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Abstract. We investigate numerically the responses of the single pendulum and double pendulum arms coupled
to a nonlinear RLC-circuit shaker through a magnetic field. These systems can be used to build a robotic device or
an automat. The nonlinear RLC circuit is a Duffing oscillator that generates electric bursting oscillations. We first
examine the dynamical behaviour of the single pendulum arm. Time series shows that the pendulum arm exhibits
bursting oscillation. When the natural frequency w2 < 1, the shape of the bursting in the electrical part is different
from that observed in the pendulum arm and if w2 > 1, the shape is the same. We then explore the behaviour of a
double pendulum arm powered by electric bursting oscillations. Time series are also used to explore the behaviour of
each pendulum arm. The results show that the displacement of each pendulum arm undergoes bursting oscillations
resulting from the transfer of the electronic signal. The shape of bursting of the first pendulum is different from that
of the second pendulum for some values of w1 . The shape, period and amplitude of the bursting oscillations depend
on various control parameters.
Keywords. Single pendulum arm; double pendulum arms; bursting oscillations; nonlinear RLC circuit.
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1. Introduction
The dynamical behaviours of systems under external
excitation have been intensively studied in the past
few centuries [1–8]. Among these systems, the electromechanical system is a famous system where the
mechanical part is coupled to the electrical part [9–11].
The electromechanical system can be classified into
two groups according to the displacement of the mechanical part. The first group concerns the case where the
mechanical part performs translational movement [12].
In the second group, the mechanical part executes rotational movement in the plane [13]. The pendulum system is a system which can perform rotational movement.
The dynamical behaviours of the pendulum excited
by external signal have been investigated in the last few
decades [13–22]. In 2008, the behaviours of a double
pendulum with harmonic excitation have been studied
by Sado and Gajos [18]. Angelo et al [19] analysed
the dynamics of a double pendulum arm coupled to

a nonlinear RLC circuit though a magnetic field. The
nonlinear dynamics of RLC circuit is described by
the Duffing equation and Angelo et al [19] showed
that when the RLC circuit exhibits chaotic motion,
the double pendulum has a chaotic behaviour. Apart
from the theoretical analysis, the experimental investigation has been done in [13,20–22]. Apart from the
theoretical study, the experimental investigation was
done in [13,20–23]. Experimental investigation was
carried out in [13] by Sze-Hong et al. They have
studied the response of pendulum rotations through
vertical nonlinear electromechanical excitation generated using an RLC-circuit powered solenoid. They used
square waves-like excitation at the input of the system.
The period-1 rotation, period-1 oscillation and period2 oscillations have been found. In 2016, experimental
investigation has been performed on the pendulum system subjected to a stochastic excitation by Sze-Hong et
al [23] and in 2016, studies on pendulum rotations when
the source of excitation is chaotic have been presented
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by Sze-Hong et al [22]. They found that the controlled
rotational motion of the pendulum lost its periodicity at
some excitation frequencies and the vertical oscillations
of the pendulum becomes irregular.
The nonlinear RLC circuit can generate other types of
oscillations such as periodic, quasiperiodic, chaotic and
bursting oscillations. Bursting oscillations have been
intensively studied during the last decades [24–31] and
they are observed in many biochemical, chemical reactions and electrical circuit in a variety of nerve and
endocrine cells [28]. Bursting oscillations are characterised by the alternation of an active phase and a silent
phase during each period of oscillation [26]. The electric
bursting signal has been used to actuate the mechanical device in [31,32]. Simo and Woafo [33] and Simo
Domguia et al [34] studied the dynamics of a mechanical
system powered by electric bursting and spiking oscillations. In these papers, the mechanical system performs
translation movement.
To our knowledge, there is no published work on
pendulum arms excited by electric bursting signals.
The goal of this paper is to study the response of
a pendulum device when it is powered by bursting
signals. The paper is organised as follows. Section 2
contains a description of the mathematical equation of
the electromechanical system using the Lagrangian formalism and Kirchhoff’s laws. The dynamical behaviour
of the system is presented in §3 using numerical simulation. In §4, the analysis of the electric bursting signal
transfer between the electrical part and a double pendulum system is presented. We conclude in §5, giving
some hints of applications of the electromechanical
device.

2. System and equation
2.1 System
The electromechanical device considered here is
presented in figure 1. It is composed of an electrical part
coupled magnetically to a single pendulum arm of length
l1 and mass m. The coupling between both parts of the
system is realised through the electromagnetic force due
to a permanent magnet which creates a Laplace force in
the mechanical part and the Lenz electromotive voltage
in the electrical part. The electrical part consists of a coil
of inductance L, a resistor of resistance R, a capacitor C
and a source of voltage e(t) = f 0 cos wt. The mechanical part is the pendulum arm. The nonlinear term is
introduced by considering a capacitor constructed from
figure 2 having the following charge–voltage characteristics:
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Figure 1. Scheme of the electromechanical system.

Figure 2. Scheme of the nonlinear capacitor.

Vc =



−q
q
,
+ nV0 sinh−1
c1
2Rc i 0 c2

(1)

where i 0 is the reverse saturation current equal to 10−4 A
and V0 = 26 mV at room temperature. A mathematical
expansion up to the third order leads to
Vc (q) = a1 q + a3 q 3

(2)

with
a1 =

1
nV0
nV0
−
and a3 =
.
c1 2R2 c2 i 0
48Rc3 i 03 c23

Assuming that RC < nV0 c1 /2c2 i 0 , one obtains that
a1 < 0 and a3 > 0.
2.2 Equations of motion
The system of figure 1 has two degrees of freedom. The
angle ϕ is the deflection of the pendulum measured from
the vertical axis and q is the component standing for the
instantaneous charge of the capacitor.
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The equations of motion are derived as Lagrange’s
equation and Kirchhoff’s law, and taking into account
the contributions of the Laplace force and Lenz electromotive voltage [17], the system is described by the
following set of differential equations:

(2a)
(2b)

Next, we introduce the dimensionless time τ = we t and
the following definitions:
q
R
, μ=
,
Q0
Lwe

k=

a3 Q 30
a1
, we2 = ,
2
Lwe
L

w2 =

g

, w=
,
2
l 1 we
we

μ1 =

c1
,
ml12 we

B1 =

E=

B2 =

ẍ + μẋ − x + kx 3 + B1 ϕ̇1 = E cos(wτ ),
ϕ̈ + μ1 ϕ̇ + w2 sin(ϕ) = b2 ẋ.

n Bσ 2l 2 Q 0
,
2ml12 we

where l1 is the length of the domain of interaction
between B and the pendulum and Q 0 is a reference
charge of the capacitor. The dot over the quantities
denotes the time derivative.

ẋ1
ẋ2
ẋ3
ẋ4

= x2 ,
= − μx2 + x1 − kx13 + b1 x4 + E cos(wτ ),
= x4 ,
= − μ1 x4 − w2 sin(x3 ) + b2 x2 ,

w = 0.005

w = 0.01

w = 0.02

(4a)
(4b)

where x1 = x and x3 = ϕ. In this work a1 < 0, and this
condition will induce a double-well potential structure
in the electrical system, which is a source of bursting
oscillations for some particular values of E and w.

In this section, it is interesting to study the influence of
some parameters on the dynamical behaviour of bursting oscillations in the electromechanical device. The
set of eqs (4a) and (4b) are solved numerically using
the fourth-order Runge–Kutta algorithm for k = 1.0,
b1 = 0.006 and b2 = 1.1.
In table 1, we can see by analysing the time series
that the electromechanical system generates bursting
oscillations when the external frequency ω varies with

Table 1. Time series of the bursting oscillations in the electromechanical system with various values
of w when f 0 = 0.5 and w2 = 0.15.
External frequency

(3a)
(3b)

3. Bursting oscillations in the system with single
pendulum arm

f0
,
L Q 0 we

n Bσ 2l 2
,
2L Q 0 we

The above differential equations reduce to the
following set of non-dimensional differential equations:

Equations (3a) and (3b) can be rewritten in the state
space as follows:

n Bσ 2l12
ϕ̇
L q̈ + R q̇ + a1 q + a3 q +
2
= f 0 cos(t),
n Bσ 2l12
q̇.
ml 2 ϕ̈ + c1 ϕ̇ + mgl sin ϕ =
2
3

x=

3

Electrical part

Pendulum arm
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Table 2. Effects of amplitude E of external excitation on the bursting oscillations.

Amplitude
of the AC
voltage

Electrical part

Pendulum arm

E = 0.4

E = 0.8

E = 1.0

E = 0.5. In terms of shapes, we can see the difference
between the bursting oscillation in the electrical circuit
and that of the pendulum arm. The number of the spikes
increases when w increases.
Consider the effects of the AC voltage amplitude E,
with w = 0.01. The bursting oscillations appear in the
system when E > 0.385, as can be seen in table 2. One
notes that the amplitude of the pendulum arm increases
when the value of external force increases. One can see
that for E = 0.4, the amplitude of the pendulum arm is
x3 max = 2.35 and for E = 1.0, x3 max = 2.6.
The next control parameter that has been varied is the
natural frequency of the pendulum arm. It depends on
the length of the pendulum arm. One observes that for
w2 < 0.06, the electrical part exhibits bursting oscillations and the quasisquare wave oscillations are found in
the pendulum arm. For w2 > 0.06, bursting oscillations
appear in the system as can be seen in table 3. One notes
that for w2 ∈ [0.1; 0.5], the shape of the bursting in the
electrical part is different from that of the pendulum arm.
For w2 ≥ 0.5 the shape of bursting oscillations is the
same in two parts (see table 3). In this case, the amplitude of the electrical bursting remains constant while
that of the pendulum decreases.
The last control parameter is the damping coefficient
of the electrical part. This coefficient depends on
the resistor of the circuit. In table 4, the dynamical
behaviours of the electromechanical part are presented
when the damping coefficient varies with w2 = 0.15

and w = 0.01. When the value of μ increases from
μ = 0.5 to 2.5, one notes the difference between the
shape of bursting of the electrical circuit and that of
the pendulum arm. For μ ≥ 2.5, the shape of the bursting oscillations powered by the electrical circuit appears
in the mechanical part. In this case, when the value
of μ increases the amplitude of the electrical bursting
decreases with that of the pendulum arm. For μ = 0.8,
one has x2 max = 0.7061 and x3 max = 2.325. For
μ = 2.5, x2 max = 0.3036 and x3 max = 1.703.

4. Bursting oscillations in the system with double
pendulum arm
In this section, the dynamical behaviours of the double
pendulum arm are studied when some parameters vary.
4.1 Equation of the system
Figure 3 shows the system consisting of a double
pendulum of lengths l1 and l2 and masses m 1 and m 2 .
The electrical circuit that has been used in §3 is used
here also.
The pendulum deflection angles ϕ1 and ϕ2 are
measured from the vertical axis and the electrical charge
is q. These variables are considered as generalised
coordinates.
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Table 3. Effects of w2 on the bursting oscillations.

w2

Electrical part

Pendulum arm

w2 = 0.1

w2 = 0.2

w2 = 1.0

Table 4. Time series for different values of damping coefficient μ on the bursting oscillations.

Damping
coefficient

µ
µ = 0.8

µ = 1.5

µ = 2.5

Electrical part

Pendulum arm

3

3
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n Bσ 2l 2
ϕ1 = E 0 cos(t)
2
(5a)
2
(m 1 +m 2 )l1 ϕ̈1 +m 2l1l2 ϕ̈2 cos(ϕ1 −ϕ2 )
L q̈ + R q̇ + a1 q + a3 q 3 +

+ m 2ll2 ϕ̇22 sin(ϕ1 − ϕ2 ) + (m 1 + m 2 )gl1 sin ϕ1
n Bσ 2l 2
q̇
(5b)
2
m 2l22 ϕ̈2 + m 2l1l2 ϕ̇12 sin(ϕ1 − ϕ2 ) + m 2 gl2 sin ϕ2
= c2 (ϕ̇1 − ϕ̇2 ),
(5c)
= −c1 ϕ̇1 − c2 (ϕ̇1 − ϕ̇2 ) +

Figure 3. Scheme of the electric system coupled with the
double pendulum arm.

The equations of motions for the system are
formulated by applying the Lagrangian equation and
Kirchhoff’s law and the following nonlinear differential
equations are thus given by [18]

where E 0 and  are the amplitude and frequency,
respectively; c1 and c2 are the damping coefficients; and
n is the number of turns per unit length. l1 and l2 are the
lengths of both pendulums.
Considering the constants we , Q 0 and defining the
variables τ and x, the system can be represented in the
dimensionless form by eqs (5a) and (5b) as follows:
ẍ + μẋ − x + kx 3 + b1 ϕ̇1 = e0 cos(wτ ),

Figure 4. Bursting in the electric part with w = 0.005.
Table 5. Bursting oscillations in the pendulum when the external frequency varies with w = 0.3.

Frequency w
w = 0.005

w = 0.001

First link

Second link

(6a)
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Table 6. Bursting oscillations when the AC voltage varies with w = 0.01.
Amplitude E

First link

Second link

E = 0.4

E = 0.8

E = 1.2

Figure 5. Bursting oscillations in the electromechanical system: (a) electric circuit, (b) second link and (c) first link with
δ = 3.5, E = 1.2 and w = 0.01.

1
ϕ̈2 cos(ϕ1 − ϕ2 )
(b + 1)a
1
ϕ̇ 2 sin(ϕ1 − ϕ2 ) + w12 sin ϕ1
+
(b + 1) 2
μ2
= −μ1 ϕ̇1 −
(ϕ̇1 − ϕ̇2 ) + b2 ẋ
(b + 1)a 2

ϕ̈2 + a ϕ̈1 cos(ϕ1 − ϕ2 ) − a ϕ̇12 sin(ϕ1 − ϕ2 )

ϕ̈1 +

+ (w12 a) sin ϕ2 = μ2 (ϕ̇1 − ϕ̇2 ),

(6b)

where
l1
m1
q
, a= , b=
,
x=
Q0
l2
m2

(6c)
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Figure 6. Dynamical behaviour of the electric part when a = 0.8.
Table 7. Dynamical behaviour of the mechanical part when a varies.

a

First link

Second link

a = 0.8

a = 1.0

a = 1.5

R
a3 Q 0
a1
, k=
, we2 = ,
2
Lwe
Lwe
L
g
2
2
= w1 a,
w2 =
l2 we2


c1
w=
, E=
, μ1 =
,
we
we
(m 1 + m 2 )l12 we

μ=

μ2 =

c2
n Bσ 2l 2
,
b
=
,
1
2L Q 0 we
m 2l22 we

b2 =

n Bσ 2l 2 Q 0
.
2(m 1 + m 2 )l12 we

By introducing new variables, the set of eqs (6a) and
(6b) becomes
ẋ = y,
ẏ = − μx y + x − kx 3 − b1 x4 + e0 cos(wτ ),
ẋ3 = x4 ,
1
ẋ6 cos(x3 − x5 )
ẋ4 = −
(b + 1)a
1
−
x 2 sin(x3 − x5 ) + w12 sin x3
(b + 1) 6
μ2
−μ1 x4 −
(x4 − x6 ) + b2 y,
(b + 1)a 2

(7a)

(7b)
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Table 8. Dynamical behaviour of the mechanical part when the frequency of the first link w1 varies
with ω = 0.01.

w1

First link

Second link

w1 = 0.8

w1 = 0.1

w1 = 1.2

w1 = 2.0

ẋ5 = x6 ,
ẋ6 = − a ẋ4 cos(x3 − x5 ) + ax42 sin(x3 − x5 )
−(w12 a) sin x5 + μ2 (x4 − x6 ),

(7c)

where
x3 = ϕ1 , x5 = ϕ2 .
4.2 Numerical results
In this section, we shall study the dynamics of the system
for a = 0.7, δ = 0.5, μ1 = 0.5, μ2 = 0.5, b1 = 0.3,
w1 = 0.3, b2 = 0.5, b = 2.0, f 0 = 0.5 and k = 1.0.
The time series of the electrical part and the mechanical
part are shown in figure 4 and table 5, respectively, when
the external frequency w varies.
In table 5, we can see that the number of spikes of the
mechanical part increases when the external frequency

increases. We can also observe that the shape of bursting
oscillations of the electric part and that of the second
link are the same. One notes that when the first link
moves up, the second link performs a forward and backward movement before both the arms return to the rest
position.
When the amplitude of the external force E increases,
the amplitude of the oscillation of the double pendulum (first link and second link) increases (see table 6).
For E = 0.8, we have x3 max = 1.032 and x5 max =
0.078. For E = 1.2 we have x3 max = 1.060 and
x3 max = 0.9. In figure 5, we present the dynamical behaviour of system (7) when δ = 3.5, E =
1.2 and ω = 0.01. Figures 5a and 5b present the
shape of the electric bursting and bursting oscillation generated by the first pendulum, respectively. One
can observe that the shape of the electric bursting is
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similar to that exhibited by the first pendulum, but
is different from that of the second pendulum (see
figure 5c).
The next parameter is a which is the ratio between
l1 and l2 (a = l1 /l2 ). In figure 6, the electric bursting
and in table 7, the dynamical behaviours of mechanical
part are presented. The time series of system (7) are
presented when the parameter a varies and w = 0.01
and w1 = 0.3 are fixed. For 0.8 ≤ a ≤ 1, the amplitude
of bursting of the first link increases while that of the
second link decreases. For a = 0.8 we have x3 max =
0.831 and x5 max = 0.469 and for a = 1.0, x3 max =
0.844 and x5 max = 0.434. When a > 1, the amplitude
of both the links decreases.
The last parameter is the natural frequency w1 of the
first link as shown for a = 1.0, E = 1.2, δ = 3.5
and w = 0.01. For w1 = 0.8, the shape of bursting
of the first link is different from that of the second link
(see table 8). When w1 increases from 0.8 to 0.1, the
mechanical arms present bursting with the same shape
and when w1 reaches the value 2.0, the shape of bursting
of the two arms is different.

5. Conclusion
This paper has numerically studied the dynamics of
single pendulum and double pendulum arms excited by
bursting electric signal that is generated by the doublewell Duffing oscillator (as the electrical circuit). The
electrical part is excited by a sinusoidal voltage source.
We have studied for the first time the electromechanical part consisting of an electric circuit coupled
magnetically with single pendulum arm. Then, the
electric circuit coupled magnetically with the double
pendulum arm was analysed.
The shape, period of occurrence and amplitude of the
bursting oscillation have been found to depend on frequency and amplitude of the source voltage as well as
on the dissipation coefficient in the electrical circuit and
the natural frequency of the pendulum arm.
Such a study can find applications in many fields. For
instance, in robotics, the pendulum can be considered
as the arm of a robot and its responses can be used to
regulate traffic, where the arm gives the direction of the
ways or roads during a short time and then the arm can
return to its rest state. This system can be used to design
windscreen wipers and also for designing buildings.
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