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Abstract. The limitation of traditional microring mode resonance, the microsphere confocal cavity is the best
candidate for a low loss and controllable linewidth. Based on the transform matrix method, we investigate the waveguide coupled to a microsphere whispering-gallery mode (WGM) system. We find that the confocal cavity mode is
completely different from the traditional ring cavity mode. The confocal cavity mode is excited in asymmetrical dual
microsphere systems, and the spectrum of asymmetrical dual microsphere systems appear as an electromagneticallyinduced transparency (EIT)-like profile, whereas the spectrum of symmetrical dual microsphere systems appears
as Lorentz profile. The traditional ring cavity mode is excited in the symmetrical single microsphere system.
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1. Introduction
As we know, the coupled mode theory is used to study
the performance of single- and double-microring resonators. We find that 2 × 2 linearly distributed coupler
[1,2] is equivalent to a waveguide and single microring resonator [3]. The 3 × 3 linearly distributed coupler
[1,2] is equivalent to a waveguide and dual microring
resonators [4].
The limitation of traditional microring mode
resonance, the whispering-gallery mode (WGM) microsphere confocal cavity is the best candidate for a low
loss, high Q = ν/ν factor and controllable linewidth
ν [5]. The all-optical analogue to electromagneticallyinduced transparency (EIT) based on coupled microsphere resonators is widely used in slow light, nonlinear
optics and quantum information processing. A common
way to couple light inside a microsphere is using evanescent coupling from a tapered fibre. The pump light is
injected from the side and the ring mode is excited by
a spherical ring standing wave [6,7]. The taper waist
usually changes gradually from the fibre diameter to
the minimum value at the centre of the taper and the

evanescent field overlap can be controlled very easily
by changing the coupling point between the taper and
the microsphere. In 2000, Cai et al [6,8] studied a single spherical cavity. In 2014, Peng et al [9] reported
the EIT effect in two WGM microtoroidal resonators.
In 2015, we investigated the EIT effect in asymmetrical dual microring systems. The transmission spectrum
changes from the EIT-like profile to the Lorentz profile.
The EIT-like phenomenon originates from the interference between two Lorentz profiles [10]. If the pump light
is injected from the front, when the incident angle is
less than the critical angle, a concentric mode is excited
by axial-oscillating standing wave [8,11]. In this paper,
we shall adopt the axial-oscillating standing wave and
investigate the EIT-like transmission of the waveguide
coupled to asymmetrical dual microsphere systems with
the linewidth effect.
The organisation of the paper is as follows: In §2, we
give the theoretical background of a taper-microsphere
resonator. In §3, the resonance linewidth of the tapermicrosphere resonator will be obtained by the theoretical analysis and numerical calculation of the confocal
mode. Section 4 is gives conclusion.
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2. The microsphere resonator
An optical-fibre taper is coupled to a silica/microsphere
WGM system. A WGM can be represented by an optical ray, trapped near the surface of the microsphere
and trace a zig-zag path around the equatorial plane.
The incident light pulses create a stress field, which
can slightly deform the microsphere dimension, and
the spherical cavity changes to the flat ellipsoid cavity.
Based on the open-cavity theorem [12], the symmetric
concentric spherical cavity with the radius of curvature ρ(x1 , y1 ; x2 , y2 ) ≈ l − (x12 + y12 )/2l − (x22 +
y22 )/2l − (x1 x2 + y1 y2 )/l, where l is the mirror plane
spacing and the stability parameter g1 = g2 = −1. In
terms of the Fraunhofer approximation [13], the terms
x12 + y12 and x22 + y22 can be negligible, and we have
ρ(x1 , y1 ; x2 , y2 ) ≈ l − (x1 x2 + y1 y2 )/l. The symmetric confocal cavity is with the radius of curvature
ρ(x1 , y1 ; x2 , y2 ) ≈ l − (x1 x2 + y1 y2 )/l and the stability parameter g1 = g2 = 0. Thus, the concentric
spherical cavity is different from the confocal cavity.
The vacuum wavelength λ0 = 1.55 μm, the diameter
of silica/microsphere d = 350 μm and the refractive
index n s = 1.45. Based on the Mie scattering theory
[14], the scattering coefficient is
Bn (x, m)
,
Bn (x, m) − iDn (x, m)
Bn (x, m) = m Jn−(1/2) (mx)Jn+(1/2) (x)
−Jn+(1/2) (mx)Jn−(1/2) (x),
Dn (x, m) = m Jn−(1/2) (mx)Yn+(1/2) (x)
−Jn+(1/2) (mx)Yn−(1/2) (x),
bn (x, m) =

(2.2)
where the indices m and n determine the shape of the
profile in x and y, respectively. N is the normalisation
constant and w0 is the spot size of the Hermit–Gaussian
beam. The phase of the confocal cavity φ = θ +
(m + n + 1)tan−1 (2ξ 2 /θ ), θ = kz, ξ = z/w0 , for
n = m = 0, a Gaussian beam φmin = θ is obtained.
This√mode ψ00 (x, y, z) is called
the fundamental mode.
√
Hn ( 2x/w(z)) and Hm ( 2y/w(z)) are the Hermite
polynomials.
3. The linewidth effect

(2.1)

where Jn and Yn are the spherical Bessel functions, and
m = 1.45 is the relative refractive index between the

We shall present the transmission performance of dual
microsphere resonators with the linewidth effect in this
section.
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sphere and the surrounding environment (air). We can
obtain the mode number by calculating the real part bnr
of the Mie scattering coefficient as a function of x (figure 1).
We can see from table 1 that the silica/microspherering resonator with confocal cavity mode is the best
available optical microresonator. The small mode volume leads to a strong light–matter coherent coupling.
In this configuration, the Hermit–Gaussian standing
wave is injected into the fibre taper and energy is most
efficiently coupled to the equatorial mode. The presence
of an evanescent field tail at the microsphere boundary
excites the WGMs inside the spherical microresonator.
The solution of cavity modes of the confocal resonator in
spherical coordinates is the Hermit–Gaussian beam [11]
√ 
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Figure 1. The mode number of (a) traditional microring cavity and (b) confocal cavity.
Table 1. Comparing microsphere with microring.
Material/resonator form
Polystyrene/microring
Silica/microsphere

Mode

Mode number n

Traditional ring cavity
Confocal cavity

1031.1
656.1

FWHM (nm)
145
70

Q factor
3.5 × 105 [15]
109 [16]
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3.1 The single microsphere system

3.2 Clockwise symmetrical dual microsphere systems

At critical coupling, the self-coupling coefficient
√ τ =
0.9998, the cross-coupling coefficient κ = 1 − τ 2
and the attenuation factor α = 0.9998. Based on the
coupled mode theory [2], we can obtain the transmission
spectrum of figure 2b as follows:

The dual microsphere resonators are shown in figure 3a,
and a waveguide coupled to the bottom of the microsphere 1, whereas the top of the microsphere 1 is far from
the waveguide. Similarly, a waveguide coupled to the top
of the microsphere 3, and the top of the microsphere 1
and the bottom of the microsphere 3 to be far apart from
each other. The amplitude of the clockwise mode a1 in
microsphere 1 and the amplitude of the clockwise mode
a3 in microsphere 3 are given as follows:



 
 −α+τ e−iϑ 2  (−α+τ e−iϑ )(−ατ ∗ +eiϑ ) 2


 
T =

 =
 −ατ +e−iϑ   (−ατ +e−iϑ )(−ατ ∗ +eiϑ ) 


 (−α + τ e−iϑ )(−ατ ∗ + eiϑ ) 2


=
 .
−
i
ϑ
2


(−ατ + e )

a1 = αeiθ b1 , a3 = αeiθ b3 .
(3.1)

The phase factor ϑ = θ for the ring mode [12] and the
phase factor ϑ = θ + iζ for the concentric mode [2],
where ζ is the linewidth coefficient.

(a)

(3.2)

Here, ln α ≤ 0 represents the mode attenuation in one
cycle. The attenuation is precisely determined by the
linewidth effect. When ln α > 0, the mode gains in one
cycle. ln α is the gain coefficient.
When L is the circumference of the microsphere, we
have the phase shift θ = ωL/c = ωτ , where c is the
speed of light. The relation between the output power

(b)

Figure 2. (a) Schematic diagram of the symmetrical single microsphere resonator. (b) The transmission spectrum T as a
function of the phase factor ϑ for ζ = 0 (ring mode, the solid line) and ζ = 0.5 (concentric mode, the dashed line) with
τ = α = 0.9998.

(a)

(b)

Figure 3. (a) Schematic diagram of the symmetrical dual microsphere resonators. (b) The transmission spectrum T as a
function of the phase factor ϑ in asymmetrical dual microsphere systems (the solid line) and symmetrical dual microsphere
systems (the dashed line) with t = 0.8, α1 = 0.8t, α2 = 0.88t.
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b(τ ) and the input power a(τ ) can be expressed by the
matrix relation [9]
⎛
⎞ ⎛
⎞⎛
⎞
b1 (τ )
δ kγ
a1 (τ )
⎝ b2 (τ ) ⎠ = ⎝ −k t k ⎠ ⎝ a2 (τ ) ⎠,
b3 (τ )
a3 (τ )
γ −k δ
where
j
1 1
1 1
+ t, k = √ 1 − t 2 , γ = − + t,
2 2
2 2
2
τ
t = cos √ .
(3.3)
2
δ=

Based on [9], the transmission at the outport T =
|b /a |2 , we also obtain Yariv’s result T
=
2
 2 −i2θ
−
i
θ

(te
− α)/(e
− tα) for a single microsphere
resonator [2]. As shown in figure 3b, we can see that
the transmission spectrum of asymmetrical dual microsphere systems is sensitive to the attenuation factor α
and the self-coupling coefficient t. The solid line corresponds to asymmetrical dual microsphere systems
and the dashed line corresponds to symmetrical dual
microsphere systems.

(a)

Considering the linewidth effect,
2


α(1 − t 2 ) 

(3.4)
T = t −
 , ϑ = θ + iζ.
e−iϑ − α
As shown in figure 4, the solid line corresponds to
the asymmetrical dual microsphere systems, the narrow
dashed line corresponds to the symmetrical dual microsphere systems and the wide dashed line corresponds to
the symmetrical single microsphere system.
For non-critical coupling, the spectrum changes from
the EIT-like shape to the Lorentz shape, whereas for
critical coupling, the spectrum is unchanged and always
retains the Lorentz shape.
3.3 Clockwise asymmetrical dual microsphere systems
As shown in figure 5a, a narrow linewidth tunable
laser operated at a wavelength of λ = 1550 nm is
used to excite the system through the fibre import a2 .
At near-resonance condition, for a 60.4-μm-diameter
microsphere, the conference L 1 = π ×60.4 μm = 122λ
and the phase shift θ1 = ωL 1 /c. At 67.5-μm-diameter
microsphere, the conference L 3 = π ×67.5 μm = 137λ

(b)

Figure 4. The transmission spectrum T as a function of phase factor θ in asymmetrical dual microsphere systems (the solid
line), symmetrical dual microsphere systems (the narrow dashed line) and symmetrical single microsphere system (the wide
dashed line): (a) t = 0.9996, α = 0.999975 (non-critical coupling); (b) α = t = 0.9998 (critical coupling).

(a)

(b)

Figure 5. (a) Schematic diagram of the asymmetrical dual microsphere resonators. (b) The transmission spectrum T as a
function of the phase factor θ in asymmetrical dual microsphere systems (the solid line), symmetrical dual microsphere systems
(the dashed line) with t = 0.8, α1 = 0.8t, α2 = 0.85t.
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and the phase shift θ3 = ωL 3 /c. The amplitude of the
clockwise mode a1 in microsphere 1 and the amplitude
of the clockwise mode a3 in microsphere 3 are given as
follows:
a1 = α1 eiθ1 b1 , a3 = α3 eiθ3 b3 .
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3.4 Counterclockwise symmetrical dual microsphere
systems
As shown in figure 6a, the amplitude of clockwise mode
in microsphere 1 and the amplitude of the counterclockwise mode in microsphere 3, are

(3.5)
a1 = αeiθ b1 , a3 = αe−iθ b3 .

The transmittance T becomes

2
iθ1 ]α eiθ3 k


[1
−
(δ
−
γ
)α
e
1
3
 .
T = 
1−δ(α1 eiθ1 +α3 eiθ3 )+(δ 2 −γ 2 )α1 α3 ei(θ1+θ3 ) 
(3.6)
Comparing figures 3b and 5b, we find that the height
of transmission of the asymmetrical dual microsphere
systems is the same as that of the symmetrical dual
microsphere systems, and the linewidths of the
asymmetrical dual microsphere systems are narrower
than that of the symmetrical dual microsphere systems.

(3.7)

Considering the linewidth effect, the transmission T
becomes
2


(cos[ϑ] − α(2 cos2 [ϑ]−1))(1−t 2 ) 

T = t −α
 .
1−2δα cos[ϑ]+α 2 t
(3.8)
The parameters are the same as in figure 7, and ϑ = 0.1.
Comparing figure 7 with figure 3, in the case of
non-critical coupling, the linewidth effect has a large
influence on the transmission spectrum, whereas in the
case of critical coupling, the position of the peak value
of the curves decreases.

(a)

(b)

Figure 6. (a) Schematic diagram of the symmetrical dual microsphere resonators. (b) The transmission spectrum T as a
function of phase factor θ in asymmetrical dual microsphere systems (the solid line), symmetrical dual microsphere systems
(the dashed line) with t = 0.8, α1 = 0.8t, α2 = 0.82t.

(a)

(b)

Figure 7. The transmission spectrum T as a function of phase factor ϑ with line-width effect in the asymmetrical dual
microsphere systems (the solid line), symmetrical dual microsphere systems (the narrow dashed line) and symmetrical single
microsphere system (the wide dashed line). (a) t = 0.9996, α = 0.99985 (non-critical coupling); (b) α = t = 0.9998 (critical
coupling).
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(a)

(b)

Figure 8. (a) Schematic diagram of the asymmetrical dual microsphere resonators. (b) The transmission spectrum T as
a function of the phase factor ϑ with line-width effect in the asymmetrical dual microsphere systems (the solid line) and
symmetrical dual microsphere systems (the narrow dashed line) with t = 0.8, α1 = 0.8t, α2 = 0.78t.

3.5 Counterclockwise asymmetrical dual microsphere
systems
As shown in figure 8a, when L 1  = L 2 , the amplitude of
the clockwise mode a1 in microsphere 1 and the amplitude of the counterclockwise mode a3 in microsphere 3
are given as follows:
a1 = α1 eiθ1 b1 , a3 = α3 e−iθ3 b3 .

(3.9)

coefficient t, the attenuation factor α and the linewidth
ζ . We find that the transmission spectrum of the asymmetrical dual microsphere systems has a large influence
on the critical coupling situation, whereas the linewidth
effect of the asymmetrical dual microsphere systems has
a large influence on the non-critical coupling situation.
In the case of critical coupling, the curves are nearly the
same. We find that the transmission of the asymmetrical
dual microsphere systems is narrower than that of the

The transmission T becomes

2


iθ1 )α e−iθ3 + (1 − α e−iθ3 )α eiθ1
1
e
(1
−
α
1
3
3
1


T = t −
(1 − t 2 ) .


2 (1 − δa1 eiθ1 )(1 − δa3 e−iθ3 ) − γ 2 α1 α3 ei(θ1 −θ3 )
In the following, we investigate the transmission as a
function of phase factors θ1 and θ3 with the linewidth
effect. We take ϑ = 0.1, μ = θ3 /θ1 , ζ1 = θ1 + iϑ,
ζ2 = ζ1 μ.
After considering the linewidth effect, we find that
the height of transmission of asymmetrical dual microsphere systems is smaller than that of the symmetrical dual microsphere systems, and the linewidth of
the asymmetrical dual microsphere systems is narrower than that of the symmetrical dual microsphere
systems. Comparing figure 8 with figure 5, we find
that the peak value decreases due to the linewidth
effect.

4. Conclusion
In this paper, we investigate the influence of linewidth
on the fibre taper coupled to dual microsphere systems with confocal cavity mode. Based on the transform
matrix method, we compare a single microsphere system with dual microsphere systems. We investigate the
transmission spectrum by controlling the self-coupling

(3.10)

symmetrical situation. At the same time, the linewidth of
the asymmetrical dual microsphere systems is narrower
than that of the symmetrical situation.
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