2
E3

= (0,0,0)


= a−1
, 0, 0

1a a 

= c , b 1 − 1c − b1 , 0
= (x ∗ , y ∗ , z ∗ ),

where
aqd − bd − 0.3mq − qd
x∗ =
aqd + bmd − 0.3mcq
ad
(1 + m) − 0.3m (c + m) − md
y∗ =
aqd + bmd − 0.3mcq
aq (c − 1) − b (c + m) − cq
.
z∗ =
aqd + bmd − 0.3mcq

(2)

The equilibrium point E 0 corresponds to the extinction
of all the species. The equilibrium point E 1 is the axial
fixed point in the absence of species y and z. The equilibrium point E 2 is the axial fixed point in the absence
of z species. The equilibrium point E 3 is the interior
equilibrium point where all the three species coexist.
The local stability analysis of the model can be carried
out by computing the Jacobian matrix corresponding
to each equilibrium point. The Jacobian matrix of the
system is
⎡
⎤
a (1 − 2x) − by + 0.3mz −bx
0.3mx
cy
cx − dz −dy ⎦.
J =⎣
−mz
qz qy − mx
(3)

1 + p1 + p2 + p3 > 0
1 − p1 + p 2 − p 3 > 0
1 + p2 − p1 p3 − p32 > 0

(5)

or
| p1 + p3 | < 1 + p2 and | p2 − p1 p3 | < 1 − p32 .
These conditions can be expressed in terms of the trace
of the Jacobian, p1 = −tr(J (E n )), the sum of principal
3
Mii J (E n ), and the
minors of the Jacobian, p2 = i=1
determinant of the Jacobian,
p3 = −det(J (E n )).
Hence conditions in (5) can also be expressed as
3

Mii J(E n )
i=1

Det(J (x, y, z))
= a(1 − 2x)(cq x y − cmx 2 + dmx z)
−x yz(2bdm − 0.6cmq).

− det(J(E n )) > 0
3

1 + tr(J(E n )) +

Stability of the equilibrium points can be determined
from the following theorem.

Mii J(E n )
i=1

+ det(J (E n )) > 0
3

Mii J (E n ) − tr (J (E n )) det(J (E n ))

1+

Theorem 1. (Elaydi [34]). Let
P(λ) = λ3 + p1 λ2 + p2 λ + p3 = 0

Lemma 1. For the characteristic polynomial, λ3 +
p1 λ2 + p2 λ+ p3 = 0, the Schur–Cohn criterion follows
that the necessary and sufficient conditions for which
all the roots of (4) lie inside the unit disc (cf. relation
(5.1.17) in Elaydi [34]. p. 248) are

1 − tr(J(E n )) +

The determinant of the Jacobian is
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i=1

(4)

be the characteristic equation for a matrix defined by
(3). Then the following statements are true:
1. If every root of eq. (4) has absolute value less
than one, then the equilibrium point of system (1)
is locally asymptotically stable and equilibrium
point is called a sink.

− (det(J(E n )))2 > 0.

(6)

Moreover, these three values can be expressed as functions of the eigenvalues of J (E n ), λi , for i = 1, 2, 3
tr(J(E n )) = λ1 + λ2 + λ3 ,
3

Mii J (E n ) = λ1 λ2 + λ2 λ3 + λ3 λ1
i=1
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and
det(J(E n )) = λ1 λ2 λ3 .
PROPOSITION 1
The equilibrium point E 0 is a stable fixed point when
a < 1 and a saddle point when a > 1.
Proof. Linearising the system at E 0 , the Jacobian
obtained is
a 0 0
J(E 0 ) = 0 0 0 .
0 0 0
The eigenvalues of the matrix J(E 0 ) are λ1 = a, λ2,3 =
0. For λ1 < 1 and λ2,3 < 1, the equilibrium point E 0 is
stable only when a < 1 and a saddle point when a > 1.
Also E 0 is a non-hyperbolic point if a = 1.


PROPOSITION 2
When a > 1 the equilibrium point E 1 exists and is a
1. sink if
1 < a < 3,

c
c
<a<
c+1
c−1

and
m
m
<a<
m+1
m−1
2. source if
c
m
a > 3, a >
and a >
c−1
m−1
3. non-hyperbolic point if a = 3.
Proof. Jacobian matrix of the system at E 1 is
⎡
⎤
0.3m
2 − a −b
a (a − 1) a (a − 1)
c
⎦.
0
J(E 1 ) = ⎣ 0
a (a − 1)
−m
0
0
a (a − 1)
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and
m
m
<a<
.
m+1
m−1
Also E 1 is a source if
m
c
and a >
a > 3, a >
c−1
m−1
and non-hyperbolic point if a = 3.
Using Schur–Cohn criterion, the equilibrium point E 2
is asymptotically stable if it follows conditions (5) given
by Lemma 1. That is, E 2 is asymptotically stable if
3cm − am − 3ac + 4a 2 c − a 3 c + 2a 2 m − a 3 m + 3a 2
−a 3 − 7acm + 5a 2 cm − a 3 cm < 0,
4a 2 c − am − cm − 3ac − a 3 c + 2a 2 m − a 3 m + 3a 2
−a 3 + 3acm − 3a 2 cm + a 3 cm < 0
and
−a 6 c2 m 2 − a 6 c − a 6 m + 8a 5 c2 m 2 + a 5 c2
+a 5 cm + 4a 5 c − a 5 m 2 + 4a 5 m
−26a 4 c2 m 2 − a 4 c2 m
−4a 4 c2 + a 4 cm 2 − 3a 4 cm − 5a 4 c + 4a 4 m 2
−5a 4 m + a 4 + 44a 3 c2 m 2 + 3a 3 c2 m + 5a 3 c2
−3a 3 cm 2 + 3a 3 cm + 2a 3 c − 5a 3 m 2 + 2a 3 m
−41a 2 c2 m 2 − 3a 2 c2 m − 2a 2 c2 + 3a 2 cm 2 − a 2 cm
+2a 2 m 2 + 20ac2 m 2 + ac2 m − acm 2 − 4c2 m 2 > 0.


PROPOSITION 3
The equilibrium point E 2 exist for a >

c (a − 1)
−m (a − 1)
and λ3 =
.
a
a
From the theorem, for λ1,2,3 < 1, results in
c
c
<a<
1 < a < 3,
c+1
c−1
and
m
m
<a<
.
m+1
m−1
Hence E 1 is a sink point if
c
c
<a<
1 < a < 3,
c+1
c−1

c
c−1

which is

1. sink if
c (q − b) + mb
c (q + b) + mb
<a<
q (c − 1)
q (c − 1)
2. saddle if
c (q − b) + mb
c (q + b) + mb
>a>
.
q (c − 1)
q (c − 1)

The eigenvalues of the matrix J (E 1 ) is
λ1 = 2 − a, λ2 =
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Proof. The Jacobian of the system at E 2 is
⎡
⎤
−b
0.3m
1 − ac
c
c 


1
c
−ad
J (E 2 ) = ⎣ ac
1 − 1c + db ⎦
b 1− c − b 1
b

q
1
m
0
0 aq
b 1− c − b − c
The eigenvalues of the above matrix are

1
q
m
aq
1−
− −
λ1 =
b
c
b
c
and
λ2,3



a
a 2
= 1−
− a.
1+
±
2c
2c
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For |λ123 | < 1 the equilibrium point E 2 is a sink point
when
c (q − b) + mb
c (q + b) + mb
<a<
.
q (c − 1)
q (c − 1)
c (q − b) + mb
c (q + b) + mb
>a>
.
q (c − 1)
q (c − 1)

a32

p1 = (a11 + a22 + 1) , p2 = (a22 − a23 a32 )

The necessary and sufficient conditions for E 2 to be
asymptotically stable is given by Schur–Cohn criterion
(5). That is, the asymptotic stability of E 2 is given by
| p1 + p3 | < 1 + p2 and | p2 − p1 p3 | < 1 − p32 where
− (ab − 2bc + bm + aq + cq − acq)
p1 =
bc2

p3 =

−10m(acd − ad − bc − bm − cq)
10bdm + 10adq − 3cmq
q(acd − ad − bc − bm − cq)
.
=
10bdm + 10adq − 3cmq

a31 =

The conditions of local stability of E 3 (x ∗ , y ∗ , z ∗ ) now
follows from relation (5) where

Also E 2 is a saddle point if

p2 =

75

+ (a11 − a13 a31 ) + (a11 a22 − a12 a21 )
and
p3 = a11 (a22 − a23 a32 ) − a12 (a21 − a23 a31 )
+a13 (a21 a32 − a22 a31 ) .



− 2c2 q − a 2 q + 2abc − abm + 2bcm + acq − abc2 − 2ac2 q + a 2 cq
bc2
− (a (c − 2) (bm + aq + cq − acq))
.
bc2



Thus, conditions (5) imply that the equilibrium point
E 3 (x ∗ , y ∗ , z ∗ ) of system (1) is locally asymptotically
stable.



PROPOSITION 4
The interior equilibrium point E 3 (x ∗ , y ∗ , z ∗ ) exists only
,
when adq > bd+0.3mq+qd, ad > 0.3m(c+m)+md(q−b)
m+1
aqc > b (c + m) + q (a − c) and 0.3cmq < aqd +
bmd.
Proof. Jacobian of the system at E 3 is
⎤
⎡
a11 a12 a13
J (E 3 ) = ⎣ a21 a22 a23 ⎦ ,
a31 a32
1
where
a11 =

a12 =
a13 =
a21 =
a22 =
a23 =

3. Numerical study
In this section we numerically analyse the dynamics of
the model. The system is studied on the assumption that
all the parameters are positive. Both b and d represent the
measures by which the prey and the predator population
get decreased, the former due to the interaction with
predator and the latter due to the interaction with the
super-predator. The parameter value of m is made very
low and that of q is made fairly large to make sure that
the z species does not die out quickly. Higher value of m
results in the extinction of z species. Therefore, we fix

ad(10b − 3m + 20q − 10q + 3cm) + 10bdm + 6amq − 3cmq (1 + a)
10bdm + 10adq − 3cmq
b(10adq − 10bd − 10dq − 3mq)
10bdm + 10adq − 3cmq
0.3m(10adq − 10bd − 10dq − 3mq)
10bdm + 10adq − 3cmq


c 10adm − 3cm + 10ad − 10dm − 3m 2
10bdm + 10adq − 3cmq


2
c 10ad +10bdm−3cmq−10acd 2 +10acdq
10bdm + 10adq − 3cmq


−d 10adm − 3cm + 10ad − 10dm − 3m 2
10bdm + 10adq − 3cmq

the parameters b = 3.3, d = 3.5, q = 3.8 and m = 0.1
throughout the simulations, and the study is made by
varying the parameters a and c. The growth rate of lower
level prey x describes a logistic behaviour. Hence, the
value of parameter a is confined in the interval [0, 4] and
for a > 4, the trajectory gradually escapes to infinity.
Since c accounts for the increase in the predators y, the
parameter value should be fairly large in order to survive
from the predation of z. So the simulations studied are
based on a wider range of parameter values of c.
We restrict the initial conditions (x0 , y0 , z 0 ) within
the interval [0, 1] and found that the asymptotic state is
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Figure 1. The bifurcation structure of the predator–prey model (1) with c as the control parameter for a = 3.24 and the other
parameters are: b = 3.3, d = 3.5, q = 3.8 and m = 0.1. The upper panel shows the variation of prey population, the middle
panel corresponds to the predator population and the bottom panel corresponds to that of the super-predator population.

independent of initial conditions. The bifurcation
diagram plotted has initial conditions x0 = 0.3, y0 =
0.2, z 0 = 0.1. The initial population of x is made comparatively large, else the prey becomes extinct after the
successive iteration as the predator consumes them. For

the bifurcation analysis, we first fix the value of c starting
from 1 and increase it in steps of 0.001 and for different fixed values of a the bifurcation structures of all
the species are computed where c acts as the control
parameter. The analysis is repeated with a as the control
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Figure 2. Similar bifurcation structure as in figure 1, but a is made the control parameter with c = 3.24 and the rest of the
parameters are: b = 3.3, d = 3.5, q = 3.8 and m = 0.1.

parameter increasing in steps of 0.001 for different fixed
values of c in the range [1, 8] resulting in a different
bifurcation structure. A typical bifurcation structure of
both the cases are shown in figures 1 and 2. The figures
show a comparison of bifurcation structure with c as the
control parameter with a = 3.24 and vice versa. It is

clear that the asymptotic state passes through different
domains exhibiting different dynamical behaviours in
both cases.
The bifurcation diagram of all the three species with
c as the control parameter for a = 3.24 is shown in
figure 1. The upper panel shows the variation of prey
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Figure 3. Phase portrait of the predator–prey species for different c values with a = 3.24, b = 3.3, d = 3.5, q = 3.8 and
m = 0.1 showing various nature of the attractor starting from Hopf bifurcation to chaos.

population, the middle panel corresponds to the predator
population and the bottom panel corresponds to that of
super-predator population. The asymptotic state of the
prey and the predator passes through different phases,
starting from fixed point. Moreover, the nature of the
attractor for both the prey and the predator is always
identical and synchronised. But in the case of superpredator, the species remains extinct well before they
approach a stable fixed point. We must also note that
the super-predator is forced to extinction after c = 3.5.
Beyond a = 4.2, all the trajectories escape to ∞.
Similarly, another bifurcation diagram is shown in
figure 2 where a is the control parameter for c = 3.24.
As in the case of figure 1, the nature of the attractor of

the prey and the predator is synchronised whereas the
domain of the attractors is different from the former.
However, the case of super-predator is entirely different. Here the super-predator remains extinct until they
reach a stable fixed point. From there they pass through
limit cycle attractor, periodic orbits which then converts
to chaotic attractor and finally escape to ∞ at a = 3.86.
The trajectories of x and y species also escape to ∞ at
a = 3.86. It is to be noted that, with a as the control
parameter, the long-time behaviour of the prey and the
predator is always confined to the unit interval, while
the super-predator is confined in the interval [0, 0.5].
When c is made the control parameter, the long-time
behaviour of the prey is confined to unit interval while
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Figure 4. Variation in the nature of the attractors and transition to chaos in the predator–prey model as the control parameter
c is increased. The figure shows a three-dimensional phase portrait of the three-species model for different values of c with
a = 3.24, b = 3.3, d = 3.5, q = 3.8 and m = 0.1.

that of the predator is confined to a little wider range [0,
1.2], whereas the super-predator is confined to a small
range [0, 0.1].
Though the bifurcation structure is different in finer
details for both predator and prey population, the different stages in the transition of attractors from fixed
point to chaos are broadly identical as shown in figure
3. The nature of the attractors and transition to chaos
in the predator–prey model is clearly shown as the control parameter c is increased. The value of c is shown
for each case and the other parameters are fixed as
a = 3.24, b = 3.3, d = 3.5, q = 3.8 and m = 0.1.
The top panel shows the Hopf bifurcation starting from a
fixed point attractor to form a limit cycle. It then changes
into a periodic attractor of period n as shown in the middle panel. As c is increased further, for a critical value
of c, the periodic attractor undergoes period doubling
to form a number of chaotic bands which finally merge
into a single chaotic attractor.
A three-dimensional phase portrait exhibiting the
nature of the attractor for different values of c is shown
in figure 4. The fixed point is first converted to a limit
cycle by Hopf bifurcation, which varies in size and
shape as c increases. The limit cycle then undergoes
an inverse Hopf bifurcation and gets converted into a

period −n orbit. This appears as a periodic window in
the bifurcation structure. As c increases further, the periodic orbit undergoes period doubling bifurcations and
finally gets converted into a chaotic attractor at a critical
value of c.
From the bifurcation diagrams shown in figures 1 and
2 it is clear that the prey x and the predator y exhibit
similar dynamical properties, and hence only the parameter plane of the species y is studied (figure 5) and that
of x is identical. The parameter plane shows different
domains of dynamics of y-species for the fixed parameters b = 3.3, d = 3.5, q = 3.8 and m = 0.1. The blue
dotted line represents the line of extinction of predators
y, below which they become extinct. The line of extinction coincides with the line of escape upto a = 1.1 and
c = 6.5 and falls down from there. Region II represents the coexistence of the prey x and the predator y
describing stable one cycle. Line of Hopf bifurcation is
represented by the green line as the predator makes a
transition from stable one cycle to limit cycle attractors.
For a specific range of a and c the system of the predator
and the prey enters chaotic domain. Beyond the chaotic
domain is the region of escape represented by region V.
There are certain points in the chaotic domains where
the trajectories of the predator fall into the domain of
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Figure 5. Parameter plane of the predator population representing different domains of the attractor by varying the
parameter values of a and c. Here the parameter a is confined
in the interval [1, 4] and c is confined to [1, 8].

escape. It is denoted by red triangles in region IV. This
shows the sensitive dependence of the control parameters as a and c are finely tuned, where the domain of the
attractor switches abruptly between escape and chaos.
Similarly, parameter plane of species z is plotted
describing the dynamical properties by varying a and
c in figure 6. The a–c parameter plane of the z species
plotted shows different dynamics of attractor domains
for the fixed parameters b = 3.3, d = 3.5, q = 3.8 and
m = 0.1. The blue line denotes the line of extinction
of the super-predator z. In region I, there is a small area
represented by red colour where z species are forced to
escape. The line of extinction coincides with the line of
escape up to a = 3 and c = 4.3 and then meets with the
line of Hopf bifurcation at a = 2.8 and c = 4. Region
II represents the coexistence of the super-predator z and
prey x exhibiting the stable one cycle. The green line
represents the transition from stable fixed point to limit
cycle attractors by way of Hopf bifurcation and region
III is the domain of limit cycle attractors. For a specific
range of a and c, the system involving x and z species
enters the chaotic domain and this is represented by
orange area in region IV. Region IV has a rather strange
dynamics where the attractor abruptly changes between
extinction, chaos and escape. There are certain points
in region IV where the super-predator escapes which is
represented by red triangles. The scattered blue points
in this region indicates the extinction of the z species.
These points lie extremely close to the escape points
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Figure 6. A complete a–c parameter plane of the
super-predator population showing different domains of the
attractor. Sensitive dependence of the parameter values is
shown in region IV.

suggesting that the dynamics is sensitively dependent
on the values of a and c switching between escape and
extinction. A similar kind of dynamics is seen around
the chaotic region switching attractor between chaos and
extinction. Again this shows the sensitive dependence of
the control parameters.
We now show the existence of the fractal nature for a
range of parameter values in the bifurcation structure of
the predator. For this the region in the parameter plane
of the predator species is studied where the asymptotic
state switches abruptly which can be seen in region IV of
figure 5. That is, the small regime in the control parameter plane has a fractal structure and the asymptotic state
depends sensitively on the value of the control parameter. An infinitesimal change in the control parameter
can switch the asymptotic state from chaos to infinity
and vice-versa. In figure 7, we show the sensitive region
of the bifurcation structure of the predator with c as the
control parameter for a = 3.84 and the other parameter values as indicated. A small region is shown within
the two vertical lines where the dynamics sensitively
depends on the value of c. Successive panels in figure 8
is the zoomed-in region of the two vertical lines in the
figure above it. The figure gives a clear confirmation of
the fractal structure for c. Note that for a small range of
c values, indicated by two vertical lines, the asymptotic
state switches between chaos and infinity. Thus, a perturbation in the c values results in switching of asymptotic
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Figure 7. Bifurcation structure of the predator with c as the
control parameter for a = 3.84 and the other parameters are:
b = 3.3, d = 3.5, q = 3.8 and m = 0.1. A small region
is shown within the two vertical lines where the dynamics
sensitively depends on the value of c. The asymptotic state
switches between chaos and ∞ for an infinitesimal change in
the control parameter c.
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and the super-predator as a host. We focussed our numerical analysis by varying the two most important control
parameters, namely, the growth rate of the prey and the
predator. From the numerical analysis we find that the
asymptotic states of the prey and the predator are always
synchronised whereas that of the super-predator exhibits
a completely different dynamical behaviour. When the
growth rate of the predator is the control parameter, the
super-predator is forced to extinction much early and
the dynamics is dominated by the prey and the predator.
On the other hand, when the growth rate of the y predator is fixed as small and that of the prey is made the
control parameter, the opposite happens and the superpredator coexists with the prey and the predator for
higher values of the parameter. The parameter plane
of the predator and the super-predator shows the different domains of the attractor, thereby identifying the
chaotic region. We also observed that, there exists a sensitive dependence on the control parameter c, where the
asymptotic state switches between chaos and escape.
Thus, an infinitesimal change in the parameter value
which flips the asymptotic state to chaos and infinity
and vice-versa leads to a fractal structure.
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