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Abstract. This article addresses the heat and mass transport phenomena by performing a theoretical analysis
of three-dimensional viscous fluid flow containing gyrotactic micro-organisms over a nonlinear stretched surface.
Variable magnetic field is considered normal to the stretched surface to control the fluid flow. Thermal transportation
is discussed in view of variable thermal conductivity. Variable characteristics of mass diffusion along with chemical
reaction are incorporated in mass transportation. Darcy–Forchheimer expression is used to characterise the porous
medium. Also, Brownian motion and thermophoresis are incorporated to enhance the diffusion. The governing
partial differential equations (PDEs) are derived using boundary layer analysis by assuming small magnetic
Reynolds number. Appropriate transformation is used to convert complex system of coupled PDEs into nonlinear
ordinary differential equations (ODEs). Transformed problem is then tackled analytically using optimal homotopic
procedure. Reliability of the suggested scheme is presented through error reduction table and also by comparing the
obtained solution with the published ones. Graphs and tables are prepared to observe the impact of parameters on
physical variables. Dimensionless stresses and rate of heat transfer are computed numerically. It has been observed
that larger values of Brownian diffusion and thermophoresis increase the fluid temperature. Moreover, dimensionless
stresses and rate of heat transfer are computed to check the reliability of the proposed procedure. These values are
clearly in an excellent agreement with the previous findings reported in literature.
Keywords. Viscous dissipation; heat transfer coefficient; bioconvection phenomenon; nonlinear stretched surface;
boundary layer; numerical approximation.
PACS Nos 47.10.−g; 47.10.ad; 47.15.G−; 47.10.A−

1. Introduction
Mixed convection is a combination of free and forced
convection. Convection is mainly heat transfer due to
motion of gas or liquid between areas that have different
temperatures. Compulsory laminar convection can only
be found in capillaries. Disturbed channel flow examinations have been developed with significant impacts
of gravitational fields since 1960s as they are important in engineering practice due to the development of
heat loads and channel dimensions in high-tech applications (thermal and nuclear energy technology, pipeline
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transport). Khan and Rasheed [1] reported the impact of
various influential variables on magnetohydrodynamic
flow with heat transfer over a plate. They numerically
tackled the flow manifesting boundary layer equations
via finite difference scheme. The tables and graphs were
further prepared for the obtained solutions against the
influential parameters. They concluded that increasing
Prandtl number diminishes the velocity and temperate
fields. Mohammed et al [2] studied the mixed convective
turbulent fully developed flow in a pipe. They discussed
the behaviour of fluid velocity by computing the solution
via finite volume scheme. They observed that increasing
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values of Reynolds number generate asymmetric flow
field for the velocity. Gireesha et al [3] theoretically
studied the mixed convective unsteady fluid flow with
the non-uniform heat source and thermal radiation over
a stretching sheet. They estimated the solutions of the
resulting equations using the shooting scheme. It was
observed that increasing values of mixed convection
parameter enhances the velocity and diminishes the temperature field for both fluid and dust phases. Vajravelu
et al [4] studied heat transfer for the non-Newtonian
yield exhibiting mixed convective flow over a vertical stretching sheet with temperature-dependent thermal
conductivity. They used the optimal homotopy scheme
to approximate the solutions of the resulting equations.
They presented the validity of the applied scheme by
examining the approximated results with those of the
published ones, and they concluded that the velocity field and temperature profile have opposite effects
by increasing the values of mixed convection parameter. Nandkeolyar et al [5] investigated the viscous
dissipation and steady heat in flow field past a plate
under the effect of magnetic field where they considered the fluid flow having high magnetic Prandtl number
which is responsible for producing a significant induced
magnetic field. They employed the quasi-linearisation
scheme to tackle the resulting coupled fluid flow and
concluded that fluid temperature decreases by increasing the heat absorption parameter.
Boundary-layer flows over a stretched surface has
been given much consideration because of their applications in many technical disciplines. This takes place
in cooling bathes, along the material of a conveyor belt,
in the boundary of liquid film, etc. The stretched flow of
electrically conducting Sutterby fluid in Darcy medium
was investigated by Bilal et al [6] where they assumed
that the fluid flow is ohmically dissipated. They managed the coupled system of nonlinear equations with
the help of cash and carp technique. They observed
that increasing values of slip parameters reduces the
temperature and velocity fields. Das [7] discussed the
heat transfer under thermal radiation and melting effect
for the viscous flow having variable magnetic field past
a moving surface. He used the bvp4c solver to tackle
the governing equations. He has shown that increasing
the radiation parameter diminishes the temperature and
velocity fields. Bilal et al [8] investigated the stretched
flow in a porous medium by using Darcy’s law. They
estimated the solutions using an optimal scheme. It
was shown that larger values of the magnetic parameter
reduce the velocity field. The theoretical analysis of the
elongated flow of viscoelastic fluid in three dimensions
was reported by Saleem et al [9] where they
considered the influence of magnetic field in controlling
the turbulence in fluid flow. It was concluded that the
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magnitude of fluid velocity decreases for higher values
of the magnetic parameter and Deborah number. Several
other contributions covering the flow over a stretched
surface and/or magnetic field for viscous fluids can be
seen in [10–19] and references therein.
Transport phenomenon of heat and mass has numerous applications and it appears in different physical situations such as in air conditioning systems, microwave
ovens, traditional ovens, coffee maker machines and
car engines. Hamid et al [20] analysed the impact
of Williamson fluid through a porous channel along
with Brownian motion, heat source and nonlinear radiation. An implicit powerful tool called Crank–Nicolson
scheme, based on finite difference, was employed to
tackle the nonlinear coupled system of converted ODEs.
They concluded that progressing values of thermophoresis parameter improve the temperature field and that
the Biot number has an inverse effect on the temperature profile. In another survey, Hamid et al [21]
investigated the rheology of Prandtl fluid with heat and
mass transportation past an infinite heated sheet. They
observed that diminishing values of Reynolds numbers
decelerate the fluid velocity. Nawaz et al [22] studied
the temperature-dependent diffusion coefficient and the
transportation of heat in the flow of viscoelastic fluid.
They numerically manipulated the governing boundary
layer fluid flow equations via finite element procedure. They observed that the concentration profile of
constant viscosity is less than that of the temperaturedependent viscosity. Variable thermophysical properties
for the flow of two-dimensional Casson fluid over a
rotating disk was investigated by Qureshi et al [23].
They concluded that heat transfer coefficient of a Casson fluid is much higher than that of a Newtonian fluid.
Chamkha [24] estimated the analytical solution for the
heat and mass transport problem of an electrically conducting liquid over a porous plate by recognising the
first-order chemical reaction and heat generation. He
showed that the fluid velocity is reduced by increasing the values of Prandtl number, Schmidt number and
the magnetic parameter, whereas it is increased for the
escalating values of thermal effect. Sandeep et al [25]
examined the flow past a porous expanding sheet under
a transverse magnetic field by assuming three different
non-Newtonian fluid models. They estimated the numerical solutions of the modified set of nonlinear equations
and concluded that an accumulation in the values of
the suction parameter and magnetic parameter reduces
the dimensionless stress. Shah et al [26] discussed the
involvement of the newly developed Cattaneo–Christov
heat flux model in the flow of Darcy–Forchheimer
micropolar fluid by engaging Das and Tiwari model.
They handled the transformed boundary layer equations
via homotopy analysis approach. They reported that the
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temperature profile decreases by increasing the values of
thermal relaxation parameter, whereas radiation parameter increases the temperature field for both cases, i.e.
shrinking and stretching. Shah et al [27] studied the
radiative flow of the nanofluid in a permeable channel.
They found that the velocity field attains the maximum
value at the upper wall of the channel, whereas at lower
wall the velocity attains the minimum value. Moreover,
augmentation in Darcy number increases the fluid velocity. Shah et al [28] engaged an FEM solver to monitor
the behaviour of numerous emerging parameters inside
a porous enclosure under Lorentz force for a hybrid
nanofluid. Further, analytical investigation of Hall effect
of the micropolar fluid flowing over a nonlinear extending surface was done by Shah et al [29]. They reported
that increasing values of Grashof parameter decelerates
the velocity field and increases the temperature. Jawad
et al [30] analysed the involvement of Navier’s slip for
the transportation phenomenon. They considered the
involvement of Joule heating and heat generation in
thermal transport expression. Flow is produced due to
the stretching of unsteady sheet. Furthermore, slippage
is considered at the boundary. Time-dependent modelled equations are handled analytically. They reported
that, increasing values of Eckert number and magnetic
parameter enhance the temperature. For more recent
studies on heat and mass transport, the reader is referred
to refs [31–37] and references therein.
Bioconvection has tremendous applications in diverse
essential processes in biological systems and biotechnology. Kuznetsov [38] proposed a novel model that
contains a mixture of micro-organisms and nanoparticles. He has shown that by adding the oxytactic
micro-organisms into the base fluid, mass transfer and
stability of the nanofluid were enhanced. Usman et
al [39] examined the bioconvection phenomenon by
using the wavelets’ scheme. They concluded that the
dimensionless stress is a decreasing function of the
ratio parameter and it is enhanced for increasing values of Brownian parameter. Zuhra et al [40] inspected
the bioconvection mechanism for the unsteady flow of
viscoelastic fluid between two infinite parallel plates.
They addressed the impact of influential parameters on
the fluid flow by tackling the determining equations
via an optimal homotopic procedure. They found that
the motile density profile is higher for fluid parameter and Péclet number. Khan et al [41] demonstrated
the mathematical model of water-based nanofluid carrying gyrotactic micro-organisms past a cone having
mass flux conditions where it was found that Sherwood number, rate of heat transfer and dimensionless
stress increase along the surface. Anisotropic slip flow
of a three-dimensional nanofluid involving gyrotactic micro-organisms over a moving heated plate under
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the effect of Arrhenius energy was recorded by Lu
et al [42]. They observed that the profile of microorganism decreases for growing values of Péclet and
Lewis numbers. Some recently published benchmarks
incorporating the involvement of bioconvection phenomenon can be seen in refs [43–46].
Existing literature shows that no attempt has been
made to investigate the bioconvection phenomenon
for the mixed convection MHD flow past a nonlinear
elongated surface with temperature-dependent mass diffusion and thermal conductivity. So, the present investigation is concentrated to cover this topic. Transformed
boundary-layer equations are tackled with the help
of optimal homotopy scheme [8,43,47,48]. Numerous
plots are provided to explore the expressions of velocity,
temperature, concentration and motile micro-organism
fields against the substantial parameters. Moreover, limiting case of the executed study is compared with
the previous findings where excellent agreement is
obtained.

2. Mathematical formulation via boundary layer
theory
The mixed convective steady three-dimensional
bioconvective flow of a classical liquid with
thermal and species transportation over a nonlinear elongated surface is theoretically investigated. Effects of
thermophoresis and Brownian motion are investigated
with chemical reaction. Spatial coordinates and magnetic field that depends on the power index is given by

B(x, y) = 0, 0, Ba (x +

p−1
y) 2



is applied vertical to the fluid flow over an elongated surface having constant pressure. Bidirectional nonlinear
stretched surface produces the flow which occupies the
area z ≥ 0. It is considered that Cs = C∞ +C0 (x + y) p ,
Ts = T∞ + T0 (x + y) p , and m s = m ∞ + m 0 (x + y) p
are the concentration, temperature, and density of the
motile micro-organism at the wall, and Uw = a(x + y) p
and Vw = b(x + y) p are the fluid velocities. Moreover, heat and mass transportation are presented with
temperature-dependent mass diffusion coefficient and
thermal conductivity [23,40]. The considered physical
problem is shown in figure 1.
2.1 Continuity equation [43,47,48]
Conservation principle of mass is expressed as
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2.4 Species equation [43]
∂C
∂C
∂C
+ v2
+ v3
∂x
∂y
∂z


∂
∂C
=
D A (T )
∂z
∂z
2
DT ∂ T
− K C (C − C∞ ).
+
T∞ ∂z 2

v1

Figure 1. Graphical representation of the considered problem.

∂v1 ∂v2 ∂v3
+
+
= 0.
∂x
∂y
∂z

(1)

2.2 Equation of motion
Fluid velocity is approximated by utilising the force balanced principle
∂v1
∂v1
∂v1
+ v2
+ v3
∂x
∂y
∂z
2
∂ v1
σ 2
νk
Ba (x, y)v1 −
v1 − F0 (v1 )2
= νk 2 −
∂z
ρx
La


+G α ψa (T − T∞ ) + ψb (T − T∞ )2


+G α ψc (C − C∞ ) + ψd (C − C∞ )2 ,
∂v2
∂v2
∂v2
v1
+ v2
+ v3
∂x
∂y
∂z
2
∂ v2
σ◦ 2
B (x, y) v2
= νk 2 −
∂z
ρx
νk
− v2 − F0 (v2 )2 .
La

v1



∂m
∂m
∂m
w0 ∂
∂C
v1
+ v2
+ v3
+ γa
m
∂x
∂y
∂z
C ∂z
∂z
2
∂ m
= Dm 0 2
∂z

(6)

and the boundary conditions are
v1
T
C
m
v1
C

= a(x + y) p , v2 = b(x + y) p , v3 = 0,
= T∞ + T0 (x + y) p ,
= C∞ + C0 (x + y) p ,
= m ∞ + m 0 (x + y) p at z = 0,
→ 0, v2 → 0, T → T∞ ,
→ C∞ , m → m ∞ as z → ∞.

Assuming the following similarity transformations

(3)

v1 = a(x + y) p f  (ζ ), v2 = b(x + y) p g  (ζ ),

p−1 p + 1
√
v3 = − aνk (x + y) 2
( f + g)
2

p−1


+
ζ( f + g ) ,
2
p−1
a
T − T∞
z(x + y) 2 , θ (ζ ) =
,
ζ =
νk
Ts − T∞
m − m∞
C − C∞
, N (ζ ) =
,
(ζ ) =
Cs − C∞
ms − m∞

Thermal transportation is derived under the thermodynamics first principle
∂T
∂T
∂T
+ v2
+ v3
∂x
∂y
∂z


∂T
1 ∂
K A (T )
=
ρ f c p ∂z
∂z

2 

μγ
∂v1
∂v2 2
+
+
ρ f cp
∂z
∂z

2.5 Gyrotactic micro-organism equation [43]

(2)

2.3 Energy equation [43]

v1

(5)

(7)

p−1

B(x, y) = Ba (x + y) 2 , D A (T ) = D∞ (1 + δb θ ),
K A (T ) = K ∞ (1 + δa θ )
(8)
eqs (2)–(6) take the form
f











− Ma f − p( f + g ) f +





p+1
( f + g) f 
2

+πa (1 + B1 θ)θ + πa N (1 + B2 ϕ)ϕ
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2
2

λf −
−
(1 + Fr ) f 
p+1
p+1


2

The dimensionless form is expressed as

= 0,



(9)


p+1
g +
( f + g)g  − Ma g 
2


2

 
λg 
−p f + g g −
p+1


2
2
−
(10)
(1 + Fr ) g  = 0,
p+1


p+1

 2
( f + g)θ 
(1 + δa θ ) θ + δb θ + Pr
∞
2




+ Pr N1 θ 
∞

+Ec

f 

+ Pr N2 θ 
∞

2
2
+ g 
= 0,
2

(11)

N1
(1 + δb θ )  + δa θ   + Sc∞ θ 
N2


p+1
( f + g)  − Sc∞ λ1
+Sc∞
2


p+1

L B ( f + g)N 
N +
2


−PE N  + (N + 1 ) = 0.

= 0,

(12)

(13)

C f x Rex y

1/2



= − f  (0),

C f y (βa )2 Rex y


N u x y Rex y

= −g  (0),

1/2

−1/2

The dimensionless boundary conditions which present
the flow over strained surface are
f = 0, f  = 1, g = 0, g  = βa , θ = 1,
at ζ = 0,

f  → 0, g  → 0, θ → 0,
Φ → 0, N → 0

as ζ → ∞.

(14)

3. Physical quantities of engineering interest




Skin friction coefficients (C f x , C f y ) and heat transfer


coefficient ( N u x y ) are of great concern. Their mathematical relations are

τzy
τzx
, C fy =
,
2
ρ x Uw
ρx Vw2

(x + y)Q w
,
N uxy =
K 1 (Tw − T∞ )


∂v3 ∂v1
+
,
τzx = μγ
∂x
∂z


∂v3 ∂v2
τzy = μγ
+
,
∂y
∂z
Q w = −K A (T )∇T.


C fx =

(18)

= −θ  (0)(1 + δa θ (0)).

(19)

4. Optimal homotopy analysis method (OHAM)
This procedure is widely used to compute the solutions
of coupled system of differential equations. The suggested algorithm requires the selection of initial guesses
and respective linear operators to obtain the solutions.
Reduction in errors against the augmenting order of
homotopic approximations guarantees the convergence
of homotopic solutions. For this, we have


1
1
∗
∗
f a = 1 − ζ , ga = βa 1 − ζ ,
e
e
1
1
1
θa∗ = ζ , a∗ = ζ , Na∗ = ζ ,
(20)
e
e
e
L A = Z 3 − Z f, L B = Z 3 − Z g,
L C = Z 2 − 1 θ, L D = Z 2 − 1
LE = Z − 1 N,
2

Φ = 1, N = 1

67

,
(21)

and these linear operators conform the following features:


L A r1∗ + r2∗ eζ + r3∗ e−ζ = 0,


L B r4∗ + r5∗ eζ + r6∗ e−ζ = 0,


L C r7∗ eζ + r8∗ e−ζ = 0,


∗ −ζ
L D r9∗ eζ + r10
= 0,
e
 ∗ ζ

∗ −ζ
L E r11 e + r12 e
= 0,
(22)
where rn∗ (n = 1 – 12) are the constants which have to
be approximated using boundary conditions. Averaged
squared residual errors [43,47,48] are approximated as
⎡ 
d
r 
r





1
∗f
⎣G f
g (ς ),
f (ς ),
Er =
d +1
J =0
I =0
I =0
⎤2

r
r




⎦ ,
(ς )
(23)
θ (ς ),
I =0

(15)

∗g
Er =

1
d +1

I =0

d


⎡

⎣G g



ς =J δς
r 


J =0

(16)


r


g (ς )

(17)

I =0

f (ς ),

I =0

⎤2

⎦ ,
ς =J δς

(24)
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Table 1. Error reduction in series solution using OHAM.
Er

Er

Erθ

Er

ErN

1.3041 × 10−2
1.2053 × 10−4
2.9203 × 10−6
3.9651 × 10−7
1.4203 × 10−7
2.2784 × 10−8
3.6105 × 10−9
2.2841 × 10−12
1.4028 × 10−13
1.2047 × 10−14
2.2469 × 10−15
1.2471 × 10−17

2.9304 × 10−2
1.2047 × 10−3
3.1947 × 10−4
2.2069 × 10−5
4.2057 × 10−6
1.2957 × 10−8
2.1043 × 10−9
1.8027 × 10−10
2.9103 × 10−12
1.1038 × 10−13
2.2830 × 10−14
1.1027 × 10−15

1.1034 × 10−2
2.2078 × 10−3
3.1038 × 10−4
4.1937 × 10−6
1.1804 × 10−7
3.2506 × 10−8
2.2048 × 10−9
5.2837 × 10−10
1.3058 × 10−10
4.2047 × 10−11
1.2963 × 10−11
4.8027 × 10−12

1.2731 × 10−2
4.2607 × 10−3
1.6204 × 10−3
2.3594 × 10−4
1.7023 × 10−4
3.2037 × 10−5
2.2531 × 10−6
2.1036 × 10−7
1.8025 × 10−8
1.2036 × 10−9
2.9026 × 10−10
1.9103 × 10−12

1.9203 × 10−2
2.2914 × 10−3
1.9307 × 10−3
2.2501 × 10−4
1.3694 × 10−5
5.5201 × 10−6
1.8104 × 10−6
3.2641 × 10−7
1.9107 × 10−7
1.8029 × 10−8
2.1972 × 10−9
1.7052 × 10−10

f

r
2
4
6
8
10
12
16
20
22
24
26
30


Er∗θ =

1
d +1

d


⎡



⎣G θ

g

r 
r



g (ς ),
f (ς ),

J =0

I =0

I =0

⎤2


r
r




(ς )
θ (ς ),
I =0


Er∗ϕ =

I =0

⎡

1
d +1
r


I =0

I =0

d


⎡

⎣G N

J =0



(25)

ς J δς



d
r 
r



1 ⎣
g (ς ),
f (ς ),
Gϕ
d +1
J =0
I =0
I =0
⎤2

r
r




⎦ ,
(ς )
θ (ς ),
I =0


Er∗N =

⎦ ,

5.2 Parametric analysis of the achieved solutions

(26)

ς =J δς
r 
r



g (ς ),
f (ς ),
I =0

I =0

⎤2



r


(ς ),
N (ς )
I =0

⎦ .

(27)

ς =J δς







∗f
∗g
Er∗t = E m + Er + Er∗θ + Er∗ + Er∗N ,

authenticity of the homotopic method are presented in
table 1 from which it is concluded that errors diminish for the required solutions by increasing the order of
approximations. Tables 2 and 3 are prepared to compare
the achieved results with the previous available studies.
It is clear that our results are in excellent agreement with
the previous findings.

(28)


where Er∗t attitudes for total squared residuals errors.

5. Results and discussion
5.1 Convergence analysis
In this section, we seek the approximate series solutions by implementing the optimal homotopy procedure.
With the aid of this method, theoretical analysis for
velocity, temperature, concentration and motile density
of the micro-organism are presented. Convergence and

In previous sections, boundary layer analysis is
employed to develop the flow field and transport phenomenon manifesting the partial differential equations
and then these expressions are adapted into the system of dimensionless ODEs. Afterwards, the optimal
homotopy scheme is used to estimate the solutions of
the physical problem. The intention of this section is to
address the domination of several pertinent parameters
on the estimated solution which is shown graphically.
For this purpose, figures 2–19 are prepared. Figure 2
presents the effect of mixed convection parameter on the
fluid velocity. It is observed that increasing the values
of mixed convection increases the velocity field. Physically, mixed convection parameter is defined as the ratio
of two important forces; namely buoyancy and viscous
forces. Larger values of mixed convection predict the
decrease in viscous force and confirms the rise in buoyancy force which enhances the flow. Impact of inertia
parameter (Fr) on the velocity field f  (ζ ) is displayed
in figure 3. It is noticed that by increasing Fr, resistance
between the adjacent fluid particles increases causing a
decrease in the velocity profile. The behaviour of velocity field with increasing values of porosity parameter (λ)
is plotted in figure 4 where a reduction in the velocity
profile is observed. Physically, increasing the permeability resistance of the porous medium is responsible
for reducing the fluid velocity. The impact of magnetic

(2020) 94:67
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Table 2. Numerical values of (1 + χ1 ) f  (0) and (1 + χ1 )g  (0) for different values of p, A
by setting χ = ∞, πT = BT = BC = 0 = M.
f  (0) [10]

g  (0) [10]

f  (0)

g  (0)

p

A

Shooting

Bvp5c

Shooting

Bvp5c

Present

Present

1
–
–
3
−
−

0.0
0.5
1.0
0.0
0.5
1.0

−1
−1.224745
−1.414214
−1.624356
−1.989422
−2.297186

−1
−1.224742
−1.414214
−1.624356
−1.989422
−2.297182

0
−0.612372
−1.414214
0
−0.994711
−2.297186

0
−0.612371
−1.414214
0
−0.994711
−2.297182

−1
−1.224745
−1.414214
−1.624356
−1.989421
−2.297186

0
−0.612371
−1.414214
0
−0.994710
−2.297186

Table 3. Numerical values of local Nusselt number for various values of p, Pr ∞ , βa , N1 and Sc∞ when M = πT = 0 = BT = BC .
p

Pr∞

βa

N1 Sc∞ −θ  (0) [10] −θ  (0) [10]
Shooting
Bvp5c

3.0
–
–
–
–
–
–
–
–
–
–

7.0
–
–
–
–
–
–
13
25
50
100

0
–
–
0.5
–
–
1.0
–
–
–
–

0.1
0.5
0.7
0.5
–
–
–
–
–
–
–

10
–
–
3
5
10
–
–
–
–
–

2.404797
1.579305
1.276073
2.588318
2.318470
1.934245
2.233474
2.705551
3.287794
4.115197
5.336667

parameter (Ma ) on f  (ζ ) is illustrated in figure 5. It
is shown that an increase in Ma causes a decrease in
the momentum boundary layer thickness. Physically, the
phenomenon is due to the nature of Lorentz force which
acts in a direction opposite to the fluid flow and as a
result the velocity distribution is reduced. The impact
of micro-organism concentration difference parameter
(1 ) on f  (ζ ) is sketched in figure 6. It is observed
that larger values of 1 of micro-organisms increase the
fluid velocity which is due to the fast transport of fluid
particles by means of molecular diffusion. Variations of
f  (ζ ) with various values of bioconvection Lewis number (L B ) is displayed in figure 7 where it is observed
that the velocity field increases steadily with L B . This
may be due to the fast diffusion of momentum inside the
boundary layer. Variations of g  (ζ ) with different values
of Fr is presented in figure 8 where a significant decrease
in the y-component of the velocity field is observed.
Figure 9 is plotted to present the combined influence of porosity and magnetic parameters on the ycomponent of the velocity profile. It is depicted that
the velocity field diminishes due to the resistance of
the porous medium and the strong resistive nature of
Lorentz force which retards the velocity field inside
the boundary layer. Physically, higher values of Ma

2.404803
1.579307
1.276073
2.588318
2.318470
1.934246
2.233474
2.705553
3.287790
4.115189
5.336667

−θ  (0)
Present
2.404801
1.579306
1.276072
2.588317
2.318470
1.934244
2.233473
2.705552
3.287786
4.115193
5.336678

Figure 2. Influence of πa on f  (ζ ).

correspond to the significant involvement of Lorentz
force inside the boundary layer which enhances the
frictional resistance between the fluid particles resulting in the reduction in the velocity field. Figure 10
displays the behaviour of the temperature field with
thermophoresis parameter (N1 ) and Ma which are seen
to enhance the fluid temperature. Physically, increasing
values of Ma generates a strong Lorentz force inside the
thermal boundary layer which produces resistance
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Figure 3. Influence of Fr on f  (ζ ).

Figure 6. Influence of 1 on f  (ζ ).

Figure 4. Influence of λ on f  (ζ ).

Figure 7. Influence of L B on f  (ζ ).

Figure 5. Influence of Ma on f  (ζ ).

Figure 8. Influence of Fr on g  (ζ ).

between the heated fluid particles, and consequently,
due to the friction between the molecules, more heat
is produced which develops the temperature profile.
Also, a significant rise in temperature profile is observed
as a result of increasing the values of thermophoresis
parameter. One possible reason is that large number of
heated molecules travelled away from the heated surface developing the temperature field. Combined effect

of Prandtl number (Pr) and ratio parameter (βa ) on
the temperature profile θ (ζ) are portrayed in figure 11.
Since Pr gives information about the momentum and
thermal boundary layers, high values of Pr indicate
that thermal diffusion is less than that of the transport of momentum. It is observed that an increase in
Pr causes the convection to dominate resulting in a
reduction in the temperature field and the associated
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Figure 9. Influence of λ and Ma on g  (ζ ).

Figure 12. Influence of N2 on θ (ζ).

Figure 10. Influence of N1 and Ma on θ (ζ).

Figure 13. Influence of Ec on θ (ζ).

Figure 11. Influence of Pr and βa on θ (ζ ).

layer thickness. The impact of stretching ratio parameter
on the temperature field is also observed. It is seen
that an increase in stretching ratio parameter increases
the cold fluid intensity towards the heated stretched
surface and as a result temperature of the fluid drops
inside the boundary layer. Figure 12 shows the impact
of various values of Brownian motion parameter (N2 )
on the temperature field which is seen to increase

Figure 14. Influence of Fr and λ on

(ζ).

steadily. Physically, higher values of N2 enhance the
random motion of molecules of the fluid particles inside
the boundary layer so that more heat is generated. Consequently, the temperature field and the associated layer
thickness are enhanced. The influence of various values
of Eckert number (Ec) on the temperature field is illustrated in figure 13. Eckert number is a dimensionless
number which is the ratio between the kinetic energy
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Figure 15. Influence of βa and N2 on

Figure 16. Influence of Sc on

(ζ).

(ζ).

Figure 17. Influence of N1 and N2 on motile density.

of the heated molecules and the change in enthalpy of
the system. Increasing values of Ec indicate that more
heat is transferred due to the transport of molecules and
as a result significant increment in temperature field is
observed as seen in figure 13.
Figure 14 shows how the concentration field (ζ) is
affected by varying the values of Fr and λ. It is seen
that by increasing the values of Fr and λ, significant

(2020) 94:67

Figure 18. Influence of 1 and L B on N (ζ ).

Figure 19. Influence of PE on N (ζ ).

enhancement in the concentration profile is noticed.
Figure 15 displays the collective effect of βa and N2 on
the concentration field. It has been noticed that escalating values of βa and N2 increase the concentration field
inside the boundary layer. Figure 16 portrays the impact
of Schmidt number (Sc) on the concentration field. Generally, Sc is an important dimensionless number which
gives information about momentum and concentration
boundary layers. As Sc is the ratio of momentum
diffusion and mass diffusion, it is seen from figure 16
that increasing Sc causes the diffusion of momentum
to be dominant over mass diffusion and this results in
a reduction in the concentration profile and in the connected layer thickness. Motile density profile is plotted
in figure 17 with increasing values of N1 and N2 . It is
depicted that N (ζ ) is increased by increasing the values of N1 and N2 . Figure 18 is plotted to observe the
effects of L B and 1 on the motile density profile. It
is noticed that higher values of micro-organism concentration difference parameter enhance the concentration
of micro-organism in the ambient fluid and reduce the
density field. Further, higher values of L B reduces the
diffusivity in micro-organisms resulting in a reduction

Pramana – J. Phys.
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in the density profile. The behaviour of Péclet number
(PE ) on the motile density field is presented in figure 19.
It is observed that higher values of PE reduce the motile
density field due to the reduction in the diffusivity of
micro-organism concentration.
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6. Key findings of the present research
This research is conducted to investigate the impact of
various physical characteristics of magnetic field, mass
diffusion and thermal conductivity for the bioconvective
flow of viscous fluid with heat and mass transportation
flowing over a nonlinear stretched surface. Governing
flow equations are modelled via boundary layer theory
in the form of PDEs. These PDEs are transformed into a
set of nonlinear ODEs via appropriate transformations.
These transfigured expressions are handled with a powerful OHAM tool coded in MATHEMATICA 11.0 as a
symbolic computational tool to facilitate the computations. Physical features of the solutions are discussed
using graphs. Key observations from the performed
work are listed as follows:
1. The non-dimensional fluid velocity is reduced with
higher values of Ma , βa and λ, whereas it increases
with mixed convection parameter, a and L B .
2. The temperature profile varies directly with higher
values of N1 , Ma , N2 and Ec, whereas opposite
behaviour is noticed with βa and Pr.
3. Unlike the behaviour of the concentration field
with Sc, it is seen to grow steadily with the inertia
coefficient, λ, βa and N2 .
4. Increasing Ma enhances the temperature distribution and reduces the velocity distribution.
5. Motile micro-organism density is enhanced by
increasing the values of N1 and N2 , whereas
temperature and concentration fields have similar
attitude against the fluctuating values of N2 .
6. The motile density profile is increased with an
increase in N1 and N2 , whereas it shrinks with
a , L B and PE .
7. Heat transportation rate varies directly by increasing the values of Pr, while it decreases with higher
values of Sc.
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