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Abstract. This paper presents a novel approach for studying the nonlinear Rayleigh–Taylor instability (RTI).
The system deals with two rotating superposed inﬁnite hydromagnetic Darcian ﬂows through porous media under
the inﬂuence of a uniform tangential magnetic ﬁeld. The ﬁeld allows the presence of currents on the surface of
separation. The appropriate linear governing equations are solved and conﬁrmed with the corresponding nonlinear
boundary conditions. A nonlinear characteristic of the surface deﬂection is deducted. Away from the traditional
techniques of the stability analysis, the work introduces a new one. The analysis depends mainly on the homotopy
perturbation method (HPM). To achieve an analytical approximate periodic solution of the surface deﬂection, the
secular terms are removed. This cancellation resulted in well-known amplitude equations. These equations are
utilised to achieve stability criteria of the system. Therefore, the stability conﬁguration is exercised in linear as
well as nonlinear approaches. The mathematical procedure adopted here is simple, promising and powerful. The
method may be used to treat more complicated nonlinear differential equations that arise in science, physics and
engineering applications. A numerical calculation is performed to graph the implication of various parameters on
the stability picture. In addition, for more convenience, the surface deﬂection is depicted.
Keywords. Rayleigh–Taylor instability; rotating ﬂow; porous media; magnetic ﬂuids; homotopy perturbation
method.
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1. Introduction
Lewis [1] conducted the ﬁrst experiment that validates
the theory of Rayleigh–Taylor instability (RTI). This
phenomenon has great importance in geophysics, controlled fusion, industrial applications and astrophysical
process. RTI is one of the hydrodynamic instabilities
that can be observed easily. The inﬂuence of numerous
physical parameters such as surface tension, viscosity
and variable density on the RTI has been reported in the
pioneering work of Chandrasekhar [2]. RTI ﬁnds great
applications in many areas of the physics of plasma.
Furthermore, it is an important topic that concerns with
the inertial conﬁnement fusion [3]. Therefore, Piriz et al
[4] introduced a novel technique to investigate the RTI
and obtained exact solutions for the simplest cases and
provides approximate analytical expressions for important and more complex cases involving non-ideal ﬂuids.
Their approach depends on Newton’s second law. The
nonlinear instability of the surface waves, which propagate over the interface between ﬂuids, is established
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by Nayfeh [5]. He used the technique of the multiple
time scales to derive two partial differential equations
which determine the stability criterion of the surface
elevation. These two equations are coupled together to
produce another two alternate Schrödinger equations.
Mohamed et al [6] developed a weakly nonlinear electrogravitational instability of a horizontal plane interface
for two streaming ﬂuids through porous media. Their
analysis is based on the viscous potential theory, which
assumes that the viscous forces are affecting only the
interface between the ﬂuids. In their approach, the linear form of the equation of motion is solved in the
light of the nonlinear boundary conditions. The use of
the Taylor expansion together with the multiple scale
schemes yielded the well-known nonlinear Schrödinger
equation. This scheme has been successfully adopted
by El-Dib [7] in the case of a plane interface between
two strong viscous homogeneous incompressible ﬂuids through porous media. His nonlinear characteristic
equation resulted in the well-known nonlinear cubic
Schrödinger equation.
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The phenomenon of porous media gained enormous
importance in the last few decades. This interest comes
in accordance with the wider applications in physics
and engineering. These applications involve groundwater hydrology, petroleum production, packed bed reactor
in the chemical industry, mechanics of soil, the cooling of electronic systems and chemical engineering.
Several applications of the problems of ﬂowing throughout porous media in geophysics are found in the work
of Dullien [8]. Bau [9] presented the theory of fully
saturated porous media throughout the model of the
Kelvin–Helmholtz instability. In this theory, he investigated the Darcian ﬂuid together with the non-Darcian
one. El-Dib and Ghaly [10] studied nonlinear instability in porous media. In the absence of the porous
medium, they found an increase in stability. Sharma
and Kumar [11] investigated the RTI through porous
media. They showed that the regulation becomes unstable for viscous–viscoelastic layers in the porous media.
Furthermore, the stressed ﬁeld increases the stability
conﬁguration. Moatimid et al [12] studied the problem
of the ferroﬂuid of the Kelvin–Helmholtz instability in
porous media. Throughout the linear stability approach,
a general characteristic equation is deduced and the
transition curves are depicted. In view of the nonlinear
approach, a Ginzburg–Landau equation that governs the
stability criteria is achieved.
Magnetic ﬂuids, sometimes called ferroﬂuids, are
described as suspensions of inﬁnitesimal particles of
magnetic property in appropriate carrier liquids. These
suspensions contain magnetic particles of size about 10
mm in diameter. The structure of magnetic ﬂuids has
great importance in numerous technical applications.
The study on this topic is given in Rosensweig’s work
[13]. Furthermore, Zelazo and Melcher [14] pointed out
that the uniform magnetic ﬁeld, at the interface between
two ferroﬂuids, causes a stabilising inﬂuence of the system. In addition, they demonstrated experimentally the
instability of the ﬂuid column. The nonlinear stability
analysis of the surface waves, in the presence of normal magnetic ﬁelds, is investigated by Malik and Singh
[15]. Their analysis indicates various instability regions.
Simultaneously, the instability cannot be suppressed by
the application of strong magnetic ﬁeld. Kant and Singh
[16] investigated the weakly nonlinear propagation of
RTI of the ferroﬂuid. Their stability analysis involves
the presence of two instability regions. In addition, the
ﬁeld makes dual role in these regions. Finally, the crossing wave number that divides the stability/instability
regions is derived. Elhefnawy [17] studied the problem of nonlinear RTI under the inﬂuence of tangential
magnetic ﬁeld. He used multiple time-scale analysis to
obtain the stability criteria. Two nonlinear Schrödinger
equations are obtained. He showed that the tangential
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ﬁeld has a dual role in the stability proﬁle. Finally, the
uniform magnetic permeability affects the stability conﬁguration. Consequently, El-Dib [18] investigated the
RTI between two viscous magnetic ﬂuids that are inﬂuenced by a horizontal magnetic ﬁeld. The amplitude
equations reveal a non-ordinary differential equation
with complex coefﬁcients. The Routh–Hurwitz conditions are adopted to achieve the stability criteria in
view of the linear approach. He found that stability
is enhanced with the increase of the viscosity parameter. The nonlinear RTI in porous media is analysed
by Elhnefnawy et al [19]. For simplicity, their analysis
adopted the potential ﬂow theory. The solvability conditions resulted in a Ginzburg–Landau equation. This
equation is employed to judge the criteria of the modulation instability. The numerical calculations identify
the stability/instability of regions.
The instability of the classical RTI attracts considerable interest in many astrophysical situations. There is a
growing interest when the rotating ﬂuids are affected by
a horizontal magnetic ﬁeld. This aspect is the basis of the
investigation of Bhatia and Mathur [20]. They found that
the critical wave number is inﬂuenced by the rotation.
In addition, the ﬁeld and the rotation play a stabilising effect. Chandrasekhar [21] analysed the inﬂuence
of uniform magnetic ﬁeld and steady rotation on the
gravitational instability in a static medium. He found
that the ﬁeld together with rotation inhibits the contraction and fragmentation of the interstellar clouds. Scase
et al [22] studied the inﬂuence of rotation in the RTI.
It is concluded that the destabilising regions may be
suppressed by the rotation. Furthermore, the unstable
axisymmetric wave modes may be stabilised by rotating the system above a critical rotation rate. Sharma
et al [23] investigated the RTI under the inﬂuence of
a small rotation. They showed that the slight uniform
rotation is a stabilising inﬂuence on the propagation
of RTI. In contrast, the Atwood number has a destabilising inﬂuence. Prajapati [24] has investigated the
effect of rigid rotation on the RTI at the interface in
a magnetised strongly coupled viscoelastic ﬂuid. Tao
et al [25] studied the nonlinear RTI. They found that
the instability may be retarded at arbitrary numbers
in rotating the system with the axis of rotation normal to the acceleration of the interface between two
uniform inviscid ﬂuids. Simultaneously, the Coriolis
force provides an effective restoring force on the disturbed interface. Finally, the uniform rotation has an
instability role throughout the nonlinear approach. ElDib and Mady [26] investigated the nonlinear RTI of
two rotating superposed magnetised ﬂuids under the
inﬂuence of vertical/horizontal magnetic ﬁelds. They
utilised the concept of an expanded frequency to identify the stability criteria. One can say that their approach
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is vital, promising and powerful for analysing nonlinear
systems.
There is a rapid development in the application of
nonlinear science and engineering in obtaining analytical forms of their problems. Therefore, there are
many perturbation methods to analyse these problems.
Unfortunately, these methods have their own limitation.
Simultaneously, they are restricted to the assumption
that a small parameter must be found in the equation. Otherwise, perturbation methods will be a failure.
Therefore, the small parameter restricts the implication
of the perturbation methods. Sometimes, an unsuitable
choice of this small parameter leads to wrong results.
To control these impediments, the homotopy perturbation method (HPM) arises. It is a simple, promising
and strong mathematical method for analysing the functional equations [27–29]. The main advantage of this
approach is that it does not depend on any small parameter. It only requires a little iteration to obtain accurate
solutions. The approach becomes a strong tool. It may be
used in analysing linear and nonlinear functional equations. In light of this method, one assumes an artiﬁcial
parameter that has no physical meaning and ranges from
zero to unity. This parameter may be put in any place in
the homotopy equation, such that away from this parameter, the governing equation is simpliﬁed and yields a
primary solution. The HPM gives an extremely rapid
convergence of the analytical series in many cases. Further, only a little repetition gives a good approximate
solution. Ayati and Biazar [30] elaborated on the convergence of the HPM. Many researchers used HPM for
solving their problems. El-Dib [31] suggested a modiﬁed version of the homotopy perturbation methodology
by combining the multiple scales methodology. However, the mix of the multiple scales methodology with
the homotopy perturbation methodology is known as
He-multiple-scales method. This technique is successfully used to improve the accuracy and computational
efﬁciency of the nonlinear partial differential equation
of the nonlinear Klein–Gordon equation [32]. El-Dib
and Moatimid [33] adapted the HPM to obtain exact
solutions of linear as well as nonlinear differential equations. The basic idea of their approach is to choose a
suitable trial function, usually, in the form of a power
series. The cancellation of the ﬁrst-order approximate
solution guarantees that all higher orders are also cancelled. Consequently, the remaining zero-order solution
will be supported to become an exact one.
Nayfeh [5], Murakami [34], Mohamed et al [6],
El-Dib [7], El-Dib and Ghaly [10], Elhefnawy [17],
Hemamalini and Anjali Devi [35], Moatimid and
Mostapha [36] and other researchers investigated the
interaction of ﬁnite amplitude waves using multiple
scales method. They introduce the time scales Tn = ε n t
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and spatial scales X n = ε n x, n = 0−2. They assume
a small parameter ε expressing the steepness ratio of
the wave. Sometimes the choice of small parameters
depends on minimising one or more of the physical
parameters. Actually, this procedure gives a restriction
to the problem. In addition, the analysis in the foregoing
works is lengthy. It does not enable us to obtain a formula
of the analytical approximate solution of the amplitude
wave. In contrast, the present work is concerned with
the nonlinear stability analysis, regardless of using any
small parameter. Therefore, this approach is very simple
and may be used as a promising and powerful technique. Therefore, the aim of this paper is to introduce
a novel approach for studying the nonlinear analysis
of the RTI problem under the inﬂuence of a uniform
magnetic ﬁeld. The ﬁelds permit the presence of free
surface currents at the surface of separation. Physically,
the problem is interesting because it involves a uniform
external rotation. Because of the great interest in the
geophysical and engineering applications for stability
through porous media, the current work is performed
to investigate the inﬂuence of rotating ﬂuids throughout
the porous media on the stability behaviour. The analysis reveals the linear and nonlinear approaches. The rest
of this paper is systematically organised as follows: §2
gives the physical modulation of the problem together
with the appropriate nonlinear boundary conditions. The
solution to the problem is reported in §3. Section 4 gives
the derivation of the transcendental nonlinear characteristic dispersion relation. A modiﬁed HPM is added
in this section. A numerical calculation, together with
the stability proﬁle, is presented in §5. Finally, the ﬁnal
results are given in §6.

2. Statement of the problem
The governing equations of motion may be formulated
in two parts as follows. The ﬁrst part deals with the
hydrodynamics. As is well known from the literature,
see e.g. the conﬁguration of El-Dib and Mady [26], in a
rotating frame of reference, where  = e z , the motion
of an inviscid incompressible ﬂuid may be governed by
the following Euler’s equation:



∂V 
+ V ·∇ V +2 ×V
∂t
1
= − ∇π − νV − ge z ,
ρ

(1)

where π is the reduced pressure which is given by
2 1
1 
π = p − ρ  × r  − μH 2 .
2
2

(2)
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The incompressibility condition is given as
∇ · V = 0,

(3)

where ρ is the ﬂuid density, V = (u, v, w) represents the velocity ﬁeld of the ﬂuid particles, the
term 2( × V ) refers to the Coriolis force, the term
(1/2)∇| × r |2 addresses the centrifugal force, r is
the position vector of any point of the ﬂuid, p is the
hydrodynamic pressure, ν is Darcy’s coefﬁcient, g is
the gravitational force and e z is the unit vector in the
z-axis.
It is worthwhile to notice that the Coriolis term is
usually inserted in the governing equation, at which the
angular velocity  has a uniform value in the rotating
frame of reference.
The equilibrium conﬁguration of the governing equation (1) yields
π0 j (x, y, z, t) = −ρ j gz + λ0 j ,

(4)

where λ0 j is the integration time-dependent function.
The second part concerns with the magnetic separation. As usual in the problems of the stability theory,
it is convenient to assume a quasistatic approximation
[37,38]. The considered system will be subjected to
a uniform magnetic ﬁeld. It is assumed that this ﬁeld
admits the presence of surface currents at the interface.
In this case, Maxwell’s equations may be formulated as
∇ · (μ j H j ) = 0

(5)

are utilised. It follows that the interface may be identiﬁed
by the horizontal plane z = 0. This surface of separation is well deﬁned and initially ﬂat and has an inﬁnite
extension in the x y-plane. The plane z = 0 deﬁnes the
undisturbed state. This interface separates two inﬁnite
incompressible magnetic ﬂuids. The upper ﬂuid occupies the inﬁnite region ∞ > z > ξ . This region has
characteristic ρ1 , μ1 and ν1 . Simultaneously, the lower
liquid ﬁlls the inﬁnite region −∞ < z < ξ . It has the
characteristic ρ2 , μ2 and ν2 . For simplicity, the porosities in both media are taken as unity. The two ﬂuids are
affected by a uniform tangential magnetic ﬁeld, which
acts along the positive x-direction. Therefore, the magnetic ﬁeld intensity may be addressed as H 0 (H0 , 0, 0).
The magnetic ﬁelds are producing free electric surface
currents [40,41]. The tension force between the two
ﬂuids is assumed to be uniform. It is deﬁned by the
coefﬁcient σT . The system is inﬂuenced by uniform
gravitational ﬁeld g which acts along the negative zdirection. Furthermore, the system is inﬂuenced by the
uniform angular velocity (0, 0, ). For more convenience, the upper and lower ﬂuids are assumed to be
identical. The surface deﬂection [2] may be expressed
by the following equation:
z = ξ (x, y, t).

j = 1, 2,

(6)

where μ refers to the magnetic permeability of the ﬂuid
phase and the superscript to the ﬂuid phase. Superscripts
(1) and (2) indicate the upper ﬂuid and lower ﬂuid,
respectively, and Jf is the free surface current density.
Therefore, away from the surface currents, the magnetic
ﬁeld may be deﬁned in terms of the magnetostatic potential φ j (x, y, z, t), i.e. H j = −∇φ j (x, y, z, t), such that
the total magnetic ﬁelds may be expressed as
H j = H0 j e x − ∇φ j (x, y, z, t).

(7)

Equation (5) says that the magnetostatic potential satisﬁes the following Laplace’s equation:
∇ 2 φ j (x, y, z, t) = 0.

(8)

As stated above, the aim of this paper is to investigate the
nonlinear RTI under a uniform, normal angular velocity together with a uniform tangential magnetic ﬁeld.
Therefore, the description of the considered system
is represented by the three-dimensional ﬁnite amplitude of capillary-gravity Stocks surface wave [39] that
is propagated on a plane surface of separation. For
more convenience, the Cartesian coordinates (x, y, z)

(9)

The equation of the interface is identiﬁed as a geometric
locus of points that satisﬁes the following relation:
S(x, y, z, t) = z − ξ (x, y, t) = 0.

and
∇ × H j = Jf,

(2019) 93:82

(10)

Therefore, the unit normal to the interface may be
expressed as
∇S
|∇ S|
= (−ξx e x − ξ y e y + e z )(1 + ξx2 + ξ y2 )−1/2 ,

n=

(11)

where e x and e y are the unit vectors in the x- and
y-directions, respectively.
As stated previously, the equations of motion are
classiﬁed into two categories: The ﬁrst category comes
from the hydrodynamic part and the second one stands
for Maxwell’s equations. As seen, these equations are
the partial differential equations applicable at every
point in the ﬂuid. The integration of these equations
resulted in some arbitrary constants/functions. To evaluate these constants, an additional statement is needed,
which deﬁnes the boundary conditions. For more details
in these aspects, the reader is encouraged to consult
Batchelor [39] and Melcher [37]. For this purpose,
as stated before, it is convenient to identify the function φ(x, y, z, t) as a ﬁnite function to be added due
to the perturbed interface. Away from the interface,
its inﬂuence disappears. Therefore, the derivatives of
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φ(x, y, z, t) with respect to x, y and z must vanish. At
the dividing surface, the following appropriate nonlinear
boundary conditions must be veriﬁed.
In accordance with the hydrodynamic contribution:
(i) At the dividing surface, the velocity components
u, v and w are subjected to the following kinematic
boundary condition:
w j = ξt + u j ξx + v j ξ y , z = ξ.

(12)

This equation resulted in the material character of
the dividing surface between the two ﬂuids.
Away from the interface, the ﬂuid velocities must be
neglected. In other words, one gets
V j (x, y, ±∞, t) = 0.

(13)

In accordance with the magnetic contribution, the surface magnetic forces F m [38] may be formulated as
1
F m = J f ∧ (μH ) − H · H ∇μ
2


∂μ
1
+∇
H·H
ρ .
2
∂ρ

82

This implies that


ξx (μ1 φx1 − μ2 φx2 ) + ξ y μ1 φ y1 − μ2 φ y2
z = ξ.
(16)
−(μ1 φz1 − μ2 φz2 ) = 0,
(ii) The continuity of the tangential component of the
stress tensor at the interface z = ξ yields


z = ξ,
(17)
n × F 1 − F 2 = 0,
where F is the total force acting at the interface,
which is deﬁned as
⎞
⎛
σx x σx y σx z
F = ⎝ σ yx σ yy σ yz ⎠
σzx σzy σzz
⎞
⎛
−ξx
−1/2
.
(18)
×⎝ −ξ y ⎠ 1 + ξx2 + ξ y2
1
Here the stress tensor is deﬁned as

(14)

The ﬁrst term in eq. (14) concerns with the presence of
interface currents. The second term occurs due to the
inhomogeneity of the magnetic material. In the current
case, this term should be ignored. Simultaneously, the
third one must be omitted in view of the incompressibility criterion.
In the steady conﬁguration, two cases must be
addressed: (1) when the surface currents are absent at the
interface. In this case, the jump of the tangential magnetic ﬁelds across the interface must be zero. It follows
that H01 = H02 = H0 and (2) when the surface currents
are present. In this case, the horizontal components of
the magnetic ﬁeld should be discontinuous. Therefore,
the tangential components of the magnetic ﬁeld, keeping
in mind H01  = H02 , give H01 − H02 = Jf .
Due to the presence of surface currents, the boundary condition of the continuity of vertical component
of the magnetic ﬁeld occurs. In contrast, the continuity
of the tangential components of the tangential magnetic ﬁeld is not valid. Simultaneously, as shown by
many researchers, see Melcher [37], the tangential component of the stress tensor should be continuous. As
summarised in the previous magnetic boundary conditions, one ﬁnds:
(i) The continuity of the normal component of the
magnetic displacement of the interface gives


n · μ1 H 1 − μ2 H 2 = 0, z = ξ.
(15)

1
σi j = −π δi j + μHi H j − μH 2 δi j ,
2

(19)

where δi j is the Kronecker’s delta.
(iii) The residual boundary condition, at the boundary
between the two ﬂuids, comes from the balance
of hydrodynamics and magnetic stresses and the
surface tension. These stresses include the pressure, surface tension forces and magnetic effects.
In other words, the vertical component of the
stress tensor σi j is intermittent at the interface
by the amount of the surface tension. These
stresses resulted in the following conservation of
the momentum balance. This condition may be formulated as follows:


n · F 1 − F 2 = σT ∇ · n, at z = ξ.
(20)
The set of previous boundary conditions is evaluated at
the interface z = ξ (x, y, t) as the interface is deformed;
all variables have slight variations from their equilibrium values. Considering a small displacement, it
follows that the boundary conditions of all perturbed
variables need to be estimated at the equilibrium position rather than at the interface. Therefore, all physical
quantities are to be expanded by means of the Maclaurin
series at the equilibrium state z = 0.
The zero order of the normal stress tensor at the interface leads to
λ02 − λ01 = (ρ1 − ρ2 )gz +

1
2
2
− μ1 H01
.
μ2 H02
2
(21)
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As a consequence, the zero order of the pressure, which
is deﬁned in (4), has a modiﬁcation by the magnetic
force. At this end, the equations of motion together
with the corresponding boundary conditions completely
deﬁne the considered boundary-value problem. Therefore, special solutions will be given in the following
section.

Using the boundary condition (12) and continuity
equation (3) and then applying the Maclaurin series at
z = 0, we obtain the solution of eq. (28). This solution
gives the distribution of normal velocity components in
the following forms:
w1 (x, y, z, t) = −iω0 (1 − ξ q)−1 ξ e−qz , z > 0
(31a)
and

3. Method of solution

w2 (x, y, z, t) = −iω0 (1 + ξ q)−1 ξ eqz , z < 0.

As a usual analysis in the temporal hydrodynamic
stability examination [2], all perturbed quantities are
performed as a uniform travelling wave train. In view of
the normal mode analysis, one gets
V (x, y, z, t) = V (z)eikζ −iω0 t ,
π (x, y, z, t) = π̂ (z)e

ikζ −iω0 t

(31b)
Employing the distributions of eq. (31) into eq. (27), the
pressure distribution in two ﬂuids may be written in the
following forms:

(22)
(23)

π1 (x, y, z, t) = −

and
ikζ −iω0 t

φ(x, y, z, t) = φ̂(z)e

(2019) 93:82

,

×(1 − ξ q)−1 ξ e−qz , z > 0
(24)

where the spatial variable ζ is deﬁned as

1
(25)
ζ = k x x + k y y , k = k x2 + k 2y ,
k
k may be real and positive and ω0 is the frequency of
the produced surface waves.
Suppose that there is a uniform travelling wave train
propagating along the surface of separation, such that
ξ (x, y, t) = γ eikζ −iω0 t + c.c.,

(26)

where c.c. refers to the complex conjugate of the preceding terms and the amplitude γ is constant and real.
Employing eqs (22) and (23) into the governing equations of motion that are given by eqs (1) and (3), one gets


1
42
dŵ(z)
π̂(z, t) = − 2 1 − 2 (−iρω0 + ν)
,
k
dz
ω0
(27)
d2 ŵ(z)
− q 2 ŵ(z) = 0,
dz 2
where the quantity q is given by

−1/2
2
4
q = k2 1 − 2
.
ω0

(ρ1 ω02 + iω0 ν1 )
q

(28)

(32a)

and
π2 (x, y, z, t) =

(ρ2 ω02 + iω0 ν2 )
q
×(1 + ξ q)−1 ξ eqz , z < 0.

(32b)

To derive the solution of the magnetic potential function
φ(x, y, z, t), inserting eq. (24) into the Laplace eq. (8),
after using the boundary conditions that are given in
eqs (16) and (19), the resulting solutions become
φ1 (x, y, z, t) =

ξ
ik H
Jf
e−kz , z > 0,
H − 1 (1 − kξ )

(33a)
ik
ξ
ekz , z < 0, (33b)
Jf
φ2 (x, y, z, t) =
H − 1 (1 + kξ )
(1)

(2)

where H = H0 /H0 is used for deriving eqs (33a)
and (33b).
As the nonlinear terms are ignored, the linear proﬁle
emerges and it is identical to those acquired previously
by El-Dib [40] for interface supporting free electric surface current and Chandrasekhar [2] for unadulterated
ﬂuids.

(29)

At a slowly rotating ﬂuid, one may assume that  <
1
2
2
2 ω0 , so that 4 /ω0 is a sufﬁciently small quantity.
Therefore, the linear part of the quantity q can be
obtained from the binomial theorem as


2
2
(30)
q∼
=k 1+ 2 .
ω0

4. The transcendental characteristic equation
At the boundary between the two ﬂuids, the ﬂuid
and the magnetic stresses must be balanced. The segments of these burdens rely upon hydrodynamic weight,
surface pressure stresses and attractive anxieties. In
what follows, the nonlinear condition overseeing the
interracial relocation will be evaluated. Utilising the
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normal part of the speed circulation (31), the weight
dissemination (32) and the attractive potential dispersion (33) to the typical pressure tensor (21), the
subsequent is the nonlinear dispersion relation in the
displacement ξ :
1
(1 − ξ q)−1 (ρ1 ω02 + iω0 ν1 )ξ
q
1
+ (1 + ξ q)−1 (ρ2 ω02 + iω0 ν2 )ξ − (ρ1 − ρ2 )gξ
q
Jf2
+k 2 σT ξ(1 − k 2 ξ 2 )−3/2 +
(1 − k 2 ξ 2 )−1
(H − 1)2
×[(μ1 H 2 + μ2 )kξ + (μ1 H 2 − μ(2) )k 2 ξ 2 ]
= 0.
(34)
Equation (34) is the characteristic equation which represents the generalised form of the linear characteristic
equation that is given in Chandrasekhar’s book [2] for
rotating ﬂuids. In order to simplify its complicated form,
the two parts may be separated, so that one ﬁnds
ω02
[ρ1 (1 − ξ q)−1 + ρ2 (1 + ξ q)−1 ]ξ
q
−(ρ1 − ρ2 )gξ + k 2 σT ξ(1 − k 2 ξ 2 )−3/2
+

Jf2
(1 − k 2 ξ 2 )−1 [(μ1 H 2 + μ2 )kξ
(H − 1)2

+(μ1 H 2 − μ2 )k 2 ξ 2 ] = 0

(35)

and
(ν1 + ν2 ) + (ν1 − ν2 )ξ q = 0.

(36)

Using eq. (36) to remove ξ q from eq. (35), one gets


(ν − 1)(ρ1 − ρ2 η) 1 − k 2 ξ 2 ξ
2qη


−(ρ1 − ρ2 )gξ 1 − k 2 ξ 2
ω02

−1/2

k Jf2
+k 2 σT ξ 1 − k 2 ξ 2
+
(H − 1)2


 

× μ1 H 2 + μ2 ξ + μ1 H 2 − μ2 kξ 2 = 0,

(37)

where ν = ν1 /ν2 is used. For all physical parameters,
except the surface tension coefﬁcient, it is seen that the
highest power for the elevation ξ is of the cubic order.
Therefore, in view of the binomial theory, we kept only
the primary terms in the series of the square root. In view
of a slight rotation of the ﬂuids, eq. (37) is arranged in
the form
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ω2 (ω0 , k)ξ + αξ 2 + βξ 3 = 0,

(38)

where
 2

ω0 − 22
ω (ω0 , k) =
(ν − 1)(ρ1 − ρ2 ν)
2ν
2

−k(ρ1 − ρ2 )g + k 3 σT
+

k 2 Jf2

(μ1 H 2 + μ2 ),

(H − 1)

k 3 Jf2 
2
α=
μ
H
−
μ
1
2
(H − 1)2
2

(39)
(40)

and


(ω02 − 22 )
(ν − 1)(ρ1 − ρ2 ν)
2ν

1 3
−k(ρ1 − ρ2 )g − k σT .
2

β = −k

2

(41)

Throughout the linear stability theory, the linear equations of motion together with appropriate boundary
conditions are coupled, dropping the nonlinear terms.
This approach leads to the well-known linear dispersion relation given in Chandrasekhar’s book [2]. In the
present approach, the nonlinear parameters are not cancelled from the boundary conditions (see refs [6,7]). The
thought of the nonlinear idea may be a slight departure
from the linear viewpoint. At this stage, the dispersion
equation sought to be extended to incorporate nonlinear terms within the surface elevation. The conclusion
of the nonlinear terms in the dispersion the equation is
extremely within the elevation parameter. Since ξ  = 0,
eq. (38) gives
ω2 (ω0 , k) + αξ + βξ 2 = 0.

(42)

Equation (42) may be viewed as an expansion of the
linear frequency in terms of the undetermined variable
ξ . This variable needs to be determined. Relation (42)
refers to a nonlinear correction due to the nonlinear
physical problem. It contains the linear frequency ω0
and the primary elevation ξ0 (x, y, t) which are deﬁned
in (26).
The linear dispersion relation of the slowly rotating
Darcian magnetic Rayleigh–Taylor ﬂow in the presence
of free surface currents is obtained by ignoring higher
powers of ξ in eq. (38). Therefore, one gets
ω2 (ω0 , k)ξ = 0.
Equation (43) may be written as

(43)
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ω02 = 2 −


ν
(ν − 1)(ρ1 − ρ2 ν)

× k 3 σT − k(ρ1 − ρ2 )g
+

k 2 Jf2
(H − 1)2



μ1 H + μ2
2




.

(44)

The stability criterion needs ω02 > 0, and therefore the
linear stability requires
ν
2 >
(ν − 1)(ρ1 − ρ2 ν)

× k 3 σT − k(ρ1 − ρ2 )g



+
μ1 H 2 + μ2 .
(H − 1)2
k 2 Jf2

(45)

As seen from eq. (26), the uniform travelling wave train
solution requires that the parameter ω0 must be of real
value. This implies that ω02 should be positive. It follows
that the present linear stability approach needs the validation of inequality (45). First of all, it is clear from eq.
(45) that the rotation parameter  has a stabilising effect
[22]. It is seen that the contribution of porous media
produces the term ν/((ν − 1)(ρ1 − ρ2 ν)). Actually, the
stability/instability, which depends mainly on the signiﬁcance of this term, is given as follows: If this term is
positive, the magnetic ﬁeld has a stabilising effect and
vice versa. This inﬂuence is in contrast with the case
of non-porous media. Since the third term in inequality
(45) has always been positive, it follows that the role of
the magnetic ﬁeld does not depend on the ratio H or the
surface current Jf . Therefore, the porous media allow
the magnetic ﬁeld to play a dual role in the stability criterion. In addition, the role of gravity (g) depends on
the sign of (ρ1 − ρ2 ). Moreover, the surface tension has
a stabilising effect. These are early results ﬁrst obtained
by many researchers [2]. The classical stability criterion
is substantially modiﬁed in accordance with the rotation
parameter . In the absence of the rotation and porous
media, the above stability criterion is similar to that
obtained early by Chandrasekhar [2] and Rosensweig
[13]. In the linear stability of the limiting case, in the
absence of both rotation and Darcian parameter, El-Dib
[40] demonstrated that the free surface current density
has a stabilising inﬂuence on the magnetic ﬂow. Moatimid et al [42] examined Darcy’s coefﬁcient through
the linear stability analysis of the cylindrical interface
and demonstrated the stabilising inﬂuence. Baldwin et al
[43] studied the stabilising inﬂuence of rigid ﬂuid rotation on the RTI. Dolai and Prajapati [44] showed that
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both the magnetic ﬁeld and the rotation parameter have
strong correlation effects to stabilise the growth rate of
linear RTI.
It is useful to investigate a numerical estimation for
linear stability of the wave propagating at the interface
in the presence of both rotation and the Darcian parameter. In order to introduce this examination, numerical calculations for stability condition (45) have been
performed as cited in §5.
The implication of nonlinearity in the stability proﬁle
will be discussed in the following subsection.
4.1 The modiﬁed HPM with a conformable operator
The HPM, which is a combination of homotopy in topology [45] and classic perturbation techniques, provides
us a convenient procedure to obtain analytic or approximate solutions to numerous problems arising in different
ﬁelds. It can convert any nonlinear problem into ﬁnite
linear problems. It requires little iteration to obtain accurate solutions. It is worthwhile to note that the method
has ﬂexibility in adding or subtracting any term in
the homotopy equation to obtain a uniform zero-order
solution.
For incorporating the contribution of the nonlinear
parts in the characteristic equation given by eq. (38) in
the stability picture, it is more convenient to rewrite this
equation as follows:
ξθ θ + ω2 ξ − ξθ θ + αξ 2 + βξ 3 = 0,

(46)

where θ represents the wave parameter and is given by
θ = kζ − ω0 t.

(47)

Construct the following conformal modiﬁed homotopy
equation:


(48)
ξθ θ + ω2 ξ + δ −ξθ θ + αξ 2 + βξ 3 = 0,
where δ is the homotopy parameter which is deﬁned as
δ ∈ [0, 1]. In the HPM, an embedding parameter δ is
introduced in an artiﬁcial manner. It is dimensionless
and has no physical meaning. Equation (48) will turn to
eq. (38) when δ → 1. In the zero-order state, as δ → 0,
eq. (48) gives a linear harmonic differential equation
having ω as the natural frequency.
Consider a homotopy expansion of the function ξ as
a power series in the parameter δ, and one gets
ξ (θ ; δ) = ξ0 (θ ) + δξ1 (θ ) + δ 2 ξ2 (θ ) + · · · .

(49)

As usual, inserting eq. (49) into the homotopy equation
(48), and then equating the indicial powers of δ, one
ﬁnds
ξ0θ θ + ω2 ξ0 = 0,

(50)

ξ1θ θ + ω2 ξ1 = ξ0θ θ − αξ02 − βξ03

(51)
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ω04 + 2Bω02 + 4C = 0,

and
ξ2θ θ + ω2 ξ2 = ξ1θ θ − 2αξ0 ξ1 − 3βξ02 ξ1 .

(52)

ξ0 = Aeiωθ + Āe−iωθ ,

(53)

where the amplitude A, in general, is a complex constant and Ā refers to its complex conjugate. Inserting
the primary solution (53) into eq. (51), the condition for
obtaining a uniform solution requires
ω2 = 3β A Ā.

(54)

Accordingly, the uniform solution of eq. (51) yields
ξ1 =

α
(A2 e2iωθ − 6A Ā + Ā2 e−2iωθ )
3ω2
β
+ 2 (A3 e3iωθ + Ā3 e−3iωθ ).
8ω

(55)

Substituting solutions (53) and (55) into eq. (52), the
cancellation of the secular terms requires
|A|2 =

80 α 2
.
9 β2

(56)



1 3
k σT − 2k(ρ1 − ρ2 )g
2


k 2 Jf2 
2
+
μ1 H + μ2 ,
(H − 1)2

C = 4 + 22


× (ρ1 − ρ2 )g − k 2 σT

+
×

β2
(A5 e5iωθ + 6A4 Āe3iωθ
64ω4

80α 2
.
3β

(H − 1)2

μ1 H 2 + μ2





80k 2 ν 2
3(ν − 1)2 (ρ1 − ρ2 ν)2
k 2 Jf4
(H − 1)4

B < 0, C > 0

(57)

Combining the solvability conditions that are given in
eqs (54) and (56), the dispersion relation in view of the
nonlinear approach becomes
ω2 =



k Jf2

(μ1 H 2 − μ2 )2 .

(61)

Clearly, the stability criteria along the following inequalities are

+120 A2 Ā2 − 15A Ā3 e−2iωθ + Ā4 e−4iωθ )

+6 Ā4 Ae−3iωθ + Ā5 e−5iωθ ).

ν
(ν − 1)(ρ1 − ρ2 ν)

1 3
k σT − 2k(ρ1 − ρ2 )g
2


k 2 Jf2 
+
μ1 H 2 + μ2
(H − 1)2


k 2 ν 2 (ρ1 − ρ2 )g + 21 k 2 σT
+
(ν − 1)2 (ρ1 − ρ2 ν)2


4α 2 2iωθ
(A e
+ Ā2 e−2iωθ )
9ω2
9β
+
(A3 e3iωθ + Ā3 e−3iωθ )
64ω2

+

(60)

×

−

2α 2
+
(A3 e3iωθ + Ā3 e−3iωθ )
24ω4
αβ
+
(A4 e4iωθ − 15A3 Āe2iωθ
12ω4

ν
(ν − 1)(ρ1 − ρ2 ν)

×

The particular solution of eq. (52) yields
ξ2 =

(59)

where
B = 22 +

The solution of eq. (50) may be written as
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(58)

Substituting eqs (39)–(41) into eq. (58), the above nonlinear dispersion relation may be arranged in the form

and

B 2 − 4C > 0.

(62)

As seen before, the transition curve in the linear stability
approach, as given in eq. (43), represents a quadratic
equation in ω0 . Consequently, there is only one criterion
in the linear stability concept, as given by inequality
(45). In contrast, the nonlinear approach yields a quartic
equation in ω0 , as given in eq. (59). Therefore, there are
three criteria of the nonlinear stability that are given in
(62). This shows the accuracy in handling the nonlinear
stability theory.
The perturbed solution of the characteristic equation
given in eq. (48), up to three perturbed terms, is obtained
by combining eqs (53), (55) and (57) into the perturbed
solution given in eq. (49) and setting δ → 1, one
ﬁnds
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ξ(θ ) = −

2α
10αβ 2 2
A Ā +
A Ā
2
ω
ω4

+(Aeiωθ + Āe−iωθ )



5αβ 2  2 2iωθ
7α
|A|
A e
−
+ Ā2 e−2iωθ
+
2
4
9ω
4ω


2α 2
3β 2
17β
2
|A|
+
+
+
64ω2 24ω4 32ω4


× A3 e3iωθ + Ā3 e−3iωθ
αβ
+
(A4 e4iωθ + Ā4 e−4iωθ )
12ω4
β2
(A5 e5iωθ + Ā5 e−5iωθ ).
(63)
64ω4
The perturbed solution given in eq. (63) is simpliﬁed by
using eqs (56) and (58) to get

4 α  iωθ
+ Ae + Āe−iωθ
ξ(θ ) =
9β

13β  2 2iωθ
A e
+ Ā2 e−2iωθ
+
6 × 160α

9β 2  3 3iωθ
+
A e
+ Ā3 e−3iωθ
2
800α
 4 4iωθ

3β 3
+
A e
+ Ā4 e−4iωθ
3
4 × 80 × 80α
+

+
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9β 4
(A5 e5iωθ + Ā5 e−5iωθ ).
64 × 80 × 80α 4
(64)

In light of the wave train considered in (26), the comparison with (56) reveals that the amplitude γ has the
form

80 α
.
(65)
γ =±
9 β
At this stage, the above solution may be written in the
following form:

√
4α
13
ξ (θ ) =
1 + 6 5 cos ωθ +
cos 2ωθ
9β
24
3√
1
+
cos 4ωθ
5 cos 3ωθ +
5
24

1√
+
5 cos 5ωθ .
(66)
96
5. Numerical discussion
In what follows, for more convenience, the numerical
calculations will be made to illustrate graphically the

Figure 1. Linear stability diagram of the inequality given in
(45) for various values of Jf2 .

implications of various physical parameters on the stability picture. Therefore, the stability criteria will be
plotted together with the perturbed surface deﬂection.
For the suitability of calculations, the physical parameters must be identiﬁed in a non-dimensional form. This
may be done by several ways depending mainly on the
choice of the characteristics of length, time and mass.
For this purpose, consider the following characteristics:

1/3
σT /ρ2 ω02
, 1/ω0 and σT /ω02 to refer to the length,
time and mass, respectively. The other non-dimensional
quantities are given by: k = k ∗ ω02 /g,  = ∗ ω0 and
Jf2 = Jf∗2 ω02 σT /μ2 g. For simplicity, the ‘∗’ mark may
be ignored in the coming analysis.
In view of the linear stability theory, the stability criterion given in eq. (45) is displayed to sketch the square
of the angular frequency 2 vs. the wave number k.
Therefore, ﬁgure 1 is plotted for a system having the particulars ρ = 1.5, H = 10, μ = 0.15 and ν = 0.7. The
parameter ρ refers to the ratio ρ1 /ρ2 . This means that
the system is statically unstable. This ﬁgure shows the
inﬂuence of surface current in the stability diagram. As
shown, the increase in Jf2 increases the stability region.
Therefore, the presence of surface currents has a stabilising inﬂuence. This mechanism was shown in the
previous work of El-Dib [40]. Figure 2 concerns with
the same particulars of the same system as given in
ﬁgure 1 except that Jf2 = 10. It is sketched to display the
destabilising inﬂuence of the ratio of the magnetic ﬁeld
intensities H on the linear stability analysis. Actually,
this effect occurs due to the presence of surface currents
at the interface. In the absence of surface currents, it is
shown previously that the tangential magnetic ﬁeld has
a stabilising inﬂuence (see Rosensweig [13], Melcher
[37] and El-Dib and Moatimid [46]). In contrast to the
previous mechanism, this ﬁgure shows a destabilising
inﬂuence in accordance with the tangential magnetic
ﬁeld. The implication of Darcy’s coefﬁcients on the stability picture is displayed in ﬁgure 3. This ﬁgure has the
same particulars as given in ﬁgure 1 except that Jf2 = 6
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Figure 2. Linear stability diagram of the inequality given in
(45) for various values of H.

Figure 3. Linear stability diagram of the inequality given in
(45) for various values of ν.

Figure 4. Nonlinear stability diagram of inequalities (62).

and H = 3. As seen from the behaviour of the transition curves in this ﬁgure, the parameter ν increases
the unstable region. Therefore, it plays a destabilising
inﬂuence due to the presence of surface currents at the
interface between the two uniform magnetic ﬂuids. The
same sense occurs in the previous work of Moatimid
and El-Dib [47]. The investigation of the above linear
stability diagrams reveals that the rotation of the ﬂuid
has a stabilising inﬂuence. This conclusion is similar to
those demonstrated in the previous works of Scase et al
[22], Sharma et al [23], Dolai and Prajapati [44] and
Prajapati [24].
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Figure 5. Nonlinear stability diagram of the inequalities
given in (62) for various values of Jf2 .

Figure 6. Nonlinear stability diagram of the inequalities
given in (62) for various values of H .

As usual, in contrast with the linear approach, the
nonlinear one indicates several stability criteria. These
criteria are given in (62). Figure 4 is plotted to indicate
these criteria. As before, this ﬁgure plots the square of
the angular frequency 2 vs. the wave number k. The
particulars of this ﬁgure are chosen as ρ = 1.5, H =
3, μ = 0.15, Jf2 = 5 and ν = 0.7. As seen, there is
a small stable region that satisﬁes the three conditions
B < 0, C > 0 and B 2 − 4C > 0. This stable region
occurs at small values of the angular velocity 2 . This
region lies between the lower red and green curves. The
implication of the surface currents Jf2 on the nonlinear
approach is depicted in ﬁgure 5. This ﬁgure has the same
particulars as given in ﬁgure 4. It is seen that small deviations in the free surface current Jf2 enhances the stability
region. The same stabilising role is observed throughout
the previous linear stability [40]. In addition, the inﬂuence of the ratio of the magnetic ﬁeld H is displayed in
ﬁgure 6. This ﬁgure has the same particulars as given
in ﬁgure 4. This ﬁgure shows that very small deviation
in the ratio of the tangential magnetic ﬁeld causes more
increase in the stable region. Therefore, the ﬁeld has a
stabilising effect on the nonlinear stability picture. This
role is in contrast with the role that is already observed in
the linear stability (see ﬁgure 2). Finally, the implication
of the ratio among the Darcy’s coefﬁcients is depicted
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Figure 7. Nonlinear stability diagram of the inequalities
given in (62) for various values of ν.
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Figure 9. The surface evolution proﬁle given in eq. (66) for
various values of .

Figure 8. The surface evolution proﬁle given in eq. (66) for
various values of Jf2 .

Figure 10. The surface evolution proﬁle given in eq. (66) for
various values of ν.

in ﬁgure 7. This ﬁgure has the same particulars as given
in ﬁgure 4. A stabilising role is observed in the nonlinear stability. As seen in the previous ﬁgure, an opposite
inﬂuence has been recorded in the linear stability, as
shown in ﬁgure 3. A general observation throughout
ﬁgures 5, 6 and 8 is that the increase in the stable region
occurs due to a small shift in the red curves, which represents the transition curve of the discriminant and large
deviation in the green curves.
For more convenience, it is better to sketch the distribution of the surface deﬂection of the interface. In
accordance with the previous procedure, the cancellation of the secular terms reveals an oscillatory behaviour.
Therefore, ﬁgure 8 is plotted for a system having the
particulars ρ = 1.5, ν = 0.7, H = 3.0, μ = 0.15, k =
0.5,  = 0.6 and ζ = 1.0. The diagram is displayed for
different values of Jf2 . This ﬁgure plots surface deviation
ξ vs. time t. It is shown that the wavelength increases
while the amplitude of the elevation decreases as the
parameter Jf2 decreases. Figure 9 displays the proﬁle of
the surface deﬂection for the same system as in ﬁgure 8
except that the ﬁxed parameter Jf2 = 5. The surface
deﬂections are depicted for different values of frequency
. Similar behaviour, as in ﬁgure 8, is observed. Finally,
ﬁgure 10 is plotted to illustrate the inﬂuence of the

ratio of Darcy’s coefﬁcient in the proﬁle of the surface
deﬂection. This ﬁgure has the same particulars as given
in ﬁgure 8 except that the ﬁxed parameter Jf2 = 5. It is
seen that similar behaviour can be observed in ﬁgures
8–10. One can conclude that both the parameters,  and
ν, play dual roles in the stability behaviour.

6. Concluding remarks
This paper presents a novel approach for studying the
nonlinear RTI. As usual, the problem is modulated
throughout the Cartesian coordinate system. A simpliﬁed formulation is made for the problem by considering
two inﬁnite incompressible magnetic ﬂuids. Because of
the great importance of the porous media, the problem
considered a small representation of this phenomenon.
The system is acted upon by a uniform tangential magnetic ﬁeld. This ﬁeld allows the presence of surface
currents at the interface. The analysis of the problem is
achieved in three dimensions. A uniform angular velocity is considered along the normal axis. The problem
meets its practical importance of a geophysical point
of view. The nonlinear analysis is based on the solution of the linear equation of motion together with the
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implication of the appropriate nonlinear boundary
conditions. A transcendental characteristic dispersion
equation of the surface deﬂection is derived. Some special cases are reported upon appropriate data choices.
The stability analysis is analysed using linear and nonlinear approaches. To defeat the obstacle in the obtained
transcendental equation, a small angular velocity is only
taken into account. The stability analysis adapted the
HPM. The main results of the problem may be summarised in the following points:
• Throughout the linear stability approach:
– Only one stability criterion is given by inequality
(45).
– The stability diagram plots the square of the
angular frequency 2 vs. the wave number k.
– To relax the mathematical calculations, a nondimensional analysis is performed. The numerical calculations show that the surface currents
have a stabilising effect. In contrast, the ratios of
the magnetic ﬁelds as well as the Darcy’s coefﬁcients have a destabilising inﬂuence.
– The magnetic ﬁeld plays a dual role in the stability conﬁguration depending on the sign of the
term ν/((ν − 1)(ρ1 − ρ2 ν)).
• Throughout the nonlinear approach:
– Several stability criteria have been obtained as
given in inequalities (62).
– As shown in the linear theory, the stability diagram depicts the square of the angular frequency
2 vs. the wave number k.
– The numerical calculations show that all the
parameters H, Jf2 , and ν have a stabilising inﬂuence.
– The distribution of the surface deﬂection is
deduced in eq. (66). In addition, its proﬁle is
sketched throughout three ﬁgures.
• The proﬁle of the surface deﬂection reveals that:
– The parameters Jf2 ,  and ν play dual roles in
the stability behaviour.
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