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Abstract. The present paper studies the impact of applied uniform transverse magnetic ﬁeld on the ﬂow of
incompressible conducting ﬂuid around a weakly permeable spherical particle bounded by a spherical container.
Analytical solution of the problem is obtained using Happel and Kuwabara cell models. The concerned ﬂow is
parted in two regions, bounded ﬂuid region and internal porous region, to be governed by Stokes and Darcy’s
law respectively. At the interface between the ﬂuid and the permeable region, the boundary conditions used are
continuity of normal component of velocity, Saffman’s boundary condition and continuity of pressure. For the cell
surface, Happel and Kuwabara models together with continuity in radial component of the velocity has been used.
Expressions for drag force, hydrodynamic permeability and Kozeny constant acting on the spherical particle under
magnetic effect are presented. Representation of hydrodynamic permeability for varying permeability parameters,
particle volume fraction, slip parameter and Hartmann numbers are represented graphically. Also, the magnitude
of Kozeny constant for weakly permeable and semipermeable sphere under a magnetic effect has been presented.
In limiting cases many important results are obtained.
Keywords. Weakly permeable spherical particle; Stokes ﬂow; Darcy’s law; Hartmann number; drag force;
cell model.
PACS Nos 47.15.G−; 47.56.+r; 47.65.−d

1. Introduction
Area of ﬂow through porous medium is of great
importance and so has attracted the interest of many
researchers over the years. Its application is in diverging ﬁelds of science including chemical, biomedical,
industrial, meteorology, environmental engineering and
many more. Weakly permeable formulations are generally of low permeability. Some examples include ﬂow
through porous ﬂuidisation, ﬂow of a ﬂuid mixture, ﬂow
in packed beds, sedimentation, fall of snow-ﬂakes etc.
The type of low permeability porous membrane which
permits only speciﬁc types of particles to move through
it is known as semipermeable membrane. This type
of membrane allows only small particles like ions and
molecules of water to pass through it. Osmosis is a phenomenon in which the diffusion of water takes place
through a semipermeable membrane from an area of
high concentration to an area of low concentration. It is
seen in plants and animals.
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Study of creeping ﬂow through porous particles of
varying geometry is generally modelled using Stokes
equation for the ﬂow of ﬂuid and Darcy law [1] or
Brinkman’s equation [2] for the ﬂow in porous region.
Darcy’s law is applicable for the ﬂow through media
having low porosity, whereas Brinkman’s equation is
used for the ﬂow through media having higher porosity. Earlier, while studying Darcy ﬂow problems, slip
boundary conditions have not been extensively used.
Later, Beavers and Joseph [3] and Saffman [4] proposed
slip boundary conditions. Joseph and Tao [5] discussed
the motion of viscous ﬂuid past a porous body with
spherical structure by using Darcy’s law for ﬂow in
porous region. Subsequently, Singh and Gupta [6] have
showed the dependence of coefﬁcient of drag on the
permeability. Shapovalov [7] has solved the problem of
ﬂow around a semipermeable particle using the same
boundary conditions as in [5] and showed that the drag
on a semipermeable sphere is lower than the drag on a
nonpermeable sphere.
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Flow past a cluster of particles occurs in diverse
circumstances from sedimentation problem to ﬁltration
of membrane and also in the rheology of suspensions.
Nevertheless, it is very difﬁcult to formulate these types
of problems mathematically as we have to analyse the
complex interaction of numerous particles. For this purpose, unit cell model technique was introduced [8]. It
is among the most effective technique for exploring the
behaviour of concentrated disperse system and porous
media. The concept involved in cell model technique is
that a complete assemblage is partitioned into various
similar cells and each cell carries a particle covered by
a ﬂuid wrap. By this technique, the problem of large
number of particles is now reduced to the problem of
single particle with a ﬂuid wrap. It is one of the most
important advantage of using cell model. In cell model
technique we can neglect the effect of container walls.
Cells of varying shapes can be used, but the use of spherically shaped cell is more convenient. On the cell surface,
the boundary condition must consider the impact of
neighbouring particles, and so it has to be discussed
in details. In order to report the inﬂuence of neighbouring particles on the particle entered at the cell different
boundary conditions are proposed for cell surface. This
concept was initially put forward by Happel [9] and
Kuwabara [10] which leads to almost similar results.
However, they followed different approaches in terms
of boundary conditions. The model proposed by Happel
assumes zero shear stress condition on the external cell
surface, whereas model proposed by Kuwabara assumes
zero vorticity on the outer cell surface. Kuwabara model
considers the interchange of mechanical energy within
the cell and the surrounding but in the case of Happel
model there is no such interchange of energy between
the cell and the environment. Cell model technique is
extensively used for solving the boundary value problems for particles in dense system. Previously, Dassios
et al [11] investigated ﬂow past a spheroidal particle
in bounded medium using Happel and Kuwabara cell
model. Vainshtein et al [12] handled the problem of
creeping ﬂow past and within a permeable spheroidal
particle. Ramkissoon and Rahaman [13] analysed the
motion of a solid spherical particle in a spheroidal vessel
and obtained the drag force acting on the inner sphere.
Srinivasacharya [14] focussed on the motion of a porous
sphere in a spherical vessel by using Brinkman’s equation for the porous region. Senchenko and Keh [15]
studied ﬂow past a slight deformed sphere. The study
of hydrodynamic permeability of membranes comprising spherical porous shell was considered by Yadav
et al [16]. Prakash et al [17] examined Stokes ﬂow past
a cluster of porous particle for both Brinkamn’s and
Darcy’s law separately and compared the overall bed
permeability. Saad [18] considered the axisymmetric
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Stokes ﬂow around a porous spheroidal particle in a
concentric spheroidal container and evaluated the drag
force acted on the bounded spheroid. Prasad and Kaur
[19] described the ﬂow of spheroidal droplet containing
micropolar ﬂuid. Thus, cell technique is presently very
popular among scientiﬁc community and researchers.
By using Beavers–Joseph–Saffman–Jones condition,
Prasad and Bucha [20] demonstrated the viscous ﬂow
past a permeable particle of spheroidal geometry. Flow
of micropolar ﬂuid past a spherical particle implanted in
a porous media was discussed by Krishnan and Shukla
[21]. Recently, Khanukaeva et al [22] examined the
motion of micropolar ﬂuid in a direction parallel to
porous cylindrical cells by using two different boundary conditions on the surface of the cell. They concluded
that the hydrodynamic permeability on the cells weakly
depends on the boundary conditions.
Wide range of problems including ﬂow past different
particles are solved and important results are obtained.
Recently, research has been carried out considering the
magnetohydrodynamics (MHD) ﬂow. Researchers are
concentrated on observing the impact of applied magnetic ﬁeld on the motion of ﬂuid past different bodies.
The signiﬁcance of introducing magnetic ﬁeld on the
nature of ﬂow can clearly be seen in biological ﬂuid.
These types of ﬂuids in action with MHD are known
as biomagnetic ﬂuids. Application of such ﬂuids can be
seen in the transport of drugs to marked zone, treatment
of tumours, cancer etc. During the literature survey, we
observed that Globe [23] and Gold [24] found the inﬂuence of magnetic ﬁeld on the ﬂow past channels and
pipes. Later, Rudraiah et al [25] discussed the Hartmann
ﬂow past a permeable bed under the action of magnetic
forces. For determining ﬂow rate with respect to Hartmann number, Mazumdar et al [26] considered uniform
magnetic ﬁeld of constant intensity. Haldar and Ghosh
[27] solved ﬂuid ﬂow past a cylindrical tube in order
to ﬁnd the effect of Hartmann number. Cramer and Pai
[28], Davidson [29], Geindreau and Aurialt [30], Verma
and Datta [31], Jayalakshmamma et al [32], Srivastava
and Deo [33], Verma and Singh [34] etc. have studied
the effect of magnetic ﬁeld on ﬂuid ﬂow rate. Inﬂuence of MHD on hydrodynamic permeability of a porous
membrane consisting of spherical particles was studied
by Srivastava et al [35]. Yadav et al [36] studied the
effect of MHD on the hydrodynamic permeability of a
membrane comprising spherical particles having porous
shell. Saad [37] has examined the effect of magnetic
ﬁeld on the ﬂow past a porous sphere and cylinders surrounded by a cell. Recently, Kumar et al [38] examined
the analysis of entropy generation concept for unsteady
MHD Jeffrey ﬂuid ﬂow over a semi-inﬁnite vertical ﬂat
plate. Kashyap et al [39] studied the effects of Soret
and variable porosity on an unsteady MHD ﬂow of an
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upper convected Maxwell ﬂuid through an expanding
or contracting channel. Prasad and Bucha [40] investigated the MHD effect on the motion of ﬂuid through a
semipermeable spherical particle and have obtained an
explicit expression of drag. Subsequently, MHD ﬂow
past a cylindrical shell using Brinkman’s model for the
parallel ﬂow problem has been analysed by Prasad and
Bucha [41]. The aforementioned studies motivated us
to study ﬂow past a weakly permeable sphere in the cell
model under the inﬂuence of magnetic ﬁeld.
In this paper, we aim to observe the inﬂuence of
applied uniform magnetic ﬁeld on a weakly permeable sphere in a unit cell model. Applicable boundary
conditions are the continuity of normal component of
velocity, Saffman’s slip boundary condition, continuity of pressure and for the cell surface Happel and
Kuwabara model along with continuity of radial component of velocity. Region I denotes the porous structure
and region II denotes the external ﬂow region bounded
by cell surface. Stokes equation and Darcy’s law are used
for ﬂow in regions I and II, respectively. Stream functions and pressures for both the regions are calculated.
Explicit expression for drag on the external surface of
the weakly permeable sphere is evaluated. Magnitude
of hydrodynamic permeability for different parameters
including permeability, volume fraction, slip parameter
and Hartmann numbers are shown by graphs. The variation of Kozeny constant for varying geometry is shown
in the table.

2. Problem formulation
Consider the conducting axisymmetric ﬂuid ﬂow past a
weakly permeable sphere having radius r = b held in a
spherical vessel of radius r = a moving with a uniform
velocity (U) as shown in ﬁgure 1. The outer ﬂuid and
inner porous regions are symbolised by i, where i = 1, 2
respectively.
We assume the following conditions:
1. Flow is slow and steady.
2. Reynolds number Re = U b/ν is considered to be
sufﬁciently small so that the ﬂow is governed by
Stoke’s law. Here ν is the kinematic viscosity of the
ﬂuid.
3. A uniform magnetic ﬁeld is considered in transverse
direction of the ﬂow, i.e., H (i) = Ho eφ , i = 1, 2.
4. Magnetic Reynolds Rem = U bμh σ is assumed to
be very small. Here, σ is the electric conductivity of
the ﬂuid and μh is the magnetic permeability of the
ﬂuid.
5. The magnetic permeability (μh ) is assumed to be the
same for liquid and porous region.
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Figure 1. Geometry of weakly permeable sphere in bounded
medium under the MHD effect.

6. External electric ﬁeld is absent.
7. Induced magnetic ﬁeld is neglected.
8. Magnetic force (called Lorentz force) F which is
deﬁned as

F = μh J × H,

(1)

where J and H are the electric current density and
the magnetic ﬁeld intensity respectively. Thus,

F = μ2h σ (
q × H ) × H.

(2)

Lorentz force balances pressure and viscous stresses in
order to obtain modiﬁed Stokes and Brinkman’s equation. Hence, the ﬂow in region I is governed by modiﬁed
Stokes equation [8,32,35,37,40,41] and ﬂow in region II
is governed by the modiﬁed Darcy’s law [1,25,30,40].
∇ · q(1) = 0,

(3)

∇ p (1) + μ∇ × ∇ × q(1)
−μ2h σ1 (
q (1) × H (1) ) × H (1) = 0

(4)

and
∇ · q (2) = 0,
∇ p (2) +

(5)

μ (2) μ2h σ2 (2)
q −
(
q × H (2) ) × H (2) = 0,
k
ε
(6)

where q(i) is the velocity vector, p (i) is the pressure,
μ is the coefﬁcient of viscosity, H (i) is the magnetic
ﬁeld intensity, σi is the electric conductivity in both the
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regions and k, ε are the permeability and porosity of the
porous region respectively.
Non-dimensionalising variables are introduced in
order to convert the governing equations into dimensionless form. So, consider

∇˜
,
b

p (i) =

μU (i)
p̃ ,
b

˜ (i) .
H (i) = H0 H

∇ · q(1) = 0,

(8)

∇ p (1) + ∇ × ∇ × q(1) − α 2 (
q (1)
× H (1) ) × H (1) = 0,

(9)

∇ · q(2) = 0,

(10)

∇ p (2) + ξ12 q(2) − ξ22 (
q (2) × H (2) ) × H (2) = 0,
(11)

α=

μ2h H02 σ1 b2
, ξ2 =
μ



(i)

(12)

Introduce stream functions
i = 1, 2 for the ﬂow
in external and porous region respectively. The velocity
components in terms of stream function are given as
1 ∂ψ (i)
,
r 2 sin θ ∂θ
∂ψ (i)

1
, i = 1, 2.
r sin θ ∂r

E (E − α )ψ
2

In order to identify the ﬂow velocity component outside and inside the permeable sphere we use appropriate
boundary conditions. Boundary conditions used for the
present problem are the continuity of normal component
of velocity, Saffman’s slip boundary condition [4,42]
along with continuity of pressure. At the cell surface of
the ﬂuid envelope, two different boundary conditions,
Happel and Kuwabara, together with the continuity of
radial component of velocity are used.
Mathematically, boundary conditions at the ﬂuid–
porous interface of the sphere r = b are

2

(1)

=0

1 (1)
= √ qθ ,
λ k

p (1) = p (2),

(16)
(17)
(18)

where λ is the non-dimensional Beaver–Joseph–
Saffman slip coefﬁcient and it depends on the nature
of the porous medium. As the range of 1/λ is chosen to
be 0.1 < 1/λ < 4 [3,4,43], λ lies between 0.25 and 10
[20,44]. The case λ = 0 for extremely low permeability indicates the problem of ﬂow past a semipermeable
particle.
Boundary condition at the cell surface r = a are
q(1)
r + U cos θ = 0.

(19)

Happel model:
tr(1)
θ = 0.

(20)

Kuwabara model:
∇ × q(1) = 0.
(13)

Using eq. (13) in eqs (9) and (11) and eliminating pressure, we get the equations
2

3. Boundary conditions

(1)

ψ (i) ,

(i)

∂2
1 ∂2
cot θ ∂
+
− 2
2
2
2
∂r
r ∂θ
r ∂θ
is the Stokes stream function operator.

∂qθ
∂r

μ2h H02 σ2 b2
εμ

q(i) = q(i)
r (r, θ ) er + qθ (r, θ ) eθ , i = 1, 2.

q(i)
r =−

(15)

where

(2)
q(1)
r = qr ,

are the Hartmann numbers for regions I and II respectively. β 2 = ξ12 + ξ22 where ξ12 = b2 /k and k1 = 1/ξ12
are the permeability parameters in dimensionless form.
Consider (r, θ, φ) as a spherical polar coordinate
system. Since the motion of the ﬂuid ﬂow is axially
symmetric, all the quantities engaged in ﬂuid ﬂow are
independent of φ. Thus, the velocity vectors are denoted
as

qθ =

E 2 ψ (2) = 0

(7)

Substituting them in eqs (3)–(6) and then dropping the
tildes, we get

where


and

E2 =

(i)
r = br̃ , q(i) = U q˜ ,

∇=

(2020) 94:24

(14)

(21)

(1)

Here, tr θ is the tangential stress for region I.
The boundary conditions on the spherical surface
r = 1 in terms of stream functions ψ (i) , where i = 1, 2
are
∂ψ (2)
∂ψ (1)
=
,
∂θ
∂θ

(22)
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ξ1 1 ∂ψ (1)
∂ 1 ∂ψ (1)
=
,
∂r r ∂r
λ r ∂r
p (1) = p (2) ,
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and the boundary condition at the surface of the cell
r = η−1 with η = b/a are
∂ψ (1)
∂θ

− r 2 cos θ sin θ = 0.

(25)





2 ψ (1)
∂
E
r 4 sin3 θ
FD = π μU b
∂r r 2 sin2 θ
0

∂ψ (1)
2 2
dθ.
− α r sin θ
∂r
π

(23)

24

r =1

Using eq. (28) in the above integral, we obtain
FD =

2
π μbU α 2 (B − 2 A − 2C S2 − 2DU2 ).
3

(32)

Happel model:

α((4W5 α 3 η4 − 4 β 2 η0.5 )ξ1 − (5 η0.5 − 4W5 α 3 η4 )λ)
.
FD = 4π μbU
(3 η0.5 − 12W10 β 2 η3 )ξ1 + (6 η0.5 + 7 )λ


Happel model:


∂ 1 ∂ψ (1)
2r
− E 2 ψ (1) = 0.
∂r r ∂r

Kuwabara model:

(26)

FD = −4π μbU

(33)


α 2 (W4 β 2 ξ1 + 1 λ)
,
2W13 η3 + αW14 ξ1 − 2 λ
(34)

Kuwabara model:
E 2 ψ (1) = 0.

(27)

4. Solution of the problem

5.1 Speciﬁc results

Solutions for regions I and II obtained by solving
eqs (14) and (15) are given as

√
1
B
A r 2 + + C r K 3/2 (αr )
ψ (1) =
2
r

√
+D r I3/2 (αr ) sin2 θ,
(28)
1
E r 2 sin2 θ.
2
The pressure acting on both the ﬂow regions are

ψ (2) =

p (1) = α 2 A r −

B
cos θ,
2r 2

p (2) = β 2 Er cos θ,

where the expressions for Si , Ui , i =1–4; Wi, i =1–24;
i, i =1–8 are given in Appendix.

Bounded medium:
Case I. If λ = 0 in eqs (33) and (34), the case of ﬂow past
a semipermeable sphere is obtained. The drag reduces
to

(29)

Happel model:


α(4W5 α 3 η4 − 4 β 2 η1/2 )
FD = 4π μbU
.
3 η1/2 − 12W10 β 2 η3

(30)

Kuwabara model:

FD = −4π μbU

(31)

where I3/2 (αr ) and K 3/2 (αr ) represent the modiﬁed
Bessel function of the ﬁrst and second kinds of order
3/2 respectively.
5. Drag force acting on the body
The drag force acted on the weakly permeable sphere
under the magnetic effect can be obtained by using the
formula [8,37]


W4 α 2 β 2
.
2W13 η3 + αW14

(35)

(36)

Case II. If α = 0 and ξ2 = 0, i.e., there is no magnetic
effect in both the regions, in eqs (35) and (36), the drag
in the absence of magnetic effect is given as
Happel model:
FD = 4π μU b

×

2(ξ12 − 10)η5 + 3ξ12

2(ξ12 −10)η6 +3(2 − ξ12 )η5 +ξ12 (3η − 2)−1


.
(37)
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Case II. If λ = 0 in eq. (43), the drag force acting on a
semipermeable sphere under the magnetic ﬁeld

Kuwabara model:
FD = 4π μU b

×

15ξ12
2(ξ12 −10)η6 −10(ξ12 +2)η3 +2ξ12 (9η−5)−5


.
(38)

Case III. If ξ1 → ∞, i.e., permeability k → 0, in
eqs (33) and (34), the drag on the solid sphere under
the magnetic effect is given as
Happel model:

(2αηW9 + W4 Z )α
FD = −2π μbU
.
8


(39)

Kuwabara model:


W4 α 2
FD = 2π μbU
W4 η 3 − W1 α

(2020) 94:24


(40)

which is similar to the results obtained by Saad [37].

Finf = −

4π μbU (α 2 + 3α + 3)β 2
2β 2 + α 2 + α + 1

(44)

which is similar to the results obtained by Prasad and
Bucha [40].
Case III. If the magnetic ﬁeld is absent, i.e., α = 0 and
ξ2 = 0 in eq. (43), the drag reduces to


2ξ12 (ξ1 + λ)
Finf = −6π μU b
. (45)
(2ξ12 + 1)ξ1 + (4ξ12 + 3)λ
Case IV. If λ = 0 in eq. (45), the drag reduces to


2ξ12
Finf = −6π μU b
(46)
2ξ12 + 1
which is identical to the result obtained by Shapovalov
[7].
Case V. If ξ1 → ∞, i.e., permeability k = 0 in eq. (44),
it behaves as solid sphere in the presence of the magnetic
ﬁeld and the drag is

Case IV. If ξ1 → ∞ in eqs (37) and (38), the drag on
the solid sphere without magnetic effect is given as

Finf = −2π μU b(α 2 + 3α + 3)

Happel model:

which is identical to the results of Prasad and Bucha
[40].


2η5 + 3
FD = 4π μ bU
.
2η6 − 3η5 + 3η − 2


Case VI. If ξ1 → ∞ in (46), the drag is
(41)

5
FD = 6π μbU 6
3
η − 5η + 9η − 5

(48)


(42)
6. Graphical representation and tabulation

which agrees with the result of Saad [18].

6.1 Hydrodynamic permeability

Unbounded medium: As a → ∞ or η = 0, we have the
drag force acting on the weakly permeable sphere in an
unbounded medium.
Case I. In the presence of magnetic ﬁeld
Finf = −

Finf = −6π μU b

which is the famous expression known as Stokes drag
past a solid sphere [8].

Kuwabara model:


(47)

4π μbU [(α 2 + 3α + 3) β 2 ξ1 + δ1 λ]
,
(2β 2 + α 2 + α + 1)ξ1 + δ2 λ

where
δ1 = (α 3 + 2α 2 + 3α + 3)β 2 − 2α 2 (α + 1),
δ2 = 2(α + 2)β 2 + α 3 + 2α 2 + 3α + 3.

(43)

Hydrodynamic permeability (L 11 ) that represents one of
the element of the Onsager matrix [45], is an important
quantity while studying membrane ﬁltration process.
The ratio of the uniform ﬂow rate (U) and the cell gradient pressure (FD /V ) is deﬁned as the hydrodynamic
permeability of a membrane under the magnetic effect
[8,16,35,36].
L 11 =

U
,
FD /V

(49)

where V = (4/3)πa 3 is the cell volume. Also, the cell
radius (a) is so selected that the volume fraction of the
particle inside the cell (γ 3 ) is identical to the volume
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fraction in the real membrane, and so
γ3 =

b
a

3

=1−ε

(50)

with ε as the outer porosity or fractional void volume of
the membrane [17,42,46,47] and 1 − ε is known as the
volume fraction of the solid particle [17,43,46,47].
Using eq. (32) in the above equation, we have


2b2
.
(51)
L 11 =
μγ 3 α 2 (B − 2 A − 2C S2 − 2DU2 )
In non-dimensional form, we have


2
.
L 11 =
γ 3 α 2 (B − 2 A − 2C S2 − 2DU2 )

(52)

Hydrodynamic permeability is a function of eight
arguments, i.e., L 11 (γ , α, β, λ, η, k1 , ξ1 , ξ2 ), in which
the parameters β, η, ξ1 are dependent function as ξ12 =
b2 /k, β 2 = ξ12 + ξ22 , k1 = 1/ξ12 and η = γ .
Representation of the natural logarithm of hydrodynamic permeability (L 11 ) against different parameters
are shown in ﬁgures 2–6 for both Happel and Kuwabara
models. Various parameters involved in the ﬂow of the
weakly permeable spherical particle are: permeability
parameter (k1 ), particle volume fraction (γ ), slip parameter (λ), Hartmann numbers (α) and ξ2 .
Figure 2 shows the plot of natural logarithm of
L 11 against k1 for varying values of α. It shows that
hydrodynamic permeability is an increasing function of
permeability which indicates that increasing permeability ease the ﬂuid ﬂow through the membrane. However,
with increasing α, ln L 11 decreases and the difference
between both the models also decreases.
Figure 3 depicts the variation of ln L 11 against γ for
varying values of α for the ﬂuid region. We observe
that for a ﬁxed value of α, hydrodynamic permeability
decreases with increasing values of γ . Similar nature of

Figure 2. Natural logarithm of L 11 against k1 when γ = 0.5,
ξ2 = 2, λ = 1 for different values of α.

Figure 3. Natural logarithm of L 11 against γ when k1 = 0.2,
ξ2 = 10, λ = 1, for different values of α.

Figure 4. Natural logarithm of L 11 against λ when k1 = 0.2,
ξ2 = 4, γ = 0.5 for different values of α.

ﬂow is shown by Srivastava et al [35] and Yadav et al
[36].
Inﬂuence of λ on the nature of dimensionless hydrodynamic permeability is demonstrated in ﬁgure 4. This
ﬁgure indicates that the curve for ln L 11 increases with
increasing values of λ. Moreover, this increase is comparatively less under the magnetic inﬂuence which
means that under magnetic effect the resistance to ﬂow
is higher.
The graph of ln L 11 vs. α and ξ2 for different values
of λ are evaluated in ﬁgures 5 and 6. The graphs show
that L 11 decreases with increasing magnetic effect in
both the ﬂuid and porous region, which indicates that
increasing magnetic effect reduces the ease of ﬂow. Here
λ = 0 indicates the ﬂow past a semipermeable sphere
and the location of the curve for the semipermeable
sphere shows that L 11 of the semipermeable sphere is
lower compared to the weakly permeable sphere. Thus,
the inﬂuence of the applied magnetic ﬁeld on the nature
of ﬂow is seen to be signiﬁcant and dominant. Moreover, it is noticed that the curve of ln L 11 for all the
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Table 1. Numerical value of k z for solid sphere (α → 0,
ξ2 = 0, λ = 0, ξ1 → ∞), semipermeable sphere (α = 4,
ξ2 = 8, λ = 0, k1 = 0.1) and weakly permeable sphere
(α = 4, ξ2 = 8, λ = 1, k1 = 0.1).
ε

kz
Solid

0.1
0.2
0.3
0.4
0.5
Figure 5. Natural logarithm of L 11 against α when ξ2 = 0.2,
k1 = 0.2, γ = 0.5 for different values of λ.

0.1
0.2
0.3
0.4
0.5

Happel model
4.43455
4.41842
4.44404
4.53954
4.73842
Kuwabara model
4.66430
4.86372
5.11178
5.43043
5.85782

Semipermeable Weakly permeable
1.00037E(−2)
0.10413
0.44641
1.25464
2.67338

0.97694 E(−2)
0.08675
0.30229
0.72865
1.47801

1.04595E(−2)
0.10670
0.44848
1.25625
2.72570

0.98123E(−2)
0.08751
0.31379
0.77402
1.58403

Now, the relationship describing Darcy’s equation for
incompressible ﬂow through a porous medium with the
superﬁcial velocity (U ) is given as [17,48]
U=

εR 2H P
,
k z μL

(55)

where k z , known as Kozeny constant, is a dimensionless
number and R 2H is the hydraulic radius deﬁned for the
porous media.
For the spherical particle system, we have
4π(a 3 − b3 )/3
b 1 − γ3
=
4π b2
3
γ3

b
ε
.
3 1−ε
(56)

Figure 6. Natural logarithm of L 11 against ξ2 when α = 0.2,
k1 = 0.2, γ = 0.5 for different values of λ.

RH =

above graphs are slightly higher for the Happel model
compared to the Kuwabara model and this difference
decreases with increasing magnetic effect.

Substituting the values from eqs (54)–(56), we have
an expression for k z for ﬂow past a spherical particle as
[37]

6.2 Kozeny constant

FD (b/a)3
P
=−
,
3
4π b /3
L

(53)

where L is the characteristic length scale of the object
(diameter).
Substituting eq. (53) in eq. (32), we obtain
U =−

ε3 α 2
(57)
[B − 2 A − 2C S2 − 2DU2 ].
18(1 − ε)
Numerical value of k z against ε for varying geometry are seen in table 1. Previously, Kim and Yuan [49]
estimated the range of volume fraction (1 − ε) for the
purpose of using Carman–Kozenys model to be valid for
1 − ε ≥ 0.3, i.e. ε ≤ 0.7 [17]. Moreover, Prakash and
Raja Sekhar [42] analysed that for closely packed permeable spherical particles (i.e., 1 − ε > 0.4 or ε < 0.6),
the effect of Darcy’s number (presently k1 ) is signiﬁcant.
As in the case, the interstitial spacing is very less and
thus ﬂuid can mostly pass through the particles in place
of these spaces. Based on the above discussion, the range
of ε is chosen to be 0.1 ≤ ε ≤ 0.5, validating the considered problem, i.e. low permeable porous media [43].
The values of k z for ﬂow past a solid spherical particle
kz = −

Consider the resisting force acting on one particle multiplied by the number of particles per unit volume to be
equal to the pressure drop of the particle per unit length
[37]:

P
1
2b2
.
3
2
γ
α (B − 2 A − 2C S2 − 2DU2 ) μL
(54)

=
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in the cell in the absence of any magnetic ﬁeld are
similar to the values obtained by Vasin and Filippov
[46]. New results for MHD ﬂow past a semipermeable
sphere and a weakly permeable sphere are presented.
From the table, it is clearly concluded that k z for weakly
permeable sphere is lower than that for the semipermeable sphere (λ = 0). Therefore, the drag force acting on
the weakly permeable sphere is less than on the semipermeable sphere.
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W11 = W6 α − W7 , W12 = W9 β 2 − W11 α 2 ,
W13 = W3 α 2 − W4 β 2 , W14 = 2W1 β 2 + W3 α,
W15 = 2W6 β 2 + W11 α, W16 = −2W12 η + W13 α,
W17 = 2W16 η3 +6W14 η2 , W18 = 2αηW15 + α 2 W14 ,
W19 = W2 α 2 + W4 , W20 = W9 − W7 α 2 ,
W21 = W2 α + W4 , W22 = W6 − W7 α,

7. Conclusion
The present work is aimed to evaluate the solution of
MHD ﬂow through a weakly permeable sphere in unit
cell model using an analytical approach. The modiﬁed
Stokes and Darcy’s equations govern the ﬂow ﬁeld and
explicit expressions for the drag force, L 11 and k z which
act on the weakly permeable spherical particle are evaluated. Representation of L 11 together with permeability
parameter, γ , λ, α and ξ2 for the ﬂuid and the porous
region are shown by graphs. From the obtained results,
we conclude that this problem is applicable for low
range of permeability and signiﬁcant variation on the
values of L 11 under the effect of magnetic ﬁelds is illustrated. Also, it is seen that as α acting on the ﬂuid region
increases, there is a noticeable decrease in the value of
L 11 . Therefore, applying magnetic ﬁeld on the creeping
ﬂow of weakly permeable sphere has signiﬁcant effect
on its ﬂow dynamics. Moreover, numerical values of k z
for the weakly permeable and semipermeable spheres
are presented and it is found that this value is lower for
the weakly permeable sphere compared to semipermeable case. In limiting case, various well-known earlier
published results are obtained.
Appendix
S1 = K 1/2 (α), S2 = K 3/2 (α),
S3 = K 1/2 (α/η), S4 = K 3/2 (α/η),
U1 = I1/2 (α), U2 = I3/2 (α),
U3 = I1/2 (α/η), U4 = I3/2 (α/η),
W1 = S1U4 + S4 U1 , W2 = S2 U4 − S4 U2 ,
W3 = W1 α + W2 , W4 = W1 α + 3W2 ,
W5 = S1U2 + S2 U1 , W6 = S3U1 − S1U3 ,
W7 = S3U2 + S2 U3 , W8 = S3U4 + S4 U3 ,
W9 = W6 α − 3W7 , W10 = W5 η + W8 ,

W23 = 2W21 β 2 + W19 α, W24 = 2W22 β 2 + W20 α,
Z = 6η2 + α 2 ,
1 = W19 β 2 − 2W2 α 2 ,
2 = W19 (2(β 2 − α 2 )η3 − α 2 ) − 2α(W2 α + W1 )β 2 ,
3 = W17 + W18 ,
4 = W4 Z + 2W9 αη,
5 = 2α(W20 β 2 + 2W7 α 2 )η + Z 1 ,
6 = −4W20 (β 2 −α 2 )η4 +6W23 η2 +2W24 αη − 2 α,
7 = −12(W5 β 2 η4 + W8 (β 2 − α 2 )η3 ),
8 = W1 Z − 2W9 η4 −η(W4 αη2 +6W10 η3/2 −2W6 α).
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