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Abstract. In this paper, we investigate the three coupled variable-coefficient nonlinear Schrödinger equations,
which describe the amplification or attenuation of the picosecond pulse propagation in the inhomogeneous
multicomponent optical fibre with different frequencies or polarisations. Based on the Darboux dressing
transformation, semirational rogue wave solutions are derived. Semirational rogue waves, Peregrine combs and
Peregrine walls are obtained and demonstrated. Splitting behaviour of the semirational Peregrine combs and
attenuating phenomenon of the semirational Peregrine wall are exhibited. Effects of the group velocity dispersion,
nonlinearity and fibre gain/loss are discussed according to the different fibres. We find that the maximum amplitude
of the hump of the semirational rogue wave is less than nine times the background height due to the interaction
between the soliton part and rogue wave part. Further, there is a bent in the soliton part of the semirational rogue.
Keywords. Inhomogeneous multicomponent optical fibre; picosecond pulse; three coupled variable-coefficient
nonlinear Schrödinger equations; Darboux dressing transformation; semirational rogue waves.
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1. Introduction
Solitons have been theoretically proposed and
experimentally obtained [1–3]. Due to the potential
applications in long-distance communication and optical ultrafast switching devices, optical solitons have
drawn the attention of researchers [4–11]. Among the
solitons, Peregrine solitons have been considered to provide a mathematical description of the rogue waves,
which have been experimentally observed [12,13]. Peregrine combs, which refer to a multiple compression
point structure of the Peregrine solitons, have been
shown in a fibre with periodic modulation [14]. Peregrine combs can be converted to the Peregrine walls,
which can be seen as an intermediate state between the
rogue waves and W-shaped solitons [15]. Apart from
the Peregrine solitons, numerical simulations have indicated that the dark solitons are more stable than the
bright solitons when the noise is taken into consideration in an optical fibre [16]. Bright and dark solitons have
been claimed to be generated from the exponential solutions corresponding to the space and time coordinates,

while the rogue waves are generated from the rational
solutions [17–19]. Furthermore, solutions featuring both
the exponential and rational dependence on the coordinates have been referred to as the semirational solutions [20–23].
Propagation of optical solitons in the optical fibres has
been described by certain nonlinear Schrödinger (NLS)type equations [24–26]. In order to study the NLS-type
equations, methods such as the inverse scattering transformation [27], Bäcklund transformation [28] and Darboux transformation [29] have been proposed. In such
optical media as the multimode fibres, fibre arrays and
birefringent fibres, the interactions of several field components with different frequencies or polarisations have
been taken into account [30]. When such a resonant
interaction process is involved, the coupled NLS-type
equations have been proposed [31–33]. Moreover, there
are certain non-uniformities in the optical fibre transmission, such as the group velocity dispersion (GVD),
gain/loss and self-phase modulation [34,35]. Compared
to the coupled NLS-type equations with constant coefficients, the generalised ones with variable coefficients
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have been considered to be more adequate in describing
those physical characteristics [36,37].
For the amplification or attenuation of the picosecond
pulse propagation in the inhomogeneous multicomponent optical fibre with different frequencies or polarisations, researchers have proposed the following three
coupled variable-coefficient NLS equations [38,39]:
 3


1
|ql |2 q j
iq j,z + β(z)q j,tt + γ (z)
2
l=1

+ iδ(z)q j = 0,

(1)

where q j (z, t) ( j = 1, 2, 3) is the complex amplitude
of the jth field component, the subscripts z and t,
respectively, denote partial derivatives with respect to
the normalised distance along the direction of propagation and retarded time; and β(z), γ (z) and δ(z) represent
the GVD, nonlinearity and fibre gain/loss coefficients,
respectively. Lax pair for eqs (1) has been given, and
one- and two-soliton solutions have been generated via
Darboux transformation [38]. Infinitely many conservation laws for eqs (1) have been obtained based on the
Lax pair [39].
However, to our knowledge, semirational rogue wave
solutions for eqs (1) have not been obtained before. In
§2, we shall derive such solutions for eqs (1) through
Darboux dressing transformation (DDT) [40]. In §3,
we shall investigate semirational rogue waves in different fibres, and discuss the effects of GVD, nonlinearity
and fibre gain/loss. Moveover, semirational Peregrine
combs and Peregrine walls will be constructed. Section 4
shows the conclusion of our study.

2. Darboux dressing transformation
Equations (1) can be cast into a 4 × 4 eigenvalue
problem [38]
t = U , z = V ,
where  is a 4 × 4 matrix solution, and

γ (z)
Q,
U = ikσ +
β(z)

V = ik 2 β(z)σ + k γ (z)β(z)Q

i
+ [γ (z)Q 2 + γ (z)β(z)Q t ]σ
2
with
⎛
⎞
⎛
−1 0 0 0
0 q1 q2
⎜ 0 1 0 0⎟
⎜ − q1∗ 0 0
σ =⎝
, Q=⎝
0 0 1 0⎠
− q2∗ 0 0
0001
− q3∗ 0 0

(2)

(3a)

(3b)
⎞
q3
0⎟
,
0⎠
0

k being the complex spectral parameter and ∗ indicating
the complex conjugate. Lax integrability for eqs (1) has
been confirmed under the constraint [38]
γ  (z)β(z) − γ (z)β  (z)
,
(4)
δ(z) =
2γ (z)β(z)
where ‘  ’ denotes the derivative with respect to z. It can
be verified that eqs (1) can be derived from the compatibility condition Uz − Vt + U V − V U = 0 under
constraint (4) [38]. According to the Darboux dressing
process [31,41,42], the Darboux dressing operator takes
the form of
k1 − k1∗
D=I−
P,
(5)
k − k1∗
where k1 is a given value of the spectral parameter k, I
is a 4 × 4 identity matrix and the 4 × 4 matrix P is
Z Z†
,
Z†Z
⎛ ⎞
z1
⎜ z2 ⎟
Z = ⎝ ⎠ = (k1 )Z 0
z3
z4
P=

(6)

(7)

with Z 0 = (γ1 , γ2 , γ3 , γ4 )T being a constant and
complex vector, γ j ( j = 1, 2, 3) being the complex constant, z j ( j = 1, 2, 3) being the complex function of z;
T denoting the transpose for a vector and the dagger
indicates the Hermitian conjugate.
Through DDT (5), which is actually a kind of
auto-Darboux transformation [40], one can derive a
solution based on the seed solutions. By analysing eqs
(1), we found one general form of the seed solutions of
eqs (1) can be written as follows:

 3



β(z)
(0)
exp i
qj = aj
al2
β(z) dz ,
(8)
γ (z)
l=1

where a j ’s ( j = 1, 2, 3) are the real parameters and the
superscript 0 is to distinguish the seed solutions from
the solutions derived via DDT.
After a chain of calculations, one can reach the
auto-Darboux transformation between solutions (q1 , q2 ,
(0) (0) (0)
q3 ) and the seed solutions (q1 , q2 , q3 ) at k = k1 :

i(k1 −k1∗ )
β(z)
(0)
qj = qj −
z 1 z ∗j+1 ,
γ (z) |z 1 |2 +|z 2 |2 +|z 3 |2 +|z 4 |2
j = 1, 2, 3.
(9)
In order to construct transformation (9) with seed
solutions (8), we set
 = G −1 (k1 ),
t = , z =

,

(10)
(11)
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where the superscript ‘−1’ stands for the inverse of the
matrix,
⎛
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⎜
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⎝
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−i
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,
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11
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⎜
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11
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44



β(z) dz

e

−i

qj =

dz )

Z = (z 1 , z 2 , z 3 , z 4 )T = Gei(

with

dt−

= eξ2 [aγ1 + γ2 (aξ1 − a + i)],
= e−ξ2 [−a1 γ1 − a1 γ2 (ξ1 − 1) + a3 γ3 eξ3 ],
= e−ξ2 [−a2 γ1 − a2 γ2 (ξ1 − 1) + a3 γ4 eξ3 ],
= e−ξ2 [−a3 γ1 − a3 γ2 (ξ1 − 1) − a1 γ3 eξ3
−a γ eξ3 ],
 2 4
a = a12 + a22 + a32 ,

ξ1 = −a β(z) dz + it,

1 2
β(z) dz,
ξ2 = ia
2
ξ3 = −at − ξ2 .
z1
z2
z3
z4

(12)



4az 1 z ∗j+1
β(z)
2ξ2
,
aje +
γ (z)
|z 1 |2 +|z 2 |2 +|z 3 |2 +|z 4 |2

j = 1, 2, 3

.

Therefore,

β(z) dz

(14)

Based on expressions (10) and (11), the solutions
(k1 ) can be written as






l=1

dt−

2
l=1 al

44

3
1  2
=−
al − 2k12 ,
2
l=1
 3


1 2
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al2 + k12 ,
2
l=1
 3


1 2
2
2
= a2 −
al + k1 ,
2
l=1

 3

1 2
2
2
= a3 −
al + k1 .
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k1 = i a12 + a22 + a32 . Through solutions (9), we derive
the solutions for eqs (1):
⎞
0
⎟
⎟
0
⎟
⎟,
⎟
0
⎠


3



(k1 ) = Gei(

9



dz )

Z0.

(13)

After certain calculations, we found that when 
and
are similar to a Jordan form but not diagonalisable, eq. (13) contains both exponential functions
and rational functions. The exponential functions correspond to the soliton part of the semirational rogue
wave, while the rational functions correspond to the
rogue wave part. When  and
are diagonalisable,
eq. (13) only contains the exponential functions. Under
that circumstance, we obtain the soliton solutions, but
the semirational rogue wave cannot be derived. In the
present paper, we focus ourselves on the semirational
rogue waves. Therefore, we set the spectral parameter

(15a)
(15b)
(15c)
(15d)

As can be seen from eqs (15), when γ2 = 0, ξ1
vanishes. Solutions (14) will be reduced to the exponential solutions, namely the soliton solutions. On the
other hand, when γ1 = γ3 = γ4 = 0, ξ2 and ξ3 vanish.
As a result, solutions (14) are reduced to the polynomial
solutions, which generate the rogue waves. In this paper,
we only work on the semirational rogue waves. Hence,
γ2 should be non-zero, while γ1 , γ3 and γ4 are not equal
to zero at the same time.
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Figure 1. Semirational rogue wave via
√ solutions (14) with a1 = 1, a2 = 0, a3 =
b12 = d12 = 1, c12 = 2 and g12 = (1/ 3).

√
2, b11 = d11 = g11 = 0, c11 = 1,

√
Figure 2. The same as those in figure 1 except that g12 = (1/ 3) + π .

3. Semirational rogue waves, Peregrine combs and
Peregrine walls
In this section, we shall investigate the semirational
rogue waves, Peregrine combs and Peregrine walls. The
variable coefficients β(z), γ (z) and δ(z), representing
the GVD, nonlinearity and fibre gain/loss, have certain influence on the propagation of semirational rogue
waves: the GVD can broaden a soliton, and can be counterbalanced by the nonlinearity. The fibre gain/loss can
lead to the change of soliton energy [30]. δ(z) > 0
denotes the amplification of a pulse, while δ(z) < 0
represents the attenuation of a pulse.
3.1 Periodical GVD and nonlinearity
We consider the semirational rogue wave in such a
fibre with the GVD or nonlinearity or both periodically
changed [43,44], i.e.
β(z) = c11 + b11 cos[d11 (z + g11 )]
and
γ (z) = c12 + b12 cos[d12 (z + g12 )],
where b1l ’s, c1l ’s, d1l ’s and g1l ’s (l = 1, 2) are constants.
Here, b11 is related to the GVD while b12 is related to the
nonlinearity. d11 and d12 affect the oscillation frequencies of the solitons or backgrounds in each component.
g11 and g12 correspond to the phase shifts on the normalised distance z. c11 and c12 can be modified to avoid

any singularity. Trigonometric functions are physically
meaningful, as they provide alternating regions of
positive and negative dispersion and nonlinearity, which
can improve the soliton stability [45].
Presented in figure 1 is the semirational rogue wave
with constant GVD and periodic nonlinearity. Such a
semirational rogue wave consists of one soliton and one
rogue wave in each component. As we can see in figures 1a and 1c, there is one dark soliton interacting with
one eye-shaped rogue wave in the q1 and q3 components, and the semirational rogue wave takes place on
the periodic background. On the other hand, as seen in
figure 1b, the semirational rogue wave occurs on the zero
background in the q2 component. Moreover, the amplitude of the soliton part in the q2 component changes
periodically with respect to z, and the rogue wave part
is distinctly different from the eye-shaped one. In figure 1, we can see that the soliton part in each component
is bent, resulting in a velocity change of the soliton. It
can be calculated that the rogue wave takes place at
z = −(1/a). In figure 1, we take g12 = (1/a), which
leads to the fact that the nonlinearity reaches the maximum value at z = −(1/a). As a result, the rogue wave
takes place at the lowest position of the background,
as seen in figures 1a and 1c, or interacts with the lowest part of the soliton, as seen in figure 1b. Such an
effect leads to a decrease in the amplitude of the rogue
wave. On the contrary, the amplitude of the rogue wave
increases when it interacts with the hump of the oscillating background or soliton, as seen in figure 2. With the
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Figure 3. Semirational rogue wave via solutions (14) with a1 = 1, a2 = 0, a3 =
d11 = d12 = 2 and g11 = g12 = 0.

√

9

2, b11 = b12 = 1, c11 = c12 = 0,

Figure 4. The same as those in figure 3 except that d11 = d12 = 1.75.

Figure 5. The same as those in figure 3 except that d11 = d12 = 1.125.

periodic GVD and constant nonlinearity, the behaviour
of semirational rogue waves is similar to those discussed
in figures 1 and 2, so that we omit them.
When one of the GVD and nonlinearity are constants
and the other one is a periodic function of z, according to constraint (4), δ(z) is periodically changed with
respect to z. It can be seen from figures 1 and 2 that
the fibre gain/loss can change the energy of the semirational rogue wave. On the other hand, when δ(z) = 0,
that is, β(z)/γ (z) is a constant, Peregrine combs [14]
with the period π/d11 and a soliton interact on the constant background, as seen in figure 3. With t increasing,
a dark soliton with the periodically changing amplitude
takes place first in the q1 and q3 components, while a
bright soliton in the q2 component, as seen in figure 3.
As t keeps increasing, the Peregrine combs occur. In
the q1 and q3 components, the periodically appearing
eye-shaped rogue waves along the z-axis form the Peregrine combs, while in the q2 component the rogue wave

rising up from the zero background does. The amplitude
change of the soliton results from the interaction with
the Peregrine combs, rather than from the fibre gain/loss
effect. With d11 decreasing, we find that the humps of the
Peregrine combs begin to broaden with the maximum
amplitudes remaining unchanged, as seen in figure 4.
Such a wave structure has been referred to as the Peregrine wall [14], which results from the superposition of
two rogue waves. As d11 keeps decreasing, each rogue
wave of the Peregrine combs splits up into two, as seen
in figure 5.
3.2 Exponential GVD and nonlinearity
Due to the realisation of the exponentially varying GVD
and nonlinearity in soliton compression [45–47], we
consider the fibre with
β(z) = b21 exp[d21 z]
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Figure 6. Semirational rogue wave via solutions (14) with b21 = b22 = 1 and d21 = d22 = −1.

Figure 7. The same as those in figure 6 except that d21 = d22 = 1.

√
Figure 8. Semirational rogue wave via solutions (14) with β(z) = 1 and γ (z) = exp[(1/5)(z + (1/ 3))].

and
γ (z) = b22 exp[d22 z],
where b2l ’s and d2l ’s (l = 1, 2) are constants. Figure 6
exhibits the semirational rogue wave in such a fibre.
As we can see in figures 6a and 6c, when t =
−(1/2a), one rogue wave interacts with a soliton at z =
ln a in the q1 and q3 components. When z < ln a, the
rogue wave vanishes on the whole constant background.
On the other hand, the rogue wave reduces to a bright
soliton when z > ln a. In the q2 component, as shown
in figure 6b, a temporal–spacial localised rogue wave
rises up from the zero background at (ln a, −1/2a).
In each component, the interaction between the rogue
wave and the soliton leads to a velocity change. Due
to the interaction, the amplitude of the rogue wave in
the q j component is less than 9a 2j (b21 /b22 ) ( j = 1, 3).
When d21 = d22 > 0, the velocity of the soliton still
changes at (ln a, −1/2a), while the rogue wave does not
occur, as seen in figure 7. In both cases, the amplitude of
the soliton decreases while the width increases after the

velocity change. When the GVD is a constant and the
nonlinearity is exponential, the fibre gain/loss effect
will be involved, as seen in figure 8. According to
constraint (4), δ(z) = 0.1, which indicates that the semirational rogue wave propagates in a medium with a constant fibre gain. As can be seen from figures 8a and 8c,
in the q1 and q3 components, the background bands
along the propagation direction. In each component, the
amplitude of the soliton part attenuates with z increasing. On the other hand, in a medium with the constant
fibre loss, that is, δ(z) < 0, the semirational rogue wave
undergoes an amplification along the positive direction
of z.

3.3 Linear GVD and nonlinearity
We discuss the fibre with the linear GVD and nonlinearity, i.e.
β(z) = c21 + d21 z

Pramana – J. Phys. (2019) 92:9
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√
√
Figure 9. Semirational rogue wave via solutions (14) with c21 = c22 = (7 2/5) and d21 = d22 = 3.

Figure 10. The same as those in figure 8 except that c21 = c22 =

√
2.

Figure 11. The same as those in figure 8 except that c21 = c22 = 0.

and
γ (z) = c22 + d22 z.
Here, we take c21 = c22 and d21 = d22 , which leads to
δ(z) = 0, in a fibre with no fibre gain/loss effect. As we
can see in figure 9, the semirational rogue wave consists
of a pair of rogue waves and a soliton. In the q1 and q3
components, the eye-shaped rogue-wave pair with two
peaks and four valleys takes place and interacts with a
dark soliton, as seen in figures 9a and 9c. However, in the
q2 component, the rogue-wave pair with two peaks and
no valley rises up from the zero plane and interacts with
a bright soliton, as seen in figure 9b. The rogue-wave
pair forms at

⎞
⎛
2 − (2d /a)
−c21 ± c21
21
1
⎝
, − ⎠.
d21
2a
Hence, the distance between the rogue-wave pair
increases when |c21 | (|d21 |) increases (decreases). On
the contrary, the rogue-wave pair merges with the

decrease (increase) of |c21 | (|d21 |). As |c21 | (|d21 |)
2 − (2d /a),
keeps decreasing (increasing), when c21
21
the two rogue waves take place at the same coordinate (−(c21 /d21 ), −(1/2a)), resulting in the Peregrine
wall, as seen in figure 10. The Peregrine wall in the q j
( j = 1, 3) component has the same amplitude as the
rogue-wave pair in figure 9, which is less than 9a 2j due
to the interaction with the soliton. With |c21 | decreasing
or |d21 | increasing, the rogue-wave pair merges. However, the amplitude of the peak does not increase. On the
contrary, in the q1 and q3 components, the amplitude of
the rogue wave reaches the lowest point when c21 = 0,
as seen in figures 11a and 11c. In the q2 component, the
rogue wave disappears, as seen in figure 11b.

4. Conclusions
In this paper, the three coupled variable-coefficient NLS
equations, i.e. eqs (1), which describe the amplification
or attenuation of the picosecond pulse propagation in
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the inhomogeneous multicomponent optical fibre with
different frequencies or polarisations, have been investigated. Through DDT (5), we have derived semirational
solutions (14). Based on such solutions, semirational
rogue waves, Peregrine combs and Peregrine walls have
been constructed and demonstrated in figures 1–11.
Effects of the GVD, nonlinearity and fibre gain/loss,
i.e. β(z), γ (z) and δ(z), respectively, in different fibres
have been discussed:
(1) Semirational rogue waves with the constant GVD
and periodic nonlinearity are shown in figures 1
and 2. It is found that the periodically changing fibre
gain/loss can result in the oscillation of the background and the semirational rogue wave. In the fibre
with zero fibre gain/loss, semirational Peregrine
combs and its splitting behaviour are observed, as
shown in figures 3–5.
(2) Semirational rogue waves with the exponential
GVD and nonlinearity are shown in figures 6 and 7.
Rogue wave is formed when the GVD and nonlinearity are increasing functions of z, while the rogue
wave does not take place when the GVD and nonlinearity are decreasing functions of z. The energy
attenuation phenomenon of the semirational rogue
wave is observed in figure 8.
(3) Semirational rogue waves with the linear GVD and
nonlinearity are shown in figures 9–11. Roguewave pair can merge into a Peregrine wall. Amplitude of the rogue wave decreases as the interaction within the rogue-wave pair becomes more
intense.
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