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Abstract. A new thermodynamic computational model has been proposed for the current study, which deals with
the free convective supercritical Casson ﬂuid ﬂow past a vertical cylinder. In this model, pressure, temperature and
compressibility factor are the critical parameters to govern the thermal expansion coefﬁcient. The present model is
based on the Redlich–Kwong equation of state. Comparisons with experimental results and determined values of
thermal expansion coefﬁcient for the choice of chemical compound (isobutene) from the present study show great
similarity. The chemical compound isobutane has many industrial applications. For instance, in geothermal power
plant, supercritical isobutane is employed as a working ﬂuid, it is used in the deactivated (USY alkylation) catalyst
regeneration, it is used in heat pumps and many other industrial processes. Furthermore, isobutane ﬁnds extensive
application as a propellant in foam products and aerosol cans, as a refrigerate gas in freezers and refrigerators, as a
feedstock in industries of petrochemical importance, for standardisation of gas mixtures and emission monitoring,
etc. In addition, the Casson ﬂuid ﬂow model can be used to study the blood ﬂow rheology, slurry ﬂows, etc. The
numerical scheme such as Crank–Nicolson type is demonstrated to simplify the governing nonlinear coupled partial
differential equations. The transient results of ﬂow-ﬁeld variables, coefﬁcients of heat and momentum transport for
a Casson ﬂuid under supercritical condition for various values of reduced pressure and reduced temperature are
computed and discussed through graphs.
Keywords. Thermal expansion coefﬁcient; supercritical Casson ﬂuid; isobutane (C4 H10 ); vertical cylinder;
reduced temperature; reduced pressure.
PACS Nos 05.70.Ce; 05.70.Fh; 44.25.+f; 47.00

1. Introduction
Any substance or a compound at speciﬁc conditions
of temperature and pressure above its critical point
can be described by its incapability to differentiate
whether it is present in a gaseous state or a liquid state.
The ﬂuids that exhibit such intermediate behaviour are
termed as supercritical ﬂuids (SCF). The supercritical
phenomenon at high pressure and temperature is a trending area of study since decades because of its vital
importance in polymers, powders, natural products, cosmetics, biotechnology, pharmaceuticals, biofuels, fossils, etc. In addition, the processes such as puriﬁcation,
polymerisation, crystallisation, extraction, atomisation,

separation, drying, solubilisation, cleaning and many
more are characterised by the SCF phenomenon. Baron
Charles Cagniard de la Tour discovered SCF for the ﬁrst
time in 18th century by conducting experiments on cannon balls.
Recently, investigation of heat transfer problems
with particular importance to free convection has
become the emerging area of research. In the
beginning, Sparrow and Gregg [1] have worked out
the problem of a heated vertical cylinder. Further,
Lee et al [2] considered the problem of a similar type for the same ﬂow geometry with powerlaw variation. However, the research in heat transfer
for free convection under SCF region is still very
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much essential. Some remarkable studies on SCF are
mentioned in [3–17].
Isobutane, also known by its chemical name
methylpropane, is an odourless and colourless gas. It is
the simplest alkane with a tertiary carbon of molecular
formula C4 H10 . This is an isomer of butane and it is used
as a replacement for chloroﬂuorocarbon (CFC) in many
applications such as cleansing products, deodorant,
shaving cream, propellant for hairspray, petrol additive,
portable camp stove, and as an aerosol. Isobutane is chosen for the current study in SCF region because of its
outstanding properties, for instance, it has smaller ozone
layer depletion potentials, it has minimal effect in global
warming and it has low critical pressure. Further, it is
used in geothermal power generation, as a refrigerant,
etc. [18–27].
Most of the studies on SCF were conﬁned to
Newtonian ﬂuid only. The limitations of the classical ﬂuid theory have encouraged the scope for nonNewtonian ﬂuid. The choice of non-Newtonian ﬂuid for
the present study is Casson ﬂuid. It is obviously important because of its critical usage in daily life. It has
well-deﬁned rheological properties compared to other
viscoplastic ﬂuid models. This particular ﬂuid belongs
to the category of shear thinning liquid with the assumption of ‘having an inﬁnite viscosity at zero rate of shear,
a yield stress below which no ﬂow occurs and zero viscosity at an inﬁnite rate of shear [28]’. Hand cream,
honey, blood, gelatin, jelly, milk, ink, etc. are some of
the examples belonging to the class of Casson ﬂuid.
Some of the research contributions on Casson ﬂuid are
listed in [29–31]. Very recently, Janardhana Reddy et al
[32,33] have worked out the problems on cylinder geometry with Casson ﬂuid. They also studied the heatline
visualisation [32] and entropy generation [33].
The aim of the present work is to study the transient
boundary layer ﬂow characteristics of ‘supercritical
Casson ﬂuid of isobutane over an isothermal vertical
cylinder’. The current investigation is very signiﬁcant
due to the versatile usage of isobutane. The present
model considers the equation of state (EOS) for predicting the supercritical ﬂow characteristics of Casson
ﬂuid in terms of isobutane. For the ﬁrst time, an attempt
has been made through this research paper ‘to study
the buoyancy-driven boundary layer region around an
isothermal vertical cylinder which is kept in supercritical Casson ﬂuid’. A ‘ﬁnite difference implicit scheme
of Crank–Nicolson type’ is used as the computational
tool. Numerically simulated values are recorded for the
selected compound isobutane. The inﬂuence of isobutane in ‘supercritical’ region pertaining to the Casson
ﬂuid ﬂow variables, heat and momentum transport coefﬁcients are observed signiﬁcantly and corroborated with
those of the existing theoretical or reference results.

2. Equation for β in supercritical Casson ﬂuid
region based on Redlich–Kwong equation of state
(RK-EOS)
In most of the studies (free-convective ﬂow under
the Boussinesq approximation), it is assumed that the
volumetric coefﬁcient of thermal expansion (β) is a
constant. Similarly, the variation of β with respect to
‘pressure and temperature’ is omitted. However, under
SCF region, the results obtained can be erroneous with
this assumption. Hence, to evaluate β, a suitable equation of state is required. In this paper, RK-EOS [34] is
used to calculate β in terms of compressibility factor
(Z ), temperature (T  ) and pressure (P).
The thermodynamic equation to calculate β based on
RK-EOS is given by [16,34]



1
3.5AB +2Z B 2 + B Z − 2.5AZ
β=  1−
,
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3Z 3 − 2Z 2 + Z (A − B) − B 2 Z
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Similarly, the expression for β using VW-EOS [35]
is given by



2Z 2 B − 2Z A + 3AB
1
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Furthermore, the reduced temperature and reduced
pressure are deﬁned as Tr∗ = T  /Tc and Pr∗ = P/Pc . In
eqs (1) and (2), T  is the temperature, P is the pressure,
Z is the compressibility factor, V  is the molar volume,
R  is the universal gas constant, A and B are the RKEOS constants, Tc is the critical temperature, Pc is the
critical pressure and further, ﬁgure 1a shows the phase
diagram of isobutane.

3. Formulation of the research problem
For supercritical Casson ﬂuid, the transient freeconvective ﬂow over a vertical cylinder in a twodimensional region is deliberated, and the respective
ﬂow geometry is reﬂected in ﬁgure 1b. The x- and
r -coordinates are assumed along the axis of the cylinder (vertically upward) and normal to the cylinder,
respectively. The governing equations are deﬁned by
neglecting the effect of viscous dissipation. In addition,
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(4)

(5)
(6)

√
where βc = μB 2πc / p y is the Casson ﬂuid parameter.
The initial (t  ≤ 0) and boundary (t  > 0) conditions
to solve eqs (4)–(6) are given below:
⎫
t  ≤ 0 : u = 0; T  = T  ∞ ; v = 0 ∀ x and r ⎪
⎬
t  > 0 : u = 0; T  = T  w ; v = 0 at r = r0
.
u = 0; T  = T  ∞ ; v = 0 at x = 0
⎪
⎭
u → 0; T  → T  ∞ ; v → 0 as r → ∞

Figure 1. (a) Phase diagram and (b) physical model of the
current problem.

the rheological equation for a viscous incompressible
Casson ﬂuid ﬂow is given by [36,37]
⎧
√
⎨ 2μB + 2 p y /√π ei j , π > πc ,
τi j =
(3)
√
⎩ 2μB + 2 p y /√πc ei j , π < πc .
The symbols involved in the tensor (τi j ) are explained
in detail in the available literature [33]. Considering the
abovementioned assumptions and Boussinesq approximation for SCF, the governing equations have been
formulated as eqs (4)–(6) for supercritical Casson ﬂuid
ﬂow across the boundary layer region [28–34]:

(7)

In eqs (4)–(7), u, v are the components of velocity
along x and r coordinates, t  is the dimensional time, ρ is
the ﬂuid density, g is the acceleration due to gravity, thermal expansion coefﬁcient is denoted with β, dynamic
viscosity is indicated with μ, Py is the yield stress, α is
the thermal diffusivity, r0 is the radius of the cylinder,
 and T  is the
free stream temperature is denoted by T∞
w
wall temperature.
However, the present physical problem involves
the system of nonlinear coupled partial differential
equations (4)–(6), with appropriate conditions (7), is
difﬁcult to solve directly in the dimensional form.
Therefore, to avoid this difﬁculty, we have used nondimensionalisation process, which reduces the dimensional governing equations to their non-dimensional
forms. It is clear that non-dimensionalisation is a technique of removing the units from the equation of a
physical problem in partial or full scale by substituting appropriate parameters (variables). This practice
can abridge and parameterise problems where the measured units are involved. In particular, the dimensionless
approach typically generalises the problem. In view
of these reasons, the following dimensionless physical
quantities are used.
Consider the below non-dimensional numbers and
substitute:
x
ur0 ⎫
r
⎪
, R= , U =Gr −11/12
⎪
r0
r0
ϑ ⎪
⎪
⎪
⎬
ϑt 
vr0
T  − T ∞
, t= 2 , θ = 
V=
. (8)
ϑ
T w − T ∞
r0
⎪


⎪
⎪
⎪
gβr03 T  w − T  ∞
ϑ
⎪
⎭
Gr=
,
Pr=
2
ϑ
α
X =Gr −11/12
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In eqs (4)–(7), they are abridged to the following form:
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4. Solution methodology using a ﬁnite difference
scheme

(9)

(10)
(11)

The conditions at initial time (t ≤ 0) and boundary
(t > 0) in non-dimensional form are given below:
⎫
t ≤ 0 : θ = 0, U = 0, V = 0 ∀ X and R ⎪
⎬
t > 0 : θ = 1, U = 0, V = 0 at R = 1
.
θ = 0, U = 0, V = 0 at X = 0
⎪
⎭
θ → 0, U → 0, V → 0 as R → ∞
(12)
In eqs (8)–(12), U and V are the components of nondimensional velocity along X and R directions, ϑ is the
kinematic viscosity, Gr is the Grashof number, Pr is the
Prandtl number, θ is the non-dimensional temperature
and t is the dimensionless time.
The physical signiﬁcance of non-dimensional parameters used in this study is as follows:
(i) βc can be used to determine the viscoplastic
(pseudoplastic) behaviour of Casson ﬂuid;
(ii) Gr signiﬁes the buoyancy-induced natural convection ﬂow;
(iii) Pr gives the relative thickness of ‘thermal boundary layer to the momentum boundary layer’.

Figure 2. Grid independency test for the selection of grid
size in the supercritical Casson ﬂuid region.

The set of unsteady nonlinear-coupled partial differential equations along with conditions (non-dimensional),
i.e. eqs (9)–(12), which describe the supercritical Casson ﬂuid ﬂow past a vertical cylinder, is sufﬁciently
complex. The failure of analytical methods for the simpliﬁcation of this set of complicated equations suggests a
numerical method to get an approximate solution. Here,
a compatible implicit iterative method with characteristics of unconditionally stable and fast convergence is
used, which is explained in [38]. The solution domain
varies from X min = 0 to X max = 1 and from Rmin = 1
to Rmax (or R = ∞) = 20. A grid independency test
ensures the consistency and an economical convenience
(refer ﬁgure 2) for the selection of mesh size. The criterion of convergence is ﬁxed (as 10−5 ) for all ﬂow-ﬁeld
variables.
5. Results and discussion
5.1 Validation of RK-EOS model
The β curves with respect to temperature for isobutane at
two different pressure conditions based on experimental
data [40], perfect gas equation [39], RK-EOS [34] and
VW-EOS [35] are shown in ﬁgures 3 and 4.
It is evident from ﬁgures 3 and 4 that the β values
calculated based on the RK-EOS have given accurate
results and are more comparable with reference data [40]
than the values calculated based on VW-EOS. Therefore, the RK-EOS model is the better choice than the
VW-EOS and a perfect-gas hypothesis (constant β).
Table 1 provides critical values of isobutane such as Tc
(critical temperature), M (molar mass), Pc (critical pressure), Vc (critical volume), Z c (critical compressibility
factor) and Dc (critical density). Table 1 helps in calculating β based on the ‘thermodynamic models (RK-EOS
and VW-EOS) and reference data that are presented in
tables 2–4, respectively’. The observations from these
tabulations give a clear idea that β values calculated
from RK-EOS are in better agreement with the experimental data than that of VW-EOS.
The value of Nu X as a function of Ra X for the ‘supercritical isobutane’, which is revealed in ﬁgure 5 using
the ‘empirical correlation’ equation taken from [41], is
of the following form:

1/4
7Pr
Nu X
4
=
1/4
3 5(20 + 21Pr)
Ra X


4(272 + 315Pr) d 1/4 −1
Ra
+
.
(13)
35(64 + 63Pr) l X
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Figure 3. (a) Comparison of volumetric coefﬁcient of thermal expansion (β) of isobutane based on VW-EOS [35], perfect-gas
assumption [39] and RK-EOS [34] with reference values [40] at 7 MPa and (b) an identical graph in the temperature range
between 500 and 960 K.

Figure 4. (a) Comparison of volumetric coefﬁcient of thermal expansion (β) of isobutane based on VW-EOS [35], perfect-gas
assumption [39] and RK-EOS [34] with reference values [40] at 13 MPa and (b) an identical graph in the temperature range
between 525 and 1000 K.
Table 1. Critical values of isobutane [16,40] for calculating the parameters of the ﬂuid.
Chemical compound
Isobutane

Pc (MPa)

Tc (K)

Vc (cm3 /mol)

M (kg/mol)

Dc (kg/m3 )

Z c (−)

3.640

407.85

259

0.05812

224.36

0.278

Table 2. The coefﬁcient of thermal expansion (β) in the region of SCF based on RK-EOS [34] for various values of pressure
(P) and temperature (T  ).
P (MPa)
7
13

Pr∗

T  (K)

Tr∗

A

B

Z

β (1/K)

1.92
3.57

410
440

1.00
1.07

0.811342
1.262924

0.165703
0.286752

0.341952
0.559331

0.00613239
0.00367354
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Table 3. The coefﬁcient of thermal expansion (β) in the region of SCF based on VW-EOS [35] for various values of pressure
(P) and temperature (T  ).
P (MPa)
7
13

Pr∗

T  (K)

Tr∗

A

B

Z

β (1/K)

1.92
3.57

410
440

1.00
1.07

0.802811
1.294557

0.239124
0.413808

0.417540
0.672994

0.00349887
0.00203842

Table 4. The coefﬁcient of thermal expansion (β) in the
region of SCF based on reference data [40] for various values
of pressure (P) and temperature (T  ).
P (MPa)
7
13

Pr∗

T  (K)

Tr∗

Z

β (1/K)

1.92
3.57

410
440

1.00
1.07

0.30270
0.52272

0.00673473
0.00415407

Figure 6. Comparison graph for ﬂow variables.

Figure 5. Local Nusselt number (Nu X ) as a function of local
Rayleigh number (Ra X ) for isobutane when Pr∗ = 1.09 and
Tr∗ = 1.0 based on VW-EOS [35], RK-EOS [34], experimental correlation [40] and ideal gas-EOS [39].

In eq. (13), Nu X is the local Nusselt number, Ra X is
the local Rayleigh number, d denotes the diameter of
the cylinder and l indicates the height of the cylinder.
Figure 5 gives the evidence that ‘the RK-EOS curve’ for
Nu X against Ra X is almost overlapping with empirical
correlation curve as than the the ideal gas assumption and VW-EOS curves. This remark ensures that
the ‘accuracy of RK-EOS model’ is more appropriate
than the other models for obtaining β values and natural
convection phenomenon in the SCF region.
5.2 Flow variables
The ﬂow characteristics are deﬁned for supercritical
Casson ﬂuid at different locations under both steady and
unsteady states and are shown graphically. The validation of the present problem has been done by comparing

the computational data (U and θ ) of the current work for
a Newtonian case, i.e. βc = ∞ with the results of Lee
et al [2] for Gr = 1.0 and Pr = 0.7. The simulated data
are in good agreement with the earlier results and the
same is reﬂected in ﬁgure 6.
At supercritical condition, the simulations are carried
out numerically for the selected compound isobutane by
taking various values of reduced pressure (Pr∗ ), reduced
temperature (Tr∗ ) and Casson ﬂuid parameter (βc ).
The unsteady U proﬁle at locations (1, 1.4) and
(1, 4.0) for different values of Pr∗ , Tr∗ and βc are
displayed graphically in ﬁgures 7 and 8 vs. time (t),
respectively. Figures 7 and 8 show the results for velocity at near and far distance from the hot cylindrical wall,
respectively. At all locations, the velocity augments with
time till the temporal peak is achieved, then the marginal
drop occurs subsequently, and in the end, it attains steady
state. In the supercritical Casson ﬂuid region, i.e. for
all values of Tr∗ , Pr∗ and βc , the transient wall velocity curve accelerates monotonically to reach temporal
maxima and ﬁnally reaches the time-independent state.
Initially it is observed that, the conduction governs the
heat transfer. After some time, the heat transfer rate is
inﬂuenced by the effect of the free-convective ﬂow of the
supercritical Casson ﬂuid, resulting in increased velocity against time. It can be noticed from ﬁgure 7 that for
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Figure 7. Numerically simulated velocity proﬁle (U ) at (1, 1.4) against time (t) for different values of (a) Pr∗ , (b) Tr∗ and
(c) βc .

increased values of Pr∗ or Tr∗ , the size of the overshoot
of the U curves decreases, and the incentive behind this
decrement is the decreased velocity diffusion term (refer
eq. (10)). Hence, there is a large resistance to the ﬂow of
supercritical Casson ﬂuid in the precinct of the temporal
peak of U. Reverse analysis can be made from ﬁgure 7c
for increasing values of βc . Figures 7a–7c demonstrate
the effects of Pr∗ , Tr∗ and βc , respectively. Similarly,
ﬁgure 8 displays the results at a different location. Figures 7a and 7b show that the unsteady velocity ﬁeld
decreases for the increasing Tr∗ and Pr∗ values. Further,
ﬁgure 7c illustrates that the transient velocity proﬁle
enhances for the increasing values of βc . Furthermore,
exactly reverse behaviour is noticed in ﬁgure 8. Also,
from ﬁgures 7a–7c, the time needed for attaining the
temporal peak value of velocity increases for increasing

values of Pr∗ and Tr∗ and it increases for the decreased
values of βc . Exactly similar tendency can be found in
ﬁgure 8. The temperature distribution against time is
shown graphically in ﬁgure 10 and analysed in later
discussion.
Figure 9 represents the U proﬁle in supercritical
Casson ﬂuid region against R at X = 1.0 for different values of Pr∗ , Tr∗ and βc . Figures 9a–9c interpret the
effects of different values of Pr∗ , Tr∗ and βc , respectively,
on velocity proﬁle under steady conditions. In all the
three graphs, the U curves begin with zero value close
to a cylindrical surface, achieve peak value and again
drop to zero value monotonically [for all time (t)] in the
direction of radial coordinate R. The steady-state time
augments for the increased values of Tr∗ or Pr∗ . Also, it
rises for reduced values of βc . The impact of diffusion
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Figure 8. Numerically simulated velocity proﬁle (U ) at (1, 4) against time (t) for different values of (a) Pr∗ , (b) Tr∗ and
(c) βc .

of velocity gets intensiﬁed for greater values of Tr∗ or
Pr∗ , and thus, diminished velocity curves are noticed,
but the reverse trend is noted for Casson ﬂuid parameter (refer ﬁgure 9c). When Pr∗ and Tr∗ increase, the
thermal energy convection is conﬁned to the neighbourhood of a heated cylindrical wall, but the momentum
diffusion is conveyed far away from the hot cylindrical
surface because larger U proﬁles are observed near the
heated wall. From ﬁgure 9a, for all values of Pr∗ in the
supercritical Casson ﬂuid region, i.e. 1 < R < 3.6, the
peak velocity decreases and for R > 3.6, the velocity
increases. Also, from ﬁgure 9b, for all values of Tr∗ in
the supercritical Casson ﬂuid regions, i.e. 1 < R < 3.20
and R > 3.20, the velocity curves decrease and increase,
respectively. Similarly, from ﬁgure 9c for all values of

βc in the supercritical Casson ﬂuid region, i.e. 1 < R <
2.1, the peak velocity (Umax ) diminishes and the reverse
trend is noticed for R > 2.1. The observations from
steady ﬂow graphs are well agreed with ﬁgures 7 and
8. The steady-state velocity of the supercritical Casson ﬂuid decreases with increasing values of reduced
pressure and reduced temperature, but it increases with
increasing values of Casson ﬂuid parameter (βc ). Due
to the variation in the velocity ﬁeld near the boundaries,
the cross-ﬂow behaviour is noticed, which is also clearly
observed in ﬁgures 9a–9c.
In the region of supercritical Casson ﬂuid at (1, 1.45),
the θ proﬁle under an unsteady condition for several
values of Pr∗ and Tr∗ against time (t) is displayed in
ﬁgure 10. The inﬂuences of reduced pressure (Pr∗ ),
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Figure 9. Time-independent state velocity proﬁle (U ) against R when X = 1.0 for different values of (a) Pr∗ , (b) Tr∗ and
(c) βc .

reduced temperature (Tr∗ ) and Casson ﬂuid parameter
(βc ) are shown in ﬁgures 10a–10c, respectively. Here,
at an initial time, the θ proﬁles accelerate with time
till the temporal peak is achieved, then decrease, again
rises, and at last attains the steady state. These transient
effects of the temperature are perceived at other locations (X, R) also. It is remarked that for increasing Pr∗
or Tr∗ and decreasing βc , the temporal peak time rises. In
the beginning, the θ proﬁle for ﬁxed Pr∗ and for variable
Tr∗ is mainly observed in ﬁgure 10b. At the initial phase
of time, it is witnessed that the temperature curves are
overlapping with each other, and after that, they deviate
from one another. Figures 10a and 10c also show the
same behaviour for all values of Pr∗ and βc , respectively.
From ﬁgure 10b, it is clearly noticed that for Tr∗ = 1.0,
the temperature curve shows a different behaviour due

to the existence of a critical point. At starting time, i.e.
at the transition from the subcritical to the supercritical region, this curve shows some kind of ﬂuctuations,
but these ﬂuctuations are smaller in magnitude and are
shown in ﬁgure 10a. It is also remarked that near the
hot surface, the time-dependent temperature increases
for increasing values of Pr∗ or Tr∗ (refer ﬁgures 10a and
10b), and it increases for decreasing values of βc (refer
ﬁgure 10c).
Figures 11a–11c demonstrate the computer-generated
values for θ proﬁles at X = 1.0 (along R) under
steady condition for different values of Pr∗ , Tr∗ and
βc , respectively. These graphical results show that the
θ proﬁles commence at a hot wall with temperature
boundary condition (θ = 1) and monotonically falls
along R till the free stream temperature (θ = 0) is

20
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Figure 10. Time-dependent temperature proﬁle (θ ) at (1, 1.45) against time (t) for various values of (a) Pr∗ , (b) Tr∗ and
(c) βc .

reached. It is also perceived that the steady-state time
increases for greater Pr∗ or Tr∗ values, but pertaining
to βc value, the observation is reversed. Figure 11a
reveals that increased Pr∗ or Tr∗ values yield intensiﬁcation in the time-independent θ proﬁle. This result
is obviously true as increasing Pr∗ or Tr∗ leads to a
decrease in Grashof (Gr) number and increase in Prandtl
(Pr) number, which gives higher value of temperature. Therefore, it can be remarked that the Grashof
number is more dominant than the Prandtl number on
supercritical Casson ﬂuid. From ﬁgure 11b, it can be
understood that under the steady condition, the θ values increase for increased Tr∗ . The main focus of this
plot is near Tr∗ = T  /Tc = 1.0, i.e. near a critical
point, where the θ curve is observed in the proximity of the heated wall. The incentive of the above

statement is the increased values of Gr and Pr, which
can be found near the critical point, i.e. at the critical
temperature and pressure. Hence, greater values of Gr
and Pr result in the thinner boundary layer, which is followed by a decrease in the temperature. Furthermore,
ﬁgure 11c illustrates that as the Casson ﬂuid parameter
increases, the temperature curve moves nearer to the hot
surface.
5.3 Friction and heat transport coefﬁcients
The heat and momentum transport coefﬁcients are key
factors in the free convective studies of heat transfer, particularly in supercritical Casson ﬂuid. These
are given as eqs (14) and (15) in the non-dimensional
form:
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Figure 11. Time-independent state temperature proﬁle (θ ) against R when X = 1.0 for different values of (a) Pr∗ , (b) Tr∗
and (c) βc .


 1
∂U
1
C̄f = 1 +
dX,
βc
∂ R R=1
0
 1 
∂θ
Nu = −
dX,
∂ R R=1
0


(14)
(15)

where C̄f denotes the average skin-friction coefﬁcient
and Nu indicates the average Nusselt number. In the
supercritical Casson ﬂuid region, the values of C̄f
against time (t) for different emerging parameters are
presented graphically. Figures 12a– 12c reveal the inﬂuence of Pr∗ , Tr∗ and βc , respectively. The values of C̄f
are found to be reliable as those are comparable with
velocity proﬁles. An inverse relation is found between
the values of C̄f and the values of Pr∗ , Tr∗ and βc . The

reason for a decrease in C̄f close to the hot surface is
a decrease in the velocity values for increasing Pr∗ or
Tr∗ and decreasing βc (refer ﬁgures 7 and 9). The key
feature of ﬁgure 12b is at Tr∗ = 1.0 (i.e. near the critical point); C̄f has greater ﬂuctuations compared to all
other Tr∗ values. This result is obvious because near
the critical point, Gr and Pr have larger values, which
in turn amplify the C̄f values. Furthermore, from ﬁgure 12c, it is remarked that the C̄f curves are closely
associated with one another in the beginning. In particular, the effect of βc on C̄f proﬁle is insigniﬁcant
in the region 0 ≤ t ≤ 1. In addition, the steady-state
time decreases as βc increases. Again, for various values of Pr∗ , Tr∗ and βc , the Nu curves are exempliﬁed
in ﬁgures 13a–13c, respectively. These consequent
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Figure 12. Average skin-friction coefﬁcient (C̄f ) for different values of (a) Pr∗ , (b) Tr∗ and (c) βc .

ﬁgures convey that the Nu proﬁle decreases against
time, then shows an increase and at last reaches the
steady state. Also, the overlapped Nu curves reveal
the fact about heat transfer due to conduction at the
early time. The signiﬁcant observation is that the Nu
values decrease for increased values of Pr∗ or Tr∗ and
for decreased values of βc because in the supercritical
Casson ﬂuid region, the temperature curves upsurge as
Pr∗ or Tr∗ upsurges and as βc decreases, which yields
negatively increased values of Nu [refer eq. (15) and ﬁgure 11]. Also, as the Casson ﬂuid parameter (βc ) rises,
the steady-state time decreases.
5.4 Casson ﬂuid ﬂow variables, friction and heat
transport coefﬁcients for isobutane in three regions
The ﬂuids can be catagorised on the basis of critical conditions (temperature and pressure) as SCF and

subcritical ﬂuid, i.e. above and below the critical
conditions, respectively (refer ﬁgure 1a).
On the basis of classiﬁcation of ﬂuids related to the
critical pressure and critical temperature, the steady
and unsteady ﬂow proﬁles for Casson ﬂuid, average
momentum and heat transport coefﬁcients for isobutane
in the regions of subcritical, nearly critical and supercritical for different temperatures (T  ) and pressures (P)
are investigated and displayed in ﬁgure 14. Figure 14a
presents a three-region graph for the time-dependent
U and θ proﬁles at different locations (1, 1.4) and
(1, 1.45), respectively. A few important observations
from ﬁgure 14a are listed here: (i) it describes the magnitude of the overshoot of U and θ , which is maximum at
the supercritical region compared to that of the subcritical and near critical regions; (ii) the transient velocity
ampliﬁes as the pressure and temperature ﬂuctuate from
under-critical region to the supercritical region, whereas
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Figure 13. Average heat transport coefﬁcient (Nu) for different values of (a) Pr∗ , (b) Tr∗ and (c) βc .

for transient temperature, the opposite trend is seen; (iii)
for both temperature and velocity proﬁles, the temporal peak time decreases as the temperature and pressure
vary from subcritical region to supercritical region;
(iv) owing to the phase change behaviour, sharp oscillations in transient velocity distributions are noticed;
(v) these ﬂuctuations are noticed particularly in the time
period 0.5 ≤ t ≤ 1.5 where oscillations decay as time
progresses.
The steady-state graphs of ﬂow variables in all regions
for different pressures and temperatures against R at
X = 1.0 are displayed in ﬁgure 14b. These plots depict
the results that as isobutane ﬂows from the subcritical
to the supercritical region, the velocity values increase.
However, for the θ proﬁle, it is seen to be reversed.

It is also remarked that in the supercritical Casson
ﬂuid region, the momentum boundary layer is thicker,
whereas the thermal boundary layer is thinner. This is
true in the three regions. The steady-state time drops as
the ﬂow takes place from the subcritical to the supercritical region.
For different temperatures and pressures, ﬁgure 14c
demonstrates the variation of heat transport and average momentum coefﬁcients with time in all the regions.
Here it is remarked that at the early phase of time,
after t = 0, in all the three regions, the average
heat transfer rates remain the same for all temperatures and pressures, which conﬁrm the heat conduction.
One more important observation is that there is an
increment in both C̄f and Nu as the Casson ﬂuid ﬂow
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Figure 14. The curves in three regions for various pressures, temperatures and for ﬁxed supercritical Casson ﬂuid parameter,
βc = 2.0: (a) transient ﬂow variables, (b) steady-state ﬂow variables and (c) average skin-friction and heat transport coefﬁcients.

starts from the under-critical region to the supercritical
region.

6. Conclusions
Present numerical investigation deals with the study
of supercritical heat transfer characteristics of the
Casson ﬂuid in terms of isobutane ﬂow about an
isothermal vertical cylinder using a ﬁnite difference
technique in supercritical region. Furthermore, RKEOS and VW-EOS are used to formulate the expression for the thermal expansion coefﬁcient in the SCF
region. However, the non-Newtonian Casson ﬂuid ﬂow
model gives the nonlinear, coupled time-dependent

partial differential equations and is solved using the
Crank–Nicolson scheme. The following key observations were recorded based on the numerical simulations:
• A new thermodynamic model has been brought to
attention using RK-EOS to visualise the free convective phenomenon in supercritical Casson ﬂuid
region.
• The calculated thermal expansion coefﬁcient (β) values of isobutane based on RK-EOS are in close
agreement with the reference values compared with
VW-EOS and ideal gas assumption.
• The steady-state time for the ﬂow proﬁles decreases
as Casson ﬂuid parameter βc increases. Furthermore,
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•
•

•

•

higher values of βc increase the size of the overshoot
of the ﬂow velocities.
As supercritical Casson ﬂuid parameter (βc )
increases, the time-independent velocity increases,
whereas the trend is reversed for temperature.
The steady-state velocity proﬁle ampliﬁes and temperature proﬁle decreases as the Casson ﬂuid ﬂow
changes from the subcritical to the supercritical
region.
The average momentum transport coefﬁcient (C̄f )
and heat transport coefﬁcient (Nu) increase as the
Casson ﬂuid ﬂow changes from the subcritical to the
supercritical region. Also, there is a decrease in C̄f
and increase in Nu, as βc increases.
The present study can be extended to understand
some of the reported literature studies such as nuclear
detector instrumentation studies under low pressure
[42], sinusoidal motion of Casson particle ﬂuid [43]
and Jeffrey ﬂuid [44].

In summary, the present work can be extended to
investigate the heat and mass transfer characteristics
of supercritical Casson ﬂuid in different ﬂow conﬁgurations such as parallel disks, wedges, stretching
sheets/surfaces, vertical plates, parallel plates, circular and horizontal cylinders, etc. Furthermore, the
present work may be used to study the supercritical
heat and mass transfer characteristics of complicated
non-Newtonian ﬂuids such as couple stress ﬂuid, fourthgrade ﬂuid, power-law ﬂuid, etc.
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