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Abstract. Two-dimensional magneto-Sisko nanoﬂuid ﬂow bounded by nonlinearly stretching sheet is studied.
Thermophoretic diffusion and Brownian motion effects are also scrutinised. Additionally, impacts of activation
energy, chemical reaction and nonlinear convection are considered. The purpose of this study is to analyse entropy
generation in the Sisko ﬂuid model. Suitable transformations are used to reduce the governing equation of motion,
concentration and temperature. Effects of some pertinent variables on skin friction coefﬁcient, temperature, velocity,
concentration and Nusselt number are graphically presented. Clearly, for larger Brownian and thermophoresis
parameters, the temperature increases while concentration distribution decreases with Brownian parameter. Bejan
number is maximum away from the sheet in the case of shear thickening ﬂuids while it approaches zero for shear
thinning ﬂuids.
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1. Introduction
Discussion on non-Newtonian ﬂow is a hot topic for
researchers nowadays. Such types of ﬂow can be seen in
ketchup and toothpaste, certain oils, polymers, etc. NonNewtonian materials are also used in many industrial
and engineering processes. They have various characteristics and attributes and no single relation is enough to
describe such materials. Here, we considered the Sisko
[1] ﬂuid model which has characteristics of shear thinning and shear thickening. It comprises both viscous
and power-law models. A few work on Sisko ﬂuid can
be seen in [2–11].
Nanoparticles have a key role in any substance and
its molecular/atomic structure. Nanoparticles are very
good cooling agents due to their higher thermal conductance and lower molecular weight. Nanoﬂuids are
commonly used in different biomedical and technical
devices such as fuel cells, radiators, nanomedication and
nuclear reactors. Choi [12] gave the concept of nanomaterial in continuous phase liquid and he experimentally proved that such materials enhanced the thermal
0123456789().: V,-vol

characteristics of continuous phase liquids. Series
solution for stagnation-point nanoﬂuid ﬂow on stretching surface was discussed by Mustafa et al [13]. Zheng
et al [14] examined the temperature jump and wall
slip effects over a deforming surface for radiative heat
transfer in nanoﬂuid ﬂows. For series solution, they
employed a homotopy technique. Kellor–Box method
was employed by Mustafa et al [15] just to discuss three different types of nanoﬂuids for classical
Bödewadt ﬂow. Lin et al [16] utilised ﬁve different types
of nanoparticles to discuss pseudoplastic nanoﬂuids of
variable thermal conductivity for Marangoni convection
ﬂow. Mahanthesh et al [17] considered the magnetohydrodynamics (MHD) nanoﬂuid ﬂow by a bidirectional
nonlinear stretching sheet. Yin et al [18] studied the heat
transport of nanomaterials over a rotating disk. Kumar
et al [19] discussed the temperature-dependent thermal
conductivity on fractional model for convective radial
ﬁns. Pandey and Kumar [20] examined the heat rate
towards a stretching cylinder in copper–water nanomaterial ﬂow. For computational results they use the
RKF45 technique. Volume fraction is taken as 0–6%.
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Furthermore, for increasing values of volume fraction parameter, the temperature proﬁle enhances. He
noticed a good agreement by comparing the present
outcomes with the previously available articles. Kumar
et al [21,22] studied the nanoﬂuid ﬂow in the presence of double diffusion, chemical reaction and thermal
radiation.
In mixtures, when there are species with different concentrations, then mass transfer occurs. These species
transport themselves from higher to lower concentration region in the mixture. Activation energy is actually
the least obligatory energy, which a reactant must have
before the chemical reaction takes place. In a porous
space, natural convection binary mixture ﬂow with activation energy is examined by Bestman [23]. Under the
inﬂuence of activation energy and nth-order reaction,
the unsteady natural convection ﬂow was studied by
Makinde et al [24]. In the presence of activation energy,
Malique [25] studied the endothermic/exothermic reaction in mixed convection ﬂows. Abbas et al [26] investigated the Casson ﬂuid ﬂow with activation energy and
binary chemical reaction. Shaﬁque et al [27] discussed
the rotating viscoelastic ﬂow subject to chemical reaction with activation energy. Unsteady rotating binary
ﬂuid ﬂow was examined by Awad et al [28] over
an impulsively stretched surface utilising the modiﬁed
Arrhenius function.
In a thermodynamical system, chemical reactions
between the solid surface and ﬂuid viscosity and frictional forces are the major factors of entropy generation
and energy loss. Entropy generation determines the irreversibility of viscous dissipation, and heat and mass
transfer irreversibility. To increase the efﬁciency of
any heat transfer process, entropy generation minimisation (EGM) is used as an effective tool. In different
thermal engineering systems, such as chillers, air separators, chemicals, reactors and electrochemicals, EGM
is applied. Irreversibility occurs inside the cavity during
the convection process. EGM is used to conserve the
energy and to reduce or overcome the process of irreversibility. First of all, Bejan [29] attempted the EGM
and he used thermodynamics second law. Hayat et al
[30] analysed the effect of entropy generation in MHD
radiative ﬂow by a rotating disk. The shape effects of
copper nanoparticles were discussed by Ellahi et al [31]
on entropy generation. Three-dimensional MHD viscous ﬂuid ﬂow was considered by Butt and Ali [32]
to study the heat transfer and entropy generation over
a stretching surface. To study viscous dissipation and
entropy generation, Guo et al [33] considered the curved
microchannel. Some relevant attempts in this direction
can be seen in refs [34–38].
The main aim of the present study is to examine
the effects of activation energy on nonlinear mixed
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convected ﬂow of magnetic Sisko nanoﬂuid over a
stretching sheet. Homotopy technique [39–50] is used
to solve this system. Convergent solutions are obtained.
The effects of interesting parameters on velocity, temperature, concentration, entropy generation, Bejan number, Nusselt number and skin friction coefﬁcient are
discussed using graphs.

2. Modelling
Two-dimensional Sisko nanoﬂuid ﬂow in the presence
of nonlinear mixed convection is discussed. Stretching sheet with velocity u = cx s causes disturbance
in ﬂuid, where s  0 signiﬁes the stretching rate of
the surface and c is a non-negative real number (see
ﬁgure 1). During the ﬂow, we examine the entropy
generation.
Conservation equations are [1,2,4,5,8,9]:
∂ ǔ ∂ v̌
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Ť
∂
Č
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Figure 1. Flow geometry.
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with boundary conditions
fˇ (0) = 1, φ̌(0) = 1,
(4)

where u, v are the velocities in the x, y direction, respectively. Ť is the temperature of the ﬂuid, a denotes the
viscosity at high shear rate while b denotes a consistency
index, both are material constants. n is a power-law
index, σ is the electrical conductivity, ρ is the density,
DB and DT are the Brownian and thermophoretic diffusions, τ is the ratio between heat capacity of the base
ﬂuid and nanoparticle material, kr2 is the reaction rate,
E a is the activation energy and κ = 8.61×10−5 eV/K is
the Boltzmann constant and n* is the ﬁtted rate constant.
For the present ﬂow, the boundary conditions are
ũ = cx s , v̌ = 0, Ť = Ťw + D

∂ Ť
,
∂y

Č = Čw at y = 0,
ǔ = 0, Ť → Ť∞ , Č → Č∞ as y → ∞.

(5)

Suitable transformations chosen for this type of ﬂow are
u = cx s fˇ (η),
v=−

Uw
−1/(n+1)
Re
[(s(2n − 1) + 1) fˇ(η)
n+1 b
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Re
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,
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.
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Equations (2)–(5) take the form
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φ̌  + Pr Le

(9)

fˇ(0) = 0,

θ̌(0) = 1 + γ θ̌  (0),
fˇ (∞) → 0, φ̌(∞) → 0, θ̌ (∞) → 0,

(10)
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Here N t indicates the thermophoresis parameter, σ is
the dimensionless reaction rate, δ is the temperature
difference parameter, E is the dimensionless activation
energy, N b is the Brownian diffusion parameter, Pr is
the Prandtl number, Rea and Reb are the local Reynold
numbers, Gr and Gr∗ are the Grashof numbers in terms
of temperature and concentration, βt and βc are the nonlinear convection variables in terms of temperature and
concentration, λ is for the mixed convection parameter,
M is the the Hartmann number, N ∗ is the ratio of concentration to thermal buoyancy forces, γ is the thermal
slip parameter and Le is the Lewis number.
Now the temperature and velocity gradients are
deﬁned as
xq w
2τw
Nux =
,
(12)
, C fˆx =
ρ(Uw )2
k(Ťw − Ť∞ )
in which qw and τw are
 
∂ Ť
,
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 n 
  
∂ ǔ
∂ ǔ
+b
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∂y
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(13)
.

(14)

y=0

Nusselt number and skin friction coefﬁcient in dimensionless form are
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Table 1. Numerical values for f˜ (0), θ̃  (0) and φ̃  (0).

Figure 2. h̄-curves of f˜ (0), θ̃  (0) and φ̃  (0).
−1/(n+1)

(Re)b
Nux = −θ̌  (0),
1
(Re)1/(n+1) C f x = [A fˇ (0) − (− fˇ (0))n ].
2

−θ̂  (0)

−φ̂  (0)

1
8
17
24
30
40
50

1.1746
1.2398
1.2398
1.2398
1.2398
1.2398
1.2398

0.78438
0.62055
0.62101
0.62101
0.62101
0.62101
0.62101

0.99849
0.99634
0.99488
0.99401
0.99401
0.99401
0.99401

(15)
(16)

Auxiliary linear operators and initial approximations
are:
L fˇ ( fˇ) = fˇ − fˇ , Lθ̌ (θ̌ ) = θ̌  − θ̌,

fˇ0 (ξ ) = 1 − exp(−ξ ), φ̌0 (ξ ) = exp(−ξ ),
1
exp(−ξ )
θ̌0 (ξ ) =
1+γ

− fˆ (0)

that in our present analysis, convergence starts from 28th
order of approximations.

3. Solutions

Lφ̌ (φ̌) = φ̌  − φ̌,

Order of
approximation

(17)

5. Entropy generation
Entropy generation actually determines the irreversibility of viscous dissipation, and heat and mass transfer
irreversibility. To increase the efﬁciency of any heat
transfer process, EGM is used as an effective tool.
In dimensional form, the entropy generation equation
is
2

 2 
k ∂ Ť
1
∂ ǔ n+1
∂ ǔ
SG = 2
+
+b −
a
T∞ ∂ y
∂y
∂y
Ť∞
R ∗ D ∂ Ť ∂ Č
+
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(18)

R ∗ D ∂ Č
+
Č∞ ∂ y

After transformations eq. (20) becomes

L fˇ ( fˇ)[d1 + d2 eξ + d3 e−ξ ] = 0,

N G = (Reb )2/(n+1)

Lθ̌ (θ̌ )[d4 eξ + d5 e−ξ ] = 0,

where di (i =1–7) are constants.

Convergence region is adjusted with the help of auxiliary
parameters h̄fˇ , h̄θ̃ and h̄φ̌ by using the homotopy analysis
method (HAM). To obtain the convergent solution, the
admissible values of these parameters are essential. At
20th order of deformation, ﬁgure 2 is portrayed for h̄curves. Convergent ranges of admissible values for these
parameters are −1.2 ≤ h̄ fˇ ≤ −0.1, −1.3 ≤ h̄ θ̌ ≤
−0.1 and 1.5 ≤ h̄ φ̌ ≤ −0.5. Table 1 demonstrates the
convergence of fˇ (0), θ̌  (0) and φ̌  (0). It is observed

σ
Ť∞

B02 ǔ 2 .

L
× δ θ̌ 2 + (Br) fˇ2 + Lα1 θ̌  φ̌  + α12 φ̌ 2
δ
2
+ M(Rea )(Br) fˇ + (Rea )(Br)(− fˇ )n+1 .
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4. Convergence analysis

+
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The dimensionless parameters are
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Č∞
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Here α1 and δ are the concentration and temperature
difference parameters, and L, Br and N G are the diffusion parameter, Brinkman number and local entropy
generation, respectively.
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Figure 3. fˇ (ξ ) against s.

The dimensionless form of the Bejan number (Be) is
Be =

Be =

Entropy generation due to heat and mass transfer
Total entropy generation
(23)
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Figure 4. fˇ (ξ ) against A.

In ﬁgure 5, as λ and viscous forces are inversely proportional to each other, decline in viscosity is observed
for larger λ. This enhances fˇ (ξ ). Effects of magnetic
ﬁeld (M) on velocity are shown in ﬁgure 6. Velocity
decreases for larger M. It is due to the association of

(Reb )2/(n+1) [δ θ̌ 2 + Lα1 θ̌  φ̌  + (L/δ)α12 φ̌ 2 ]

(Reb )2/(n+1) [δ θ̌ 2 + (Br) fˇ2 + Lα1 θ̌  φ̌  + (L/δ)α12 φ̌ 2 ] + M(Rea )(Br) fˇ2 + (Rea )(Br)(− fˇ )n+1

6. Discussion
Figures 3–22 are sketched to examine the results of
velocity, temperature, concentration, skin friction, Nusselt number, entropy generation and Bejan number for
shear thinning (n < 1) and thickening (n > 1) ﬂuids.
6.1 Velocity proﬁle
Figures 3–6 are plotted to examine the behaviour of
stretching parameter (s), material constant (A), Hartmann number (M) and mixed convection parameter (λ)
on velocity proﬁle ( fˇ (ξ )). Figure 3 depicts the effect of
stretching parameter (s) on fˇ (ξ ). It is noted that there
is a decay in velocity ( fˇ (ξ )) for larger values of s in
both shear thinning (0 < n < 1) and shear thickening
(n > 1) ﬂuids. Boundary layer of shear thinning ﬂuid is
greater than that of the shear thickening ﬂuid due to less
viscosity. Figure 4 is portrayed to examine the effects of
material parameter (A) on fˇ (ξ ) by considering shear
thinning and thickening ﬂuids. For larger estimation
of A, fˇ (ξ ) increases but due to less viscosity, effects
of shear thinning ﬂuids are more prominent. Viscous
forces diminish for larger A and so fˇ (ξ ) enhances.

.

(24)

M with Lorentz force which created resistance between
ﬂuid particles.
6.2 Dimensionless temperature
Figures 7–9 are sketched to show the inﬂuence of Pr,
N t, N b and γ on the temperature (θ̌ (ξ )) proﬁle. It is
observed that temperature and thermal layer thickness
are decreased for both n < 1 and n > 1. It is due to
the enhancement in thermal diffusivity for larger Pr (see
ﬁgure 7). The impact of N t on θ̌(ξ ) is shown in ﬁgure 8.
Temperature (θ̌(ξ )) increases due to ﬂuid particle movement from higher to lower temperature. The impact
of thermal slip parameter on temperature is shown in
ﬁgure 9. Reduction in θ̌ (ξ ) is noticed for larger γ.
6.3 Surface concentration
Figures 10–14 illustrate the behaviour of N t and N b
on concentration (φ̌(ξ )). The magnitude of concentration increases and decreases for larger N t and N b,
respectively (see ﬁgures 10 and 11). Collision among
ﬂuid particles increases for larger N b which causes a
decrease in φ̌(ξ ). Thermal conductivity increases for
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Figure 5. fˇ (ξ ) against λ.

Figure 6. fˇ (ξ ) against M.

larger N t which enhances the boundary layer thickness
and concentration. The relationship between activation
energy (E) and nanoparticles concentration (φ̌(ξ )) is
portrayed in ﬁgure 12. The modiﬁed Arrhenius function (Ť /Ť∞ )n exp(−E a /κ Ť ) decreases as activation
energy increases which promotes the generative chemical reaction and causes enhancement in φ̌(ξ ). The
behaviour of φ̌(ξ ) for varying chemical reaction parameter (σ ) is illustrated in ﬁgure 13. Concentration (φ̌(ξ ))
decreases for larger σ . This behaviour shows weak
buoyancy effects due to concentration gradient and consequently, the concentration decreases. Figure 14 shows
the behaviour of Le on φ̌(ξ ). A decrease in φ̌(ξ ) is
observed for larger Le.
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Figure 7. θ̌ (ξ ) against Pr.

Figure 8. θ̌ (ξ ) against Nt.

Figure 9. θ̌(ξ ) against γ .

6.4 Entropy generation and Be
Figures 15–22 are sketched to examine the behaviour
of pertinent variables on N G and Be. Figures 15 and 16
are plotted to show the behaviour of Br on N G and Be
for comparative study of shear thinning (n < 1) and
shear thickening (n > 1) ﬂuids. The main purpose of

Br is to ﬁnd the heat transfer rate which is released by
molecular conduction to viscous heating. It is noted that
less heat is released by viscous effect when compared
with molecular transfer of heat close to the sheet. However, among the ﬂuid particle layers, a large amount of
heat is released which corresponds to an enhancement
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Figure 10. φ̌(ξ ) against Nt.

Figure 13. φ̌(ξ ) against σ .

Figure 11. φ̌(ξ ) against Nb.

Figure 14. φ̌(ξ ) against Le.

Figure 12. φ̌(ξ ) against E.

Figure 15. N G against Br.

in N G . On the other hand, Be decreases for larger values of Br in both the cases (n < 1 and n > 1). It shows
that viscous effects are more dominant than the effects
of heat and mass transfer. Figures 17 and 18 are portrayed to witness the effects of Reb on N G and Be in
shear thinning and thickening ﬂuids. For larger values
of Reb there is enhancement in N G while the opposite

behaviour of Reb is noticed for Be. In the case of Be,
the effects of shear thickening ﬂuid are more prominent than that of shear thinning ﬂuids. Figures 19 and
20 are sketched to analyse the effect of M on N G and
Be. An opposite behaviour is noticed for both N G and
Be. For larger M, resistance of the ﬂuid enhances due
to the enhancement in Lorentz force and consequently,
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Figure 16. Be against Br.
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Figure 19. N G against M.

Figure 17. N G against Reb .

Figure 20. Be against M.

Figure 18. Be against Reb .

Figure 21. N G against E.

N G increases. Be decreases for larger values of M in
both the cases (0 < n < 1 and n > 1) but effects
of shear thickening (n > 1) ﬂuids are more prominent
than the effects of shear thinning (n < 1) ﬂuids. This
behaviour shows that the irreversibility of ﬂuid friction
dominates over the irreversibility of heat and mass transfer. N G decreases for larger E (see ﬁgure 21) in both the

cases (0 < n < 1 and n > 1). But for n > 1, there is
more viscous dissipation which produces more resistance and as a result more heat loss occurs. That is why
effects of shear thickening ﬂuid are more prominent than
the effects of shear thinning ﬂuids. On the other hand,
for larger E, Be enhances (see ﬁgure 22). Be has dual
effects, i.e. it decreases near the surface of the sheet
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larger A, the skin friction increases in shear thinning
(n < 1) and shear thickening (n > 1) ﬂuids. Figure 24
shows that for larger N b and N t, the magnitude of rate
of heat transfer enhances.

7. Key points
Main observations of the present ﬂow are:

Figure 22. Be against E.

1/(1+n)

Figure 23. (1/2)C f Reb

−1/(n+1)

Figure 24. Reb

against A.

Nu against Nb.

while far away from the sheet it increases for both shear
thinning and shear thickening of ﬂuids.
6.5 Skin friction and Nusselt number
The effects of material parameter (A), Pr, N t and N b
on skin friction coefﬁcient and Nusselt number are displayed in ﬁgures 23 and 24. Figure 23 shows that for

• For A and stretching parameter (s), the opposite
behaviour of velocity fˇ (ξ ) is noticed.
• Temperature proﬁle increases for N t while it
decreases for Pr and γ for both shear thinning and
thickening ﬂuids.
• The magnitude of concentration ﬁeld enhances for
higher E and N t while it reduces via larger N b.
• There is more N G for higher values of M, Br and
Reb .
• Be reduces for M and Br while reverse is noticed for
Reb and E.
• For larger A, skin friction increases in shear thinning
(n < 1) and shear thickening (n > 1) ﬂuids.
• Increasing trend for Nusselt number is noticed via
N b.
• N G and Be are more for shear thickening ﬂuids.
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