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Abstract. A new expression for the dielectric function is suggested here, which is the Mermin–Belkacem-Sigmund
(MBS) model derived from the Belkacem–Sigmund (BS) model based on the conservation of a local particle number
in the Mermin model. The energy loss function expressions are reviewed analytically for both models, and these
dielectric functions were used to calculate the Bethe sum rule, the energy loss function (ELF), as well as the
differential inelastic inverse mean free path (DIIMP) for H2 O. The indication from the results is that, compared to
the BS dielectric function, the MBS dielectric function is more compatible in its consistency with the exact Bethe
sum rule. The ELF for the MBS type is compatible relatively in high and low momentum transfers, while the ELF for
the BS type is suitable for high-k. The two models of ELF were also applied to evaluate DIIMP for electron kinetic
energy 1 keV, and these were compared with the results predicted in several ways via the SESINIPAC program,
using the Mermin dielectric function and the extended Drude and Monte–Carlo method. These predicted results are
in reasonable agreement with those estimated from other methods at the range of energy transfer (0–50) eV.
Keywords. Energy loss function; differential inelastic inverse mean free path; local particle number; Bethe surface;
dielectric function.
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1. Introduction
The energy loss function (ELF) = Im[−1/ (k, ω)] of
the quantum dielectric function (DF) has become one
of the most commonly used techniques to describe the
interaction of the charge particles with a large number
of electrons that bind different atoms or molecules. In
both atomic and molecular collision physics, the applications of DF are widespread [1,2]. This is also seen in
nanophotonic structures [3], energy-harvesting materials [4–6] and the depth–dose distribution (Bragg peak
curves) of energetic heavy ions [7].
In recent decades, study of the energy loss of charged
particles has played an important role due to the development of many applications such as the charged
particle-focussed ion beam [8]. The charged particles,
such as electrons, ions, or hadrons (protons, α-particles)
have the capacity to be attached directly onto a substrate
[9]. The ability of protons or heavy ions to produce
atomic displacement and damage at a specific region
in the substrate makes it useful in proton beam writing [10] and electron beam lithography, and this ability

can be utilised for patterning techniques in integrated
circuit industry and microelectronics devices [11,12].
The modelling of charged particles propagating through
solids and liquids – using quantitative analysis such as
electron beam techniques, X-ray photoelectron spectroscopy (XPS), reflection electron energy loss spectra
and Auger electron spectroscopy (AES) – depend on
selecting suitable DFs for accurate quantitative analysis, in order to describe the behaviour of the charged
particles moving through real solids [13–15].
The purpose of the present work is to provide
researchers in this field a quantum DF that describes the
interaction of swift ions with isolators over the ‘Bethe
ridge’, while taking into account the Penn gap (or average band gap) and the interband effective electron mass
(m ∗ /m 0 ). In this work, two quantum oscillator models
are used to calculate the ELF, the Belkacem–Sigmund
(BS) quantum DF BS (k, ω), as derived in the Lindhard approximation (random phase approximation) [16]
and the proposed model Mermin–Belkacem–Sigmund
(MBS) DF MBS (k, ω). The local particle number’s conservation in the Mermin model [15] is the foundation of
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the MBS model as derived from the BS model [14]. One
of the most important challenges in this proposed model
is to develop a dielectric formalism to describe bound
electrons in three-dimensional (3D) quantum oscillators
over the Bethe surface, in terms of conservation of the
local particle number with k extension for insulators.
A spatial case of the MBS model is the Drude–Lorentz
model at long wavelengths when MBS approaches classical limit (i.e. at n = 1, the minimum quantum level).
On the other hand, the ELF from the MBS model analytically covers the k-space at k  = 0, and an extension
algorithm in this methodology is not required. The Bethe
f-sum rule is applied to water in both models, as compared with LaVerne and Mozumder [17]. The Bethe
surface is required in DF formalism to calculate the ELF
in finite momentum transfers as well as the differential
inelastic inverse mean free path (DIIMFP). Section 3
examines the theoretical calculation of energy loss spectra (ELS) with available experimental ELF for water.
When the DIIMFP for 1 keV electron impact in water
is compared with the previous work in §4, the agreement between the experimental ELF, DIIMFP and the
theoretically proposed model is very good.
2. Dielectric function models
In addition to the Lindhard DF [18], there are
numerous models that can be utilised to construct a DF.
For example, Kliewer and Fuchs [19] worked to correct
the Lindhard’s response functions, with both transverse
and longitudinal for the free electron gas utilised within
the classical Boltzmann equation approach. Kliewer and
Fuchs demonstrated that the system can be characterised
by a single relaxation time τ or ( = 1/τ ), but this does
not apply in the short wavelength or high-k limit because
it is based on classical approach. However, in real materials, plasmons exhibit a finite lifetime at any k. Mermin
[20] derived an expression for the quantum DF preserving the local particle density by taking into account the
target electron interactions [21]. Mermin [20] offered
corrections in random phase approximation (RPA) for
the jellium model, based on the expansion of Kliewer
and Fuchs’ [19] ideas about the relaxation time approximation τ, whereby the excitation energy ω = ω + i
includes a phenomenological damping constant  using
the local density matrix approach [21]. This model has
been successfully applied to solids [22,23] and plasmas [24]. Thus, in this example, the Mermin DF can be
shown as follows:


M (k , ω) = 1
(1 + i/ω) [L (k, ω + i) − 1]
+
,
1 + (i/ω) [L (k, ω + i) − 1] / [L (k, 0) − 1]
(1)
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where L (k, ω) and the Lindhard DF are employed
to describe degenerate gas derived from the quantum
perturbation theory [18] or RPA [25]. Furthermore,
Atwal and Ashcroft [26] proposed a theoretical model
based on the determination of the dynamic response
of the DF for an interacting electron system. However, they applied the relaxation-time approximation
to the quantum dynamics of a d-dimensional electron gas. Through this, the average number, momentum
and energy during collisions can be preserved [26].
Meanwhile, Barriga-Carrasco [27] showed that the differences between the Mermin model and local field
corrections are very important at very low energy for
the fully ionised plasma. In another paper, BarrigaCarrasco [28] described the full conserving dielectric
function including the three conservation laws (density, momentum and energy) when taking into account
(ē − ē) collisions for the plasma at any degeneracy.
Likewise, Vos and Grande [29] developed a simple
model of DF for insulators that takes into account the
target as a sum of volumes with different electron densities. Their treatment extends the Levine–Louie model
by inserting a relaxation time, τ , in the same procedure as Merman’s model by replacing Lindhard DF
L by Levine–Louie LL DF in order to produce MLL
(Merman–Levine–Louie) DF [29].
2.1 Dielectric functions describing the bound
oscillator
The Drude–Lorentz DF describes the contribution of
bound electrons to the response of DF with a plasma fre1/2

of the valence
quency oscillation P = n i e2 /ε0 m 0
electrons n i . The interband transition of the mean frequency value ωT,i , seen between valence bands and an
empty conduction band, can significantly influence the
optical response [30]. In the long wavelength limit, RPA
takes the Drude–Lorentz DF [31,32], and therefore this
can be generalised as [33]
DL (ω) = 1 +

ni
e2 
.
2
2 − i ω
m 0 ε0
ω
−
ω
T,i
i

(2)

All previous DFs reproduce the Drude DF when k = 0,
whereby the Drude model is proposed in order to explain
the optical properties of dielectric behaviour of free electrons, such as metals (i.e. ωT,i = 0). The Drude DF with
1/2

plasmon frequency oscillation ωP = n i e2 /ε0 m ∗
reads as [33,34]
D (ω) = 1 −

ni
e2 
,
∗
2
m ε0
ω + i ω
i

(3)
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where m 0 is a free electron mass, ε0 is the vacuum
dielectric constant and m ∗ is the effective mass of the
electron.
In the plasmon pole approximation (PPA) or PPA DF,
as suggested by Hedin and Lundqvist [35], the PPA DF
takes into account the finite plasmon lifetime and the
wave vector-dependent damping constant. This implies
that it is nearly equivalent to the Mermin DF, and furthermore, the PPA supposes that the excitation ELF of
the electron gas can be replaced by a single pole along
the plasmon line [21]. Thus, when projectile velocity
becomes larger than the Bohr velocity, the PPA model
should yield excellent results (υ  υBohr ). In this
approximation

| f no (k)|2 =


nx

=e

ny

nz

−ωk /ωT

1
n!

27

f on (−k) f no (k)



ωk
ωT

n
.

(8)

Likewise, the Belkacem–Sigmund dielectric function
(BS DF) of a medium composed of 3D quantum oscillators for n quantum levels is given as [38,39]
BS (k, ω) = 1 +

∞
2P 
| f no (k)|2
2 ωk
n=1


1
1
+
, 3D.
×
nωT − ω − i  nωT + ω + i 


(9)


PPA (k , ω) = 1 +

2P
ωP2 (k) − 2P − ω(ω

+ i )

,

(4)

where β 2 is the Fermi speed, ωg is the band gap and
ωP (k) denotes a dispersion relation, given by
ωP2 (k) = ωg2 + 2P + β 2 k 2 +

k4
.
4

(5)

The band gap ωg indicates the minimum gap possible to
be replaced with the ‘Penn gap’ ωT , which represents the
maximum absorption of electromagnetic waves when
taking into account the effect of the ‘average band gap’:


PPA (k , ω)


2P


,
ωT2 + β 2 k 2 + k 4 /4 − ω(ω + i)
υ  υBohr .
=1+

(6)

For treating the bound electrons in the Lindhard DF
for a dense medium, the quantum DF was created by
Belkacem and Sigmund [16]. Meanwhile, Al-Bahnam
et al [36] were the first to succeed in examining the
theoretical model for BS DF on real solids, by using
experimental optical data of the ELF in order to develop
a realistic representation of the induced potential of
heavy ions. The oscillator strength of an electron bound
harmonically at high-k called the ‘Bethe ridge’ appears
as f no (k) = eikr no for a one-dimensional (1D) oscillator [16,37]:
1
f n x o (k) = √ e−ωx /2ωT (−ωx /ωT )n x /2 , 1D.
nx !

(7)

The sums of the generalised oscillator strengths of a
dense medium collected from 3D quantum oscillators
disseminated randomly in space is shown as

The analytical behaviour of BS DF BS (k, ω) for the
Bethe ridge using the following Belkacem–Sigmund
expression is
BS (k, ω) = 1 + M1 M2 + iM1 M3
= 1 + i2 ,

(10)

where 1 = 1 + M1 M2 and 2 = M1 M3 and both the
real and imaginary aspects of BS DF M1 , M2 and M3
are given by
 
∞

2P −(ωk /ωT ) 1 ωk n
e
,
(11)
M1 =
2 ωk
n! ωT
n=1

M2 =

nωT − ω

+ 2

+

nωT + ω

, (12)
(nωT + ω)2 +  2

.
M3 =
−
2
(nωT − ω) +  2 (nωT + ω)2 +  2
(13)
(nωT − ω)


2

From BS DF eq. (9), we can summarise the following
limiting cases:
• Negligible binding when ωT → 0, BS DF in eq. (9)
and another form in eq. (10) in [16] presents as
(k, ω) = 1 +

2P
ωk2 − (ω + i )2

.

(14)

• In the classical limit h̄ = ωk = 0, and n = 1, in
which only dipole transitions contribute to the classical DF formula. Thus,
(k, ω) = 1 +

2P
ωT2 − (ω + i )2

.

(15)

The equation indicated above represents the response
function within the limits of the long wavelength.
• In the limit of short wavelengths ωk  ω, ωT ,
BS DF reduces the asymptotic limit, and eq. (9) is
written as
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(k, ω) = 1 +
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2P
ωk2

.

(16)

During the discussion of the corrections to the
Belkacem–Sigmund model, the examples referred
to above will be utilised within the MBS model.
According to the BS DF model ωk = h̄k 2 /2m 0 ,
Re [1/] and Im[−1/] are defined as
1
1 + M1 M2
=
,
ε(k, ω)
(1 + M1 M2 )2 + (M1 M3 )2
(17)
−1
M1 M3
Im
=
.
ε(k, ω)
(1 + M1 M2 )2 + (M1 M3 )2
(18)

Re

A great advantage of the MBS DF MBS (k, ω) is that
unlike the previous DF models – such as the extended
Drude model – it is a prescription for the Bethe surface
over a (k–ω) plane for bound oscillators as k → ∞.
As MBS DF analytically covers the momentum in the
k-space, the extension of momentum k in this model is
not required. The setting n = 1, then k = 0, h̄ = 0 and
ω(k) = 0 BS DF reproduces a classical oscillator as
seen in eq. (15), while the MBS DF is absolutely identical to the Drude–Lorentz DF eq. (2) within the same
limit. The MBS model preserves local particle density
at k = 0 and in momentum ranges from 0 < k <
2k f . The real and imaginary parts of the inverse DF
[1/MBS (k, ω)] are given as

 (nωT )2 − ω2 (nωT )2 − ω2 + 2 Fn,k + (ω)2
1
P
=
Re
,
2
2
2
MBS (k, ω)
2
(nωT ) − ω + P Fn,k + (ω)2
n

ω2P Fn,k
−1
=
,
ELF = Im
2
MBS (k, ω)
(nωT )2 − ω2 + 2P Fn,k + (ω)2
n
2

where

2.2 MBS model
Belkacem and Sigmund derived a quantum DF BS (k, ω)
based on the linear response theory of the dielectric
medium, composed of 3D quantal harmonic oscillator
atoms. At larger k values, the quantum BS DF model
works quite well, and naturally extends to the ‘Bethe
ridge’ k → ∞. However, one of the problems in applying BS DF is preserving the local particle density at
k = 0, and within intermediate momentum transfer 0 <
k < 2k f . To overcome this problem, we replaced Lindhard DF L(k, ω) in eq. (1) using the BS DF BS (k, ω),
and referred to this as the MBS (k, ω) MBS DF:


Fn,k



ωT
=n
ωk

(22)
(23)


| f n o (k)|2 .

(24)

When n = 1, Fn=1,k = e−(ωk /ωT ) , the ELF reads as
ELF = Im
=

−1
MBS (k, ω)

n=1

ω 2P e−(ωk /ωT )
ωT2 − ω2 + 2P e−(ωk /ωT )

2

+ (ω)2

(1 + i/ω) [BS (k, ω + i ) − 1]
1 + (i/ω) [εBS (k, ω + i ) − 1]/[BS (k, 0) − 1]
(1 + i/ω) [M1 M2 + iM1 M3 ]
=
,
1 + (i /ω) [M1 M2 + iM1 M3 ] / [M1 M2 (ω = 0,  = 0)]

.

(25)

MBS (k , ω) = 1 +

BS (k, 0) = (1 + M1 M2 + iM1 M3 )|ω=0,=0 ,

(20)

where M2 (ω = 0,  = 0) = 2nωT / (nωT )2 and
M3 (ω = 0,  = 0) = 0.
Consequently, our derived MBS (k, ω) MBS DF has
the following analytic form:

∞ 

ωk n−1
MBS (k, ω) = 1 +
ωT
n
×

2P e−(ωk /ωT ) (n/n!)

(nωT )2 − ω(ω + i)

.

(21)

(19)

In the optical limit k → 0, MBS ELF coincides with the
Drude–Lorentz ELF form [40].
ELF = Im
=

−1
MBS (k, ω)

n=1,k=0
2
ωP
.
2
ωT2 − ω2 + 2P + (ω)2

(26)

The bulk plasmon peak given by ωT thus shifted toward
ωP2 = 2P + ωT2 .

(27)
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We can see that P (free electron plasma energy) is
lower than the observed plasma energy ωP . Furthermore,
in the free electron gas limit ωT = 0 (i.e. ωP2 = 2P )
eq. (26) is therefore given by the Drude ELF [41,42]:
ELF = Im
=

−1
MBS (k, ω)
ω ωP2
2 2

ωP2 − ω

+ (ω)2

.

1

22.0
34.0
50.0
450.0

14.0
19.0
32.0
360.1

171.0
96.17
111.5
144.1

7.00
7.00
7.00
540.0

(28)

Interband effective electron mass m ∗ was introduced to
evaluate the Penn gap ωT using the plasma energy provided by the electron energy-loss spectroscopy. The ELF
obtained by Ferrari et al [40], using the interband effective electron mass and a static refractive index n(0), has
been necessary for setting the ELF profile with experimental optical data parameters:


2
ω2
m ∗ −1
2
= 1 + 2P = 2P ,
(29)
[n(0)] = 1 −
m0
ωT
ωT
P = 1 −

Table 1. The experimental parameters for water (H2 O), as
used for the MBS DF model [50].


ωg,i (eV)
i
ωP,i (eV)
i (eV)
Ai eV2
1
2
3
4

n=1,k=0,ωT =0

27

1/2

ωP .
(30)
[n(0)]2
The effect of neglecting the Pauli principle in the BS
DF appears in low-k and for the high-k ‘Bethe ridge’
the effect of the exclusion principle will be minimum.
Therefore, in a high-range momentum transfer (highk), the implication is that the zero-point motion can be
underestimated. To overcome this problem in the MBS
DF at low-k, one must use the RPA dimensionless dispersion coefficient βRPA , for each peak of P,i . With
the energy term k 2 /2m [16,21], the dispersion equation
thus reads as
k2
.
(31)
ωk = βRPA
2m 0


Here βRPA = (6/5) ωf /P,i and ωf is the Fermi
energy within the atomic unit. The term k 2 dominates
at low-energy transfer and the role of the coefficient
βRPA is in front of the k 2 term as a correcting coefficient
because the RPA neglects the exchange and correlation
effects in the electron gas. Previously, other researchers
have provided plasmon dispersion relation’s analytical
approximations ωk [43–49].
3. Calculation of ELS
The real and imaginary aspects of ELF’s complex
structure are expressed as a linear combination of the
MBS-type ELF. Table 1 – [50] – presents the experimental optical data parameters for water. Here, ωP,i , i , Ai
and ωg,i are the shifted plasma frequenty, damping constant or full-width at half-maximum (FWHM), oscillator

Table 2. The parameters of water used to describe electron
gas calculation [54] and the refractive index n(0) [55].
One electron radius (rs ) Fermi energy h̄ωf (eV)
1.69

n(0)

17.5

1.3325

strength and energy gap respectively for ith contribution
to the ELF. In both the MBS and BS ELF models, the
experimental parameters in table
1 must be converted
to


Drude–Lorentz parameters ai , P,i , ωT,i , i . Ai and


ai are related as ai = Ai /2P,i , and the ‘Penn gap’
ωT is calculated from eq. (27). Meanwhile, P,i is estimated using eq. (30) with the refractive index n(0) taken
from table 2. The MBS-type ELF consequently can be
presented as
 
ωT
| f no (k)|2
Fn,k = n
ωk
 n−1
ωk
−ωk /ωT
(32)
=e
(n/n!) ,
ωT
Im
=

−1
MBS (k, ω)

n

 ω 2P Fn,k

(nωT )2 − ω2 + 2P Fn,k

2

+ (ω)2

.

(33)

To compute the ELF from the experimental optical
data,

we need to multiply eqs (18) and (33) by ai θ ω − ωg,i
to get linear combination of ith peaks of ELF.
To check the internal consistency and reliability of
both ELF models (MBS and BS) while using the experimental optical parameters for water, we must use the
f-sum rule to fulfil the total effective number of electrons
per water molecule Z eff . The total number of electrons
that participate in electronic excitations up to h̄ω for
both the outer and inner shells in the inelastic scattering
must not violate the following equation at any k [51,52]:
Z eff =

1
2π 2 η

∞
0

dω ω Im

−1
,
(k, ω)

(34)

where η is the atomic density of the condensed medium.
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Figure 1. The variation in the effective number of electrons
per water molecule Z eff vs. the energy transfer h̄ω. The solid
line represents the result obtained by LaVerne and Mozumder
[17], with the dashed line corresponding to Z eff derived from
the MBS ELF and the dash-dotted line corresponding to Z eff
derived from BS ELF.

Figure 2. Comparison of the ELF models with experimental
ELF at a classical optical limit where n = 1 and k → 0: MBS
(solid line), with BS (dash-dotted line) and IXSS data (the
grey circles) [53].

Figure 1 depicts the effective number of electrons per
water molecule Z eff vs. energy transfer h̄ω as computed
from eq. (34) in both ELF models – MBS eqs (33)
and (30) and BS eqs (18) and (30). The calculations
of Z eff predicted from both BS and MBS models are
compared with LaVerne and Mozumder’s [17]. Here,
we can see that Z eff for ELF asymptotically approaches
10 electrons per molecule for MBS with a mean difference of 3.6 electrons per molecule from LaVerne
and Mozumder’s [17] results. Moreover, Z eff is equal
to 10.53 electrons per molecule with BS for the total
outer and inner shells with a mean difference of 4 electrons per molecule from LaVerne and Mozumder’s [17]
results. It is noticed that Z eff estimated from the MBS
model for outer shell electrons, which is 8 electrons per
molecule. This is more in accordance with the f-sum
rule than the value of 7.7 electrons per molecule estimated from the BS model. Our results for MBS model
is in good agreement with previous works [7,17,52].
Figure 2 presents the ELF of water obtained by h̄ω
from 0 to 100 eV. In each case, the grey filles circles
represent the IXSS data [53], the solid line represents
the MBS-type ELF according to eqs (33) and (30) and
dash-dot line represents the BS-type ELF according to
eqs (18) and (30). Thus, when the MBS model is along
the IXSS data, ELF agreement is shown to be at its
best. The MBS DF reproduces the Drude–Lorenz DF
at the optical limit (n = 1, k = 0), and this means
that the first quantum level in the MBS model represents the Drude–Lorenz DF eq. (2). However, the BS
DF deviates to conserve the local particle number in the
same limit, because the BS DF is derived to work at

large momentum transfer (k  k f ). Moreover, when
ωk = 0, according to eq. (15) it also behaves as a classical oscillator.
In order to examine the reliability of the MBS model
compared to the previous theoretical models (Mermin,
BS and MLL) as well as the available experimental
results in describing the ELF at finite momentum transfer (k  = 0), figure 3 presents the MBS ELF compared
to the experimental data (IXSS measurements) of water
spans over the ‘Bethe ridge’. The experimental measurement taken from Watanabe et al [53,56] and Hayashi
et al [57] at k = 0.69, 0.85, 1.18, 1.34, 2.39 and 2.79
a.u. as well as the theoretical Mermin and MLL models
are collected from [7,29,58]. Nevertheless, the typical n
value is between 10 and 20 when using the MBS and BS
models. For water, the quantum level is set at n = 20
in order to achieve the best convergence of the series in
DF equations for both models.
In figures 3a–3c for k = 0.69, 0.85 and 1.18 a.u.,
respectively, the MBS model is closer to the IXSS data
compared to the other models, except in the case of
k = 1.18 a.u. in figure 3c where a small difference
is noticed with the MBS model from IXSS data values. The differences between these three models is still
much bigger than the MBS model with IXSS data in
the intermediate range of transfer energy h̄ω(0−60) eV,
as seen around the Fermi and plasmon energy regions
(h̄ωf = 17.5 eV and h̄ωP = 21.4 eV). The behaviour
of ELF for water in this region at finite values of
k plays an important role in selecting suitable plasmon dispersion relations for the theoretically proposed
model [43]. The agreement between the MBS-type and
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Figure 3. Comparison of the experimental ELF (the grey circles) [53,56] at k as indicated, together with the corresponding
curves of MBS (the black solid line), BS (dash-double-dot line), Mermin (dash-dotted line) [7,29], as well as the MLL ELF
model (dashed line) [29].

experimental ELFs is considerably improved when the
conditions of the local particle number conservation at
k → 0 are taken into account regarding BS DF. This
is illustrated in the limit of the long wavelength, where
the MBS DF should approach the Drude–Lorentz DF
eq. (2), which is the correct expression of MBS DF.
This is because, at the same limitation, the BS model
approaches the Lindhard expression of the classical
oscillator as seen in eq. (15). At high k in figures 3d–3f,
comparing the MBS and BS ELFs with previously published works [7,29,56], k = 1.34, 2.39 and 2.79 a.u.,
respectively. All ELF models start with little differences
to the IXSS data at k = 1.34 a.u. In the case of k = 2.39
and 2.79 a.u., figures 3e–3f show an interesting feature,
whereby all models coincide with the experimental optical data of ELF. The BS DF started to improve from
k = 1.34 a.u. in figure 3d. However, the proposed MBS
DF model is, relatively speaking, the best in terms of
describing the ‘Bethe ridge’ at high and low wave vectors. Although the BS DF failed at k = 0, the BS model
is reliable at high momentum transfer (k → ∞).

atoms when it is exposed to an external disturbance [59].
The interaction of incident light particles with the outer
atomic shells of a medium is due mainly to the inelastic
scattering of the fast electrons, but there is also important
contributions from the produced secondary electrons.
All these interactions are contributing channels to scattering cross-sections [60]. From our knowledge of the
DF, it is convenient to describe the ELF of the condensed medium in two cases regarding the electronic
systems. The first case describes tightly bound electrons that represent the core or inner shell (relatively
large binding energy) [61]. The other case describes the
weakly bound electrons or nearly free electrons with
the outer shell or valance electron (low binding energy)
[62]. Through the AES and XPS techniques, these elements are extremely relevant in surface physics. The
concept of DIIMP plays an important role in interpreting electron moving in a condensed target. The DIIMP
can be calculated in different ways [13,63–66], with
the DIIMP of electrons propagating in a condensed
medium obtained by Ritchie’s theoretical framework
[67]:

4. Differential inelastic inverse mean free path
The ELF is the measure of the response of a medium
composed of electrons bounded harmonically with

DIIMFP =

1

πaB Tē − h̄ωg


k+
k−

dk
−1
Im
,
k
(k, ω)
(35)
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be relevant for both the penetration and diffusion of electrons in a condensed target, and is therefore very useful
in the analysis of experiments. The predictions for the
DIIMP of water, as obtained from the MBS-type ELF,
differ in the values around the maximum peak (plasmon
and Fermi region energy), but coincide at low- and highenergy transfer. The role of the parameter βRPA in the
dispersion relation (31) reduces the effect of neglecting
the exchange and correlation effects within the electron
gas at the low-energy transfer. Moreover, the differences for all models could be attributed to the following
remarks:

Figure 4. DIIMP vs. energy transfer formed by the incident electron that moves in water with kinetic energy
Tē = 1 keV, for different DF approximations. MBS (black
solid line), BS (dotted line), the SESINIPAC code based on
the Mermin DF (dash-dotted line), Emfietzoglou and Nikjoo
[69] (dashed line), the employed exchange-correction (second-order Born calculation) with extended Drude DF, and
finally the Dingfelder and Emfietzoglou [62] and Dingfelder
et al [70] method (the grey dash double-dot line).

where

k± =



2m 
T
−
h̄ω
±
T
−
h̄ω
−
h̄ω
.
ē
g
ē
g
h̄ 2

(36)

aB is the Bohr radius, Tē is the incident electron kinetic
energy and m is the electron mass.
Figure 4 shows the DIIMP vs. energy transfer
calculated for electron impact Tē = 1 keV, in water,
pertaining to the following different DF approximations: MBS (black solid line) (eqs (35), (30) and
(33)), BS (dotted line) (eqs (35), (30) and (18)), the
SESINIPAC program [68] using Mermin DF (dashdotted line), Emfietzoglou and Nikjoo [69] (dashed line)
employed exchange correction (second-order Born calculation) with the extended Drude DF and Monte-Carlo
(MC) calculations of Dingfelder and Emfietzoglou [62]
and Dingfelder et al [70] (dash double-dot line). After
bypassing n = 2 through to elevated n values,
the value of ELF tends to stabilise numerically. The
typical value of the present work was taken as n = 20
in order to provide good representation of DIIMP in
the Bethe surface with a realistic situation for water.
Moreover, we shall achieve excellent convergence in the
ELF, and this contributes to increasing the reliability of
our calculation and therefore enhances the confidence
in the DIIMP results. The differences between the five
models of DIIMP appear clearly in the range of energy
transfer (8.5 eV ≤ E ≤ 40 eV), and this variation may

• Dingfelder et al [70] utilise MC codes and the first
Born approximation with Drude extension for discrete excitations of momentum transfer. Moreover,
by utilising generalised oscillator strength, they are
able to introduce K-dependence.
• The differences between the DIIMP predicted from
BS DF is still much bigger than other DIIMP models,
and this behaviour is expected from figures 2e and 2f,
as it works very well at the high momentum transfer
‘Bethe ridge’.
• The Emfietzoglou and Nikjoo [69] calculations
for DIIMFP take into account the Born correction
(second-order perturbation) including the Barkas
effect when they use extended Drude DF.
• The differences between the DIIMP calculations
derived from the MBS and Mermin-type ELFs
(SESINIPAC program) is an additional term in the
MBS model that contains the dimensionless parameter βRPA according to eq. (31).
On the other hand, the DIIMP predicted from MBS
for water – based on experimental optical data [50] –
agrees reasonably with the general behaviour of the
theoretical predictions obtained from previous works
[62,64,69–71], even though they use different computational methods.
5. Conclusions
Using the experimental optical data, we have suggested
a new method for describing the ELF via the ‘Bethe
ridge’ of an insulator. In this work, MBS DF represents
a new model of DF derived from BS DF. The distinctiveness of the MBS model analytically covers the k-space
at k  = 0. By taking both models into account, the Penn
gap (or average band gap) and interband effective electron mass (m ∗ /m) can improve the ELF agreement
with experimental data for water. We have checked the
sum rule and the main difference between the presented
model and that used by LaVerne and Mozumder [17]
is that the ELF satisfies the sum rule with an error
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ratio of 0.01% for the MBS model and 5.2% for the
BS model. In the classical limit where n = 1 and
k = 0, both models of ELF provide different results
when compared with the previous work of ELF’s experimental data. The MBS succeeded in conserving the
local particle number as in Mermin’s model, while the
BS DF does not conserve the local particle number at
low-energy transfer, and furthermore the effect of this
problem decreases gradually when going to very high k
and n levels. For both high and low momentum transfer, the MBS model produces an enhancement in water’s
ELF values at arbitrary momentum transfer. Meanwhile,
the best convergence of the ELF series for both models (i.e. MBS and BS) depends on the quantum level
value n. At large-k applications, we needed an increased
n for both models in order to control the broadening
(FWHM) and peak shifting of ELF that would automatically approach the experimental results. The ELF of the
MBS model is closer to the IXSS data from the BS, MLL
and Mermin models for a broad range of momentum
transfers.
The calculation of DIIMFP for electron impact kinetic
energy Tē = 1 keV, in water, depends on the dielectric model chosen to evaluate the ELF over the Bethe
surface. The differences between the four DIIMP models appear clearly in the range of energy transfer
(8.5 eV ≤ h̄ω ≤ 40 eV). The DIIMFP calculations for
(8.5 eV ≤ h̄ω ≤ 40 eV) these models give similar
results. The differences are attributed to several factors: ELF type, computation method, choosing a suitable
plasmon desperation equation (see eq. (31)) and the
oscillator strength approximations. The DIIMP models
predicted from both DFs (MBS and BS) were compared with the SESINIPAC program [68] using the
Mermin DF and MC calculations of Dingfelder and
Emfietzoglou [62] and Dingfelder et al [70], with the
results suggesting that DIIMP obtained from the MBS
model provides a reliable description of DIIMP at finite
momentum over the ‘Bethe ridge’. Moreover, it should
be noted that the use of βRPA for each plasma peak in the
ELF differs from its use in the plasmon peak for water
– ωpl = 21.4 eV and βRPA = 1. As the dimensionless coefficient βRPA in eq. (31) will be automatically
changed to an adjustable parameter (i.e. βRPA < 1)
this should improve our results at low-energy transfer
for free electron gas. Furthermore, it is convenient to
use the DF that corresponds to the MBS model, and it
provides flexibility. One of the advantages of the MBS
DF is that it describes 3D quantum oscillators over the
Bethe surface in terms of conserving the local particle
with k extension for insulators. In addition, BS DF is
a promising formula and is expected to explain many
experimental applications if studied extensively at highmomentum transfer. In future work, we shall publish the
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application of the MBS DF to include high-κ materials
or high-κ gate dielectrics and biomaterials.
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