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Abstract. Non-planar electron-acoustic waves having Cairns–Tsallis distributed hot electrons are investigated
under multiple temperature electrons model in unmagnetised plasma. In this model, Korteweg–de Vries (KdV)
equation is obtained in the cylindrical/spherical coordinates. On the basis of the solutions of KdV equation, variation
of solitary wave features (amplitude, velocity and width) with different plasma parameters are analysed. Dispersion
and nonlinear coefficients obtained depend on the particle density α, non-extensive parameter q, electron temperature
ratio θ and non-thermal parameter γ . Combined effect of all these plasma parameters significantly changes the
properties of the solitary waves in non-planar geometry. It is observed that increasing the number of non-thermal
electrons in the medium increases the amplitude, velocity as well as width of the non-planar waves whereas with
the increase in temperature, the velocity of waves decreases and this impact is dominant in spherical waves. This
two-parameter (γ , q) distribution model (C–T) is applicable to a wide range of observed plasmas, i.e. auroral region
and magnetosphere of the Earth.
Keywords. Electron-acoustic waves; non-planar geometry; Cairns–Tsallis distribution; reductive perturbation
method.
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1. Introduction
Experimental and theoretical analyses of nonlinear
electron-acoustic waves having two-electron population known as cold and hot electrons in magnetised
and unmagnetised plasma have been studied by numerous researchers [1–5]. Electron-acoustic waves (EAWs)
have received a great deal of attention because of
their potential importance in interpreting electrostatic
component of the broadband electrostatic noise (BEN)
observed in the cusp region of the terrestrial magnetosphere [6], in geomagnetic tail [7] and in the dayside
auroral acceleration region [8–10]. The EAWs have also
been used to interpret various wave emissions in different regions of the Earth’s magnetosphere [8,9].
Researchers used Maxwellian distribution to explain
various situations in astrophysical environments [11–
14]. The presence of energetic electrons known as
non-thermal electrons in a number of astrophysical
space environment indicates that the particle distribution

plays an important role in the characterisation of space
plasmas. Cairns et al [15,16] were the first to recognise
the non-thermal distribution of the electrons. Nonthermal model was expressed in terms of γ which
measures the deviation of particles from Maxwellian
distribution. For example, when γ = 0, we shall get
the well-known Maxwellian distribution. Then, Tsallis [17] characterised the non-extensive distribution
of particles for the systems with long-range interactions, e.g. plasmas and gravitational systems having
non-equilibrium stationary states. Parameter q describes
the degree of non-extensivity with q → 1 corresponds to Maxwellian distribution. Some investigators
have used the generalised non-extensive statistics to
explain the number of astrophysical and space scenarois
[18–23].
Tribeche et al [24] introduced a new distribution
known as hybrid Cairns–Tsallis distribution. This distribution is the combination of both Cairns non-thermal
distribution and Tsallis non-extensive distribution. This
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two-parameter (γ , q) distribution model is applicable to
a wide range of observed plasmas, i.e. auroral region
and magnetosphere of Earth. Amour et al [25] used
this model to study the electron-acoustic solitons and
showed that this model supports rarefactive EA waves.
Williams et al [26] re-examined the Cairns–Tsallis distribution for ion-acoustic solitons. They showed the
validity of the model for restricted range of nonextensive parameter q and non-thermal parameter γ ,
i.e. 0 ≤ γ ≤ 0.25 and 0.6 < q ≤ 1. Bouzit et al
[27] studied the contribution of both non-thermal and
non-extensive parameters on the instability domains of
the solitons. Abid et al [28] applied this hybrid model
to study dust grain charging process in plasma with
electrons, positive/negative ion and negatively charged
dust grains. Bala et al [29] investigated the combined
effect of non-thermal and non-extensive parameter on
ion-acoustic dressed soliton dynamics. Recently, Merriche and Tribeche [30] had studied the problems of
modulational instability of rouge wave propagation in
the presence of non-thermal non-extensive plasma and
shown that it is very important to study the combined
effect of non-thermal and non-extensive distribution to
explain various plasma modes. This distribution provides better fit in the data of space observations. As in
many astrophysical and space environment, the solitons
are not always unbounded (infinite), it becomes important to study the plasma waves in non-planar geometry
(cylindrical/spherical).
A lot of research has been done to study non-planar
plasma waves in the last few years [31–34]. Sabry et
al [35] investigated the non-planar ion-acoustic waves
in an unmagnetised plasma with two-electron temperature distributions to study their modulational instability
period which was not present in the planar geometry.
Javidan and Pakzad [36] examined the behaviour of
electron-acoustic waves with superthermal electrons in
cylindrical and spherical coordinates. They found that
the presence of superthermal particles quantitatively
effects the existence region of the solitons in spherical
geometry. El-Labany et al [37] studied the non-planar
electron-acoustic waves in unmagnetised plasma with
non-thermal distributed hot electrons and showed the
influence of various plasma parameters on the analytical phase shift. Very recently, non-planar electron
waves with vortex-like distribution of hot electrons had
been studied by Demiray and El-Zahar [38]. The main
purpose of their study was to use the analytical approximation method to solve the KdV equation and compare
it with numerical solution. They successfully justified
their results in good agreement with numerical solutions. Till now, a very few studies has been done on
this new hybrid C–T distribution. Now, we shall study
the non-planar electron-acoustic waves with hybrid
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Cairns–Tsallis distribution in a two-population electron
plasma which is a more realistic state of the plasma.
In this research paper, EA solitary waves are investigated with two different populations of electrons in
cylindrical/spherical geometries. The paper is organised as: Basic equations are presented in §2 and
non-planar KdV equation is derived using perturbation
method in §3. Section 4 deals with the solution and
results. The conclusions of the results are given in §5.

2. Basic equations
Let us consider an unmagnetised plasma consistent
with stationary ions, cold electrons and Cairns–Tsallis
distributed hot electrons. Such a model in non-planar
geometry for electron-acoustic waves is governed by
[39,40]
∂n c
1 ∂
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r ∂r
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Here, m = 0, 1, 2 for planar, cylindrical and spherical geometry respectively. n c and n h are the number
densities of cold and hot electron species which are
normalised by their equilibrium values n c0 and n h0 .
Here, α = n h0 /n c0 and θ = Th /Tc . The spatial variables are normalised by hot electron Debye length λD =
(kB Th /4π n h0 e2 )1/2 whereas temporal variables by the
inverse of cold electron plasma frequency ω−1
pc
= (m/4π n c0 e2 )1/2 . Cold electron fluid velocity u c
and electrostatic wave potential φ are normalised by
Ce = (K B Th /αm)1/2 and K B Th /e respectively. Here,
K B is the Boltzmann’s constant, e is the electron charge
and m is its mass.
Hybrid Cairns–Tsallis distribution which is the product of Cairns and Tsallis distribution is given
by [24]
f CT (ve )
= Cqγ
where



v4
1 + γ 4e
vte



v2
1 − (q − 1) e2
2vte

1/(q−1)
,

(4)
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of non-extensive parameter q = 0.99 (q → 1) for different values of non-thermal parameter γ to show the
deviation from Maxwellian distribution. It is observed
that the effect of non-thermal parameter γ is prominent
on the shoulders of the distribution and for γ = 0, the
velocity distribution curve approaches the Maxwellian.
Figure 1b depicts the variation of distribution curve for
different values of q at γ = 0.2. It is clear from the
plot that for q = 0.99 (q → 1), the curve approaches
pure Cairns distribution. We note that when q → 1 and
γ = 0, eq. (1) reduces to Maxwellian distribution. On
integrating eq. (4), we shall get the Cairns–Tsallis distribution for the hot electrons, taken from the model of
Amour et al [25],
1

n h = [1 + (q − 1) φ] q−1

+ 21

[1 + β1 φ + β2 φ 2 ],

(7)

where
β1 = −16qγ /(15q 2 − 14q + 12γ + 3)
and
β2 = −16(2q − 1)qγ /(15q 2 − 14q + 12γ + 3).
Using the above value in eq. (3), we get


∂ 2φ
1
1
2
,
= n c + 1 + c1 φ − c2 φ − 1 +
∂r 2
α
α

(8)

where
15q 3 + q 2 − (11 + 20γ ) + 12γ + 3
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Figure 1. Plot of Cairns–Tsallis distribution function for (a)
γ = 0, 0.1 and 0.2 at q = 0.99 (q → 1) and (b) q = 0.7, 0.8
and 0.99 at γ = 0.2.
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Here, vte = (Te /m e )1/2 is the thermal velocity of
electron, Cqγ is the normalisation constant, γ is the
non-thermal parameter representing the number of energetic electrons in the medium and q is the non-extensive
parameter.
In figure 1a, Cairns–Tsallis distribution function
f CT (ve ) is plotted as a function of vx /vte at a fixed value

(5)

(6)

3. Cylindrical/spherical KdV equation
To study the small-amplitude shock waves in a plasma,
let us assume the stretched coordinates as τ = 3/2 t
and ξ = 1/2 (r − λt), where is a small parameter and
the wave speed λ is normalised by Ce . The dependent
variables n c , u c and φ are expanded as follows:
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2
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(9)
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Substitute (9)–(11) into (1), (2), (8) and collect the lowest coefficients of as
n 1c = −αc1 φ1

(12)

u 1c = −αc1 λφ1

(13)

1
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θ
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2

λ2 =

(14)

Equation (14) gives the relation between frequency and
wave number known as dispersion relation of the solitary waves. Now, equate the coefficients of higher-order
of from both sides of (1), (2) and (8), we obtain
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Now, rearranging eqs (15)–(17) and using eqs (12)–(14)
to eliminate the first-order terms, we finally get the KdV
equation for EA waves in non-planar geometry as
∂φ
m
∂φ
∂ 3φ
+ φ + Pφ
+ Q 3 = 0,
∂τ
2τ
∂ξ
∂ξ

(18)

where φ1 = φ. P and Q are the coefficients of nonlinearity and dispersion given by
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Equation (18) is known as KdV equation in cylindrical/
spherical coordinates. The value of m can be 0 (planar),
1 (cylindrical) and 2 (spherical waves). Now, if we set
γ = 0 and θ = 0, our results reduce to ref. [41] obtained
by Pakzad. In the next section, we shall study the effect
of these parameters on the propagation charactristics of
solitary waves in different geometries.

4. Numerical analysis and discussion
To solve eq. (18) numerically, we shall assume that at
large values of τ (say τ = −14), the term m/2τ becomes
too small and can be neglected. At this stage, stationary
solution of eq. (18) obtained by the tanh method [42]
can be used as the initial condition, i.e.


2 ξ − u0 τ
,
(21)
φ = φm sech
δ
where φm = (3u 0 /P) is the amplitude and δ =
√
4Q/u 0 is the width of the soliton. The second term of
the left-hand side of eq. (18), m/2τ , becomes dominant
only at small values of τ and can be ignored at large values of τ (say τ = −14). At large values of τ , the profile
of the cylindrical and spherical waves approaches the
plasma waves in planar geometry, but as the value of
τ decreases, these three types of waves (flat, cylindrical
and spherical) differ significantly from each other. Equations (19) and (20) show that the coefficients P and Q are
complicated functions of plasma parameters. Therefore,
the effect of parameters on the amplitude, width and
velocity of the waves is studied with the help of graphs
for different values of parameters q, γ , α and θ . In our
work, only rarefactive solitons are possible as nonlinear coefficient P < 0. The plasma parameters from
ref. [43] have been choosen to study the effect of nonthermal extensivity, geometry, temperature and density
on the solitary wave properties. Figures 2–4 show how
the effects of different plasma parameters modify the EA
wave structures with multiple temperature electrons.
In the persent problem, our main aim is to analyse
the effect of various physical parameters γ (degree of
non-thermality), θ (temperature ratio), α (density) and
q (non-extensivity) on the propagation of EA waves in
unmagetised non-planar palsma. For this purpose, we
have plotted potential φ vs. ξ . To keep the value of the
second term of eq. (18), m/2τ , constant in both cylindrical and spherical geometries, we have taken m = 1,
τ = −1 in cylindrical case and m = 2, τ = −2 in
spherical case so that m/τ = −1 because the presence
of the second term m/τ of expression (18) shows the
difference between planar and non-planar geometries.
If m/2τ = 0, then our equation reduces to KdV Burger
equation in flat geometry. Figures 2a and 2b present
the evolution of non-planar electron-acoustic waves for
three different values of q, i.e., q = 0.7, 0.8, 0.9 when
m/τ = −0.5, −0.67 and −1. The other plasma parameters are α = 2, θ = 200 and γ = 0.2. Figure 2 depicts
the change in the properties of solitary waves with q.
It is clear from figures 2a and 2b that the width and
amplitude of the solitary wave decrease with increase
in q in both cylindrical and spherical geometries but the
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Figure 2. Variation of φ with ξ for q = 0.7, 0.8 and 0.9 at
α = 2, γ = 0.1 and θ = 200 in (a) cylindrical (m = 1) and
(b) spherical geometries (m = 2).

effect is more dominant for spherical waves than for
cylindrical waves.
However, it is worth discussing here the effect of temperature ratio (θ ) as it plays a significant role on the
properties of EA waves. To study the influence of θ on
the soliton properties, a graph is plotted between φ and ξ
for three different values of θ , i.e., θ = 20, 50 and 200 as
illustrated in figures 3a and 3b in different geometries.
From the figure, it is depicted that the increase in the
electron temperature ratio increases the wave width as
well as amplitude. θ has significant effect on amplitude,
width and velocity of the waves. It is very interesting to
note here that the velocity of the solitary wave decreases
with increase of temperature for the same value of m/τ
in spherical coordinates as shown in figure 3b. It means
that electron-acoustic waves slow down with increasing temperature when m = 2 (spherical geometry).
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Figure 3. Variation of φ with ξ for θ = 200, 50 and 20 with
α = 2, γ = 0.1 and q = 0.8 in (a) cylindrical (m = 1) and
(b) spherical geometry (m = 2).

Also as one goes to higher values of m/τ , velocity,
amplitude and width of the wave increases and this is
more noticeable in spherical coordinates compared to
cylindrical one.
The solutions of eq. (18) have been plotted in figurse 4a and 4b for cylindrical and spherical geometries
respectively to study the combined effect of nonthermal non-extensive parameter. Figure 4 shows that
an increase in non-thermal γ (γ = 0, 0.05, 0.1) leads
to an increase in the width and amplitude. Other plasma
parameters are q = 0.8, θ = 200 and α = 2. However, wave amplitude and steepness are found to be
more pronounced in figure 4b. There is a slight increase
in the velocity of waves in both geometries with nonthermal parameter γ . It is observed that increasing
the number of non-thermal electrons in the medium
increases the amplitude, velocity as well as width of
the non-planar waves but the impact is dominant in
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spherical goemetries. Our results show that increase in
values of θ and γ increases the amplitude and width
but increase in values of non-extensive parameter q
decreases the amplitude and width of the waves. It is very
interesting to note here that the velocity of the solitary
wave decreases with increase of temperature parameter for the same value of m/τ in spherical coordinates
as shown in figure 3b. It means that electron-acoustic
waves slow down with increasing temperature when
m = 2 (spherical geometry). Furthermore, we found
that the effect is more pronounced in spherical coordinates. If we assume θ = 0 and γ = 0, then results of
our paper are consistent with [41]. This two-parameter
(γ , q) distribution model is applicable to a wide range
of observed plasmas, i.e. auroral region and magnetosphere of the Earth. Results could be helpful to analyse
the features of solitons and their physical processes in
complex astrophysical plasma.
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Figure 4. Variation of φ with ξ for γ = 0, 0.05 and 0.1 with
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