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Abstract. In this paper, we propose a family of circulant systems with conservative property. Various dynamical
properties of the circulant systems are derived and investigated. Bifurcation plots are derived and presented for a
system and the Lyapunov exponents are derived to show the existence of chaotic oscillations, and their sum being zero
confirms the conservativeness for certain values of parameters. One of the proposed systems is then implemented
in field programmable gate array (FPGA) to show the hardware reliability. We used the hardware–software cosimulation to see the phase portraits of the FPGA implemented system. The discrete integrators required for solving
the initial value problem are implemented using the Euler’s method. The register transfer level schematics of the
FPGA implemented system and the resources used for the implementations are presented.
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1. Introduction
A dynamical system is called chaotic if it exhibits an
aperiodic long-term behaviour, and is sensitive depending on initial conditions. Introducing chaotic systems
with new features has been of great interest to the
researchers. Most of these discoveries are based on
their equilibrium points; with no equilibrium points
[1,2], with only stable equilibria [3,4], with curves
of equilibria [5], with surfaces of equilibria [6,7] and
with non-hyperbolic equilibria [8]. Several new chaotic
systems with features related to symmetry are also discussed in [9–11]. One of the interesting areas of research
in chaotic systems is generating multiwing [12] and
multiscroll [13,21] chaotic systems. A new category of
dynamical systems with hidden attractors is discussed in
[22]. Many types of mathematically simple chaotic systems of conservative and dissipative natures have been
explored already [23].
Every newly proposed chaotic system should support
at least one of the three principles that have been noted
[24]. These principles are as follows:
(1) The system should credibly model some important unsolved problem in nature and shed insight
on that problem.

(2) The system should exhibit some behaviour
previously unobserved.
(3) The system should be simpler than all other
known examples exhibiting the observed
behaviour.
Our proposed system falls in the second category as such
classes of conservative cyclic symmetry systems (CSSs)
have not been investigated in the literature so far.
Conservative chaotic systems are systems which are
volume conserving. Even though some CSSs are discussed in [23], less is known about the dynamic properties of such systems. Inspired by this, we have presented
a class of CSSs of conservative nature with multistability and coexisting attractors.
The novelty of the proposed systems is that it
shows cyclic symmetry and is volume conservative.
Such systems are less investigated in the literature
and hence are interesting. Also, the ease of hardware
implementation increases the scope of the application in chaos-based communication systems. Various
dynamical analyses of the proposed systems such as
Lyapunov exponents (LEs), bifurcation plots and their
Lyapunov spectra are derived and presented in §2 and
in §3 we have presented the field programmable gate
array (FPGA) implementation of the proposed system.
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Table 1. Class of CSSs.
Name of the system
CSS-1
CSS-2
CSS-3

System equations

Initial conditions

Parameters

f (x, y, z) = a − y + z − b |y| + c |x|
f (x, y, z) = (y − a)2 − bz + c
f (x, y, z) = ay 3 − cz − byz

[0.4, 0, 0]
[0.7, 0.6, 1.2]
[−0.7, 0.3, 1.1]

a = 1, b = 1, c = −0.1
a = 0.1, b = 1, c = 0.1
a = 1, b = 0.1, c = 1

Figure 1. (a)–(c) 2D phase portraits of CSS whose parameters and initial conditions are given in table 1.

Figure 2. (a) Bifurcation of CSS-2 with parameter c for initial condition and parameter values as given in table 1, (b)
the maximum Lyapunov exponent of CSS-2 for different values of c and (c) the LEs showing the conservative section for
0.05 ≤ c ≤ 0.95 when the sum of the LEs is zero.
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Table 2. LEs and the type of system.
Name of the system
CSS-1
CSS-2
CSS-3

LEs

DKY

Type of the system

Figures

[0.0048, 0, −0.0048]
[0.00154, 0, −0.00154]
[0.0395, 0, −0.0395]

3
3
3

Conservative
Conservative
Conservative

1a
1b
1c

Figure 3. RTL schematic block diagram of CSS-2 with parameter inputs.

For dynamical analysis and FPGA implementation, we
have chosen CSS-2 (refer table 1). Finally, §4 provides
a conclusion.
2. Cyclic symmetry system
Circulant systems are a special class of nonlinear chaotic
systems which show cyclic symmetry. Circulant systems
that are conservative in nature were less investigated in
the literature. Even though some CSSs are discussed,
less is known about the dynamic properties of such systems. A CSS is a system in which the dimensionless
model can be defined as [2]
ẋ = f (x, y, z),
ẏ = f (y, z, x),

ż = f (z, x, y).

(1)

With respect to eq. (1), we propose a class of systems
with cyclic symmetry as shown in table 1. x, y and z are
the state variables. The initial conditions of the systems
are given in table 1. These classes of systems have three
parameters a, b and c.
Chaotic systems can be classified as conservative if
the sum of the LEs is zero and it is dissipative if the sum
of the LEs is negative. We use Wolf algorithm [25] to calculate the finite-time LEs along with the Kaplan–Yorke
dimensions (DKY ) whose values are given in table 2.
The two-dimensional (2D) phase portraits in the X –Y
plane are given in figure 1.
The formula to find Kaplan–Yorke dimension is given
as follows:
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Figure 4. RTL schematics of CSS-2 with the state equations implemented in Virtex-7.

DKY

j
λi
= j +  i=1  ,
λ j+1 

(2)

where j is defined by the condition that
j

i=1

λi > 0 and

j+1


λi < 0.

i=1

The 2D phase portraits in the X –Y plane are given in
figure 1. We produce the X –Y phase portraits of CSSs
as shown in table 1 which is generated using MATLAB
ode 45 function.
Bifurcation plots of CSS-2 are derived and presented
in figure 2. As can be seen from figure 2a, CSS-2 takes a
routine period doubling route to chaos. Similarly, all the
other conservative systems shown in table 1 approach
chaos with period doubling. Figure 2a gives the bifurcation of CSS-2 with a parameter c for initial condition and

parameter values as given in table 1. The initial condition
of CSS-2 is changed to the end values of the state trajectories for every value of parameter c. Figure 2b gives
the maximum LE of CSS-2 for different values of c and
figure 2c gives the LEs showing the conservative section
when c lies between 0.05 and 0.95 and the sum of the
LEs is zero.
As can be seen from figure 2a, CSS-2 shows a more
complex bifurcation pattern similar to all the other
conservative systems discussed in the literature. Such
bifurcation pattern may not clearly describe the chaotic
and the tori regions and hence we derive the Lyapunov
spectrum for the parameter c. It can be verified from
figure 2c that CSS-2 shows conservativeness as the sum
of the LEs is zero. Table 2 gives the LEs of the systems and its Kaplan–Yorke dimension. For conservative
systems, the sum of the LEs is zero which makes the
Kaplan–Yorke dimensions an integer [26].
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Figure 5. (a), (b) 2D phase portraits of CSS-2 implemented in FPGA and the outputs are taken with the hardware–software
co-simulation and (c) the time series of the state z of FPGA-implemented CSS-2.

3. FPGA implementation of CSS-2
FPGAs have been the choice for implementing chaotic
systems in recent years. The hardware and software
co-simulation has been the most commonly used implementation method for FPGA [27]. There have been
various discussions on FPGA implementation of chaotic
systems such as multiscroll attractors [28–30], discretised chaotic systems [31,32] and also the implementation of chaos-based applications in image cryptography [33]. Even memristor-based chaotic systems [34]
and complex higher-order chaotic systems [35,36] are
implemented in FPGAs.
Various synchronisation and control algorithms such
as synchronisation of Ikeda systems [37], genetically
optimised programmable integral derivative and sliding mode control-based synchronisations [38,39] and
adaptive sliding mode synchronisation [40] are realised
using FPGAs. Implementing fractional order chaotic
systems efficiently in FPGAs has shown a new way
of applying chaotic systems with complex behaviour
for cryptography [38–41]. The power efficiency of the
fractional-order nonlinear controllers is analysed using
their equivalent implementations in FPGAs [42,43].
Apart from fractional-order systems, chaotic systems
with time delays are considered to be more complex.
Implementing chaotic systems with time delays has also
been explored [37,44].
The proposed CSS-2 is implemented in FPGA using
the hardware–software co-simulation. Spartan 7

processors are selected for implementation with the
clock period set as 10 ns. We use the forward Euler’s
method to derive the discrete form of CSS-2 which is
given as follows:

x(k + 1) = x(k) + h ay(k − 1)3 − cz(k − 1)

− by(k − 1)z(k − 1) ,

y(k + 1) = y(k) + h az(k − 1)3 − cx(k − 1)

− bx(k − 1)z(k − 1) ,

z(k + 1) = z(k) + h ax(k − 1)3 − cy(k − 1)

− bx(k − 1)y(k − 1) ,
(3)
where h is the step size which is taken as h = 0.001.
The discrete state equations are implemented using
the hardware and software co-simulation and needed
basic arithmetic operators are implemented using the
Xilinx system generator toolkit. We used Virtex 7
(xc7v200t) for the co-simulation with the Simulink
used to generate the phase plots. Figure 3 shows the
main register transfer level (RTL) block of CSS-2 with
parameter inputs. Figure 4 shows the RTL schematics
of the state variables and figures 5a and 5b show the
2D state portraits plotted using CSS-2 with the required
state variables x, y and z used from the outputs of the
FPGA-implemented CSS-2. Figure 5c shows the time
series of CSS-2 implemented in Virtex-7. Table 3 shows
the resources consumed by CSS-2 for implementing in
FPGA.
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Table 3. Resources consumed by CSS-2 implemented in
Virtex-7.
Resource

Utilisation

Available

Utilisation (%)

549
192
72
97
1

1,221,600
2,443,200
2160
1200
128

0.04
0.01
3.33
8.08
0.78

LUT
FF
DSP
IO
BUFG

4. Conclusion
We have proposed a family of circulant chaotic systems with conservative property. The proposed systems
are easily realisable using analogue or digital hardware
and hence have applications in secure communication
systems. We have derived and discussed various dynamical properties of the proposed system such as LEs and
bifurcation plots. Finally, CSS-2 is implemented using
FPGAs and the RTL schematics are presented. The
output of the state variables is seen using the hardware–
software co-simulation.
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