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Abstract. In this work, a comparison between two different cases of an elliptical Cherenkov maser with two
electron beams for the generation and amplification of terahertz electromagnetic waves has been presented. The
waveguide is made of a hollow dielectric layer filled with a cold collisionless unmagnetised plasma. In the abovementioned configuration, there are two electron beams with opposite velocities. The dispersion relation graph and
its characteristics, such as its dependence on geometrical dimensions and characteristics of the electron beam, are
presented. The growth rates of the hybrid modes are numerically calculated and their diagrams in some operating
frequencies are studied. The effective factors on the time growth rate of hybrid electromagnetic waves, such as
geometrical dimensions, dielectric constant of the dielectric layer, accelerating voltage, plasma frequency and
applied current intensity, are analysed. It is shown that the injection of background plasma into the core region of
the waveguide can enhance the output frequency and the wave growth rate of the beam–wave interaction.
Keywords. Two-stream instability; elliptical waveguide; millimetre wave amplifiers; particle beams.
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1. Introduction
The generation of terahertz (THz) radiation based on
the interaction of electron beam with electromagnetic
waves is of great practical and theoretical interest
because of its diverse applications in different fields
[1–3]. Plasma waveguides show great promise as tools
for generating radiation in the THz spectral region
[4–7]. In this type of structure, the suitable localisation of plasma region and its density distribution
profile affect the growth rate of the generated waves
for improving the power and efficiency of the generated THz wave. It has been shown that slow waves
can be efficiently generated due to the distribution
of plasma density around a metal [8]. The role of
plasma density distribution in a plasma waveguide
with a dielectric rod has been investigated [9–13]
and it is proved that the presence of plasma region
around the dielectric rod located in its centre leads
to the enhanced growth rate in higher dispersion

branches. Recently, two-stream instability in elliptical
metallic waveguides has been theoretically studied
[14–16]. In one of these studies, the plasma region has
been placed on the outer surface of a dielectric tube and
the growth rate has been calculated and analysed under
these conditions with the injection of relativistic electron beam [15]. It has been shown that the presence of
plasma region on the outer surface of a dielectric tube
does not significantly increase the growth rate of THz
waves.
In this paper, two-stream instability in a metallic
waveguide with elliptical cross-section is studied under
which the region occupied by the plasma is considered within the dielectric region. This configuration is
a scientifically based practical design for the following
reasons: first, the plasma is located in a region directing the main harmonic field distribution outside the
dielectric region (or electron beams exiting the region)
which causes the annular electron beam to interact more
appropriately with the main harmonic electric field. The
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second advantage of this configuration is its easy design
for electron beam injection in the absence of annular
electron beam in the plasma background due to the low
lifetime of annular electron beam in a plasma region that
makes it interesting for various practical applications. In
addition, it seems that this configuration is much more
closer to reality in practice based on the presence of
annular electron beam because the annular shape of the
electron beam is responsible for most of the interactions
between the wave and the matter. It should be noted that
the presence of plasma in empty space between the tube
and the dielectric leads to the optimisation of the critical current [17–19]. Due to the strong dependence of the
field profile distribution on the presence of plasma in the
core region, the transferring process of the electric field
distribution to the electron beam regions is investigated.
It is shown that efficient growth rate can be achieved
in the present configuration compared to the cases presented in [14,15].
This work has been organised in five sections where
the introduction was presented as §1. In §2, governing
equations of the system are presented in different regions
of the system. In §3, the dispersion relation of electromagnetic waves in this configuration are obtained.
Diagrams of the dispersion relation and its dependence
on effective factors such as geometrical dimensions of
the waveguide, dielectric permittivity and plasma frequency are presented in this section. In §4, diagrams of
growth rate and its properties for different configurations
and parameters of the waveguide are presented. Finally,
a summary and conclusion from the above sections is
presented in §5.

2. Configuration and general equations
Figure 1 illustrates a cylindrical metallic waveguide with
elliptical cross-section containing a dielectric tube. This
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dielectric tube is filled by a cold unmagnetised plasma.
An electron beam is injected along the z-axis in the
plasma region and it will come back from the outer
surface of the dielectric tube. To facilitate the analysis, an elliptic coordinate system ξ, η, z is defined.
The coordinates x and y are related to ξ and η by
x = f cosh ξ cosη, y = f sinh ξ sin η with f being
the semifocal length of the elliptic cylinder. It should
be noted that this configuration has four isotropic and
homogeneous regions separated by confocal boundaries. As figure 1 illustrates, the elliptical boundaries
of the plasma layer, annual dielectric layer, electron
beam layer and metal are defined by ξ = ξ0 , ξ =
ξd , ξ = ξb and ξ = ξ1 , respectively. In the linear approximation, the perturbed current density and
charge density for electrons can be obtained by cold
collisionless relativistic momentum transfer and continuity equations. Using the z-component of the
general form of wave equation, we have
[11–16]
2
 + ω εr δ E = − 4π iω δ J,
 ∇
 · δ E)
∇ 2 δ E − ∇(
c2
c2

where δ E and δ J are the perturbed field and the
perturbed current density, respectively. On the other
hand, similar to the previous works [11–16] one
can find the governing equations for this
configuration for perturbed fields δ E z , δ Hz as
follows:
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Figure 1. Cross-section of an elliptical plasma waveguide
with two electron beams in opposite direction bounded by
four confocal boundaries defined as ξ = ξ0 , ξ = ξd , ξ = ξb
and ξ = ξ1 .
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εp = 1 − ωp2 /ω2 is the dielectric constant for isotropic
cold collisionless unmagnetised plasma and p52 refers
to region (I) in the absence of the electron beam.
It should be mentioned that in order to satisfy the
boundary conditions, in this configuration the waves
are hybrid [11–16]. Equations (2) and (3) are the
Mathieu equations and give the well-known eigenvalues
as

δ Ez =

80

[11–16,20–25]. Under these conditions, the expansions
in the above equations can be limited to the first term
[11–16,20–25].
3. Dispersion relation
The dispersion relation in the considered waveguide
can be found by making use of suitable boundary

⎧
∞
⎪
⎪
Am Cem (ξ, q1 )cem (η, q1 ), ξ < ξ0 ,
⎪
⎪
⎪
⎪
m=0
⎪
⎪
⎪
∞
⎪
⎪
⎪
[Bm Cem (ξ, q2 ) + Dm Feym (ξ, q2 )]cem (η, q2 ), ξ0 < ξ < ξd ,
⎪
⎨
m=0
⎪ ∞

⎪
⎪
[Pm Cem (ξ, q3 ) + Rm Feym (ξ, q3 )]cem (η, q3 ), ξd < ξ < ξb ,
⎪
⎪
⎪
⎪ m=0
⎪
⎪
⎪
∞
⎪
⎪
⎪
L m [Cem (ξ, q4 )Feym (ξ1 , q4 ) − Cem (ξ1 , q4 )Feym (ξ, q4 )]cem (η, q4 ), ξb < ξ < ξ1
⎩
m=0

and
⎧ ∞
⎪
⎪
Ym Sem (ξ, q5 )sem (η, q5 ), ξ < ξ0 ,
⎪
⎪
⎪
m=0
⎪
⎪
⎪
⎨ ∞
[Mm Sem (ξ, q2 ) + Nm Geym (ξ, q2 )]sem (η, q2 ), ξ0 < ξ < ξd ,
δ Hz =
⎪
m=0
⎪
⎪
⎪
⎪
∞
⎪
⎪
⎪
Z m [Sem (ξ, q4 )Geym (ξ1 , q4 ) − Sem (ξ1 , q4 )Geym (ξ, q4 )]sem (η, q4 ), ξd < ξ < ξ1 ,
⎩
m=0

where qi = pi2 f 2 /4. In these equations, Am , Bm , Dm ,
Mm , Nm , L m , Pm , Rm , Ym and Z m are constant coefficients; cem and sem are the even and odd solutions of the
angular Mathieu equation; Cem and Sem are the even and
odd radial Mathieu functions of the first kind; and Feym
and Geym are the even and odd radial Mathieu functions
of the second kind, respectively [20]. The subscript m
represents the order of the Mathieu functions. It must
be noted that eqs (2) and (3) have been solved for slow
waves under conditions for which the spontaneous radiation can be satisfied. Therefore, in this case, under the
conditions
c
ω
< c, ωp < ω
√ <
εd
kz

(4)

the parameter q2 is positive and the parameters q1,3,4,5
are negative. Numerically, computations show that
when the elliptical cross-section is not too flat,
i.e. ξ0,d,b,1 > 0.5, the system of infinite equations
in the elliptical waveguides will converge rapidly

conditions such as continuity of tangential components
of magnetic and electric fields across the elliptical
boundaries in the problem. By applying boundary conditions and integrating over η, an equation system
containing an infinite hierarchy of Mathieu functions
is found. In order to find dispersion relation of the
permissible modes, we should obtain non-trivial solutions of a deterministic equation by setting the determinant of the coefficients matrix equal to zero for
the system of equations obtained by applying boundary conditions. Here, we investigate the hybrid mode
HEo11 with small eccentricity (e). Considering all the
above-mentioned conditions and making use of the
method used in [14–16], one can obtain the dispersion
equation
det U = 0.

(5)

U is a matrix (10 × 10) with the form as
follows:
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⎡

u 11
⎢ 0
⎢
⎢
⎢ 0
⎢
⎢ u 41
⎢
⎢
0
. ⎢
Ũ = ⎢
⎢ u 61
⎢
⎢ 0
⎢
⎢
⎢ 0
⎢
⎢ 0
⎣
0

u 12
u 22
0
u 42
u 52
u 62
u 72
0
0
0
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u 13
0
0
0
0
u 23 u 24 u 25
0
0
0
u 34 u 35 u 36
0
u 43
0
0
0
u 47
u 53 u 54 u 55
0
0
u 63
0
0
0
u 67
u 73 u 74 u 75
0
0
0
0
0
0
u 87
0
0
0
0
0
0 u 10,4 u 10,5 u 10,6 0

0
0
0
u 48
u 58
u 68
u 78
u 88
u 98
0

The new parameters are defined as follows:
= a1 , u 12 = −b1 α1 , u 13 = −d1 α1 ,
= b2 , u 23 = d2 , u 24 = −e2 α2 ,
= − f 2 α2 ,
= e3 , u 35 = f 3 , u 36 = (l4 g3 − l3 g4 )α3 ,
q2 ωεp 
ωεd 
a1 α4 , u 42 = −
b α6 ,
u 41 =
q5 k z c
kz c 1
ωεd 
d α6 ,
u 43 = −
kz c 1
q2
u 47 = z 1 , u 48 = −m 1 α5 , u 49 = −n 1 α5 ,
q5
q4 ωεd 
q4 ωεd 
b2 α7 , u 53 =
d α7 ,
u 52 =
q2 k z c
q2 k z c 2
ω 
e α9 ,
u 54 = −
kz c 2
ω 
q4
q4
f 2 α9 , u 58 = m 2 , u 5,9 = n 2 ,
u 55 = −
kz c
q2
q2


u 5,10 = (k4 t2 − k2 t4 )α8 ,
q2
u 61 = a1 , u 62 = −b1 α11 ,
q5
q2 ω 
z α10 ,
u 63 = −d1 α11 , u 67 = −
q5 k z c 1
ω 
m α12 ,
u 68 =
kz c 1
ω 
q4
n 1 α12 , u 72 = b2 ,
u 69 =
kz c
q2
q4
u 73 = d2 u 74 = −e2 α14 , u 75 = − f 2 α14 ,
q2
q4 ω 
q4 ω 
m 2 α13 , u 79 = −
n α13 ,
u 78 = −
q2 k z c
q2 k z c 2
ω  
u 7,10 =
(k t − k4 t2 )α17 , u 87 = z 1 ,
kz c 2 4
u 88 = −m 1 α15 , u 89 = −n 1 α15 ,
u 98 = m 2 , u 99 = n 2 , u 99 = (k4 t2 − k2 t4 )α16 ,
u 10,4 = e3 , u 10,5 = f 3 ,
u 10,6 = (l4 g3 − l3 g4 )α3
u 11
u 22
u 25
u 34

⎤
0
0
0
0 ⎥
⎥
⎥
0
0 ⎥
⎥
u 49
0 ⎥
⎥
⎥
u 59 u 5,10 ⎥
⎥.
u 69
0 ⎥
⎥
u 79 u 7,10 ⎥
⎥
⎥
u 89
0 ⎥
⎥
u 99 u 9,10 ⎥
⎦
0
0
and
1
α1 =
π
1
α2 =
π
1
α3 =
π
1
α4 =
π
1
α5 =
π
1
α6 =
π
1
α7 =
π
1
α8 =
π
1
α9 =
π
α10
α11
α12
α13
α14
α15

(6)



2π

ce1 (η, −q1 )ce1 (η, q2 )dη,

0



2π

ce1 (η, −q3 )ce1 (η, q2 )dη,

0



2π

ce1 (η, −q3 )ce1 (η, −q4 )dη,

0



2π



0



0



0



0



0

1
=
π
1
=
π
1
=
π

2π

2π

2π

2π

2π
0



se1 (η, −q5 )ce1 (η, −q1 )dη,
se1 (η, q2 )se1 (η, −q5 )dη,
se1 (η, −q5 )ce1 (η, q2 )dη,
se1 (η, q2 )ce1 (η, q2 )dη,
se1 (η, q2 )se1 (η, −q4 )dη,
se1 (η, q2 )ce1 (η, −q3 )dη,

2π
0



2π
0



2π
0

ce1 (η, −q1 )se1 (η, −q5 )dη,
ce1 (η, −q1 )ce1 (η, q2 )dη,
ce1 (η, −q1 )se1 (η, q2 )dη,


1 2π 
=
ce1 (η, q2 )se1 (η, q2 )dη,
π 0

1 2π 
=
ce1 (η, −q3 )ce1 (η, q2 )dη,
π 0

1 2π
=
se1 (η, q2 )se1 (η, −q5 )dη,
π 0
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se1 (η, −q4 )se1 (η, q2 )dη,
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0



2π
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0
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Figure 2. Plot of the dispersion relation of electromagnetic
slow waves in a plasma waveguide with an annular dielectric
layer filled by a plasma in the presence of two relativistic
elliptical electron beams obtained from eq. (5). Here the
parameters are: εd = 4.2, i = 10 A,
= 120 kV,
ξ0 = 1.2, ξd = 1.5, ξb = 1.7, ξ1 = 2.2, f = 0.21 cm
and ωp a/c = 5.

Also, in the above equations, we have introduced
ai
ei
fi
ti
ni
ki
li
gi

= Ce1 (ξi , −q1 ), bi = Ce1 (ξi , q2 ),
= Ce1 (ξi , −q3 ),
= Fek1 (ξi , −q3 ), di = Fey1 (ξi , q2 ),
= Gek1 (ξi , −q4 ),
= Gey1 (ξi , q2 ), m i = Sei (ξi , q2 ),
= Se1 (ξi , −q4 ),
= Ce1 (ξi , −q4 ), z i = Se1 (ξi , −q5 ),
= Fek1 (ξi , −q4 ), yi = Ce1 (ξi , −q5 ).

The plots of dispersion equation (5) are presented
in figures 2–5. In the present work, we have used the
MATHEMATICA software for numerical calculations.
In addition, for using the angular Mathieu functions,
they have been obtained based on a series of calculations
from the recursive relations presented in [20]. We have
used Bessel functions for computing the radial Mathieu functions. Figures 2–5 are plotted between
√ two lines
k z − ω/c = 0 (vacuum line) and k z − ω εd /c = 0
(dielectric line), coincident with conditions (4). In these
figures, the frequency parameters such as ωp and ω are
normalised by a/c and the parameter k z is normalised
by a, where a is the semimajor axis of the waveguide
defined as a = f cosh(ξ1 ).
Figure 2 shows the diagram of dispersion relation
(5) when the electron beam in the core and the wave

Figure 3. Plot of the dispersion relation obtained from
eq. (5). Here εd = 9.1 and the other parameters are the same
as in figure 2.

phase velocity have the same direction for a fixed
configuration. As can be seen, there are several dispersion branches between the vacuum line and the dielectric
line. Comparison of this figure and figure 2 in [14,15]
shows that the number of branches of the spectrum
increases in the presence of plasma background in a core
region. Theoretical calculations show that some of the
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Figure 4. Plot of the dispersion characteristic obtained from
eq. (5). Here the outer radius of the electron beam is ξb = 1.9.
The other parameters are the same as in figure 2.

Pramana – J. Phys. (2018) 91:80

of branches for dispersion between the vacuum and
dielectric line decreases by increasing the dielectric
constant. In addition, the phase velocity of the waves
decreases by increasing the relative permittivity of the
dielectric layer which is very similar to the situation
observed in [14,15]. It should be mentioned that the
plasma background does not affect the structure of the
dielectric, and so in both structures, the phase velocities
of the waves decrease by increasing the relative permittivity constant of the dielectric layer. On the other hand,
figures 2 and 4 show a comparison between the number
of spectrum branches. As can be seen, by increasing suitable space for a backward beam, the number of branches
and solutions of k z a do not show significant changes
for fixed frequency and the result is similar to [14,15].
Comparing figures 2 and 5 shows that the number of
spectrum branches decreases by increasing the plasma
frequency.

4. Excitation of slow wave and time growth rate
The general method to obtain time growth rate of the
wave is that dispersion equation is solved for a complex value of ω, namely ω → ω + iδ at real wave
numbers of k z . Dispersion relation (5) can be extracted
with the preliminary operations of the determinant as
follows:
F1 (ω − k z V0 )2 − ϒ = 0,

(7)

where F1 is a matrix (8 × 8) with parameters as
follows:

Figure 5. Plot of the dispersion characteristic obtained from
eq. (5). Here the plasma frequency is ωp a/c = 6. The other
parameters are the same as in figure 2.

dispersion branches are located below the vacuum line.
So these waves are not slow and are coincident with
condition (4). In the presence of plasma, some of the
mentioned dispersion branches appeared in the allowed
region are coincident with condition (4), which means
increasing the number of allowed dispersion branches
are increased.
Figure 3 shows that for fixed geometric parameters of
the system, the number of appeared branches increases
by increasing the relative permittivity of the dielectric
layer while figure 3 in [14,15] shows that the number

w11 = y1 , w12 = −b1 α18 , w13 = −d1 α18 ,
w22 = b2 , w23 = d2 , w24 = (l4 g2 − l2 g4 )α19 ,
q2 ωεp 
ωεd 
y α20 , w32 = −
b α6 ,
w31 =
q5 k z c 1
kz c 1
ωεd 
q2
d1 α6 , w35 = z 1 ,
w33 = −
kz c
q5
w36 = −m 1 α5 , w37 = −n 1 α5 ,
q4 ωεd 
q4 ωεd 
b2 α7 , w43 =
d α7 ,
w42 =
q2 k z c
q2 k z c 2
ω
q4
w44 =
(l4 g2 − l2 g4 )α21 , w46 = m 2 ,
kz c
q2
q4


w47 = n 2 , w48 = (k4 t2 − k2 t4 )α8 ,
q2
q2
w51 = y1 , w52 = −b1 α22 , w53 = −d1 α22 ,
q5
q2 ω 
ω 
y1 α23 , w56 =
m α24 ,
w55 = −
q5 k z c
kz c 1
ω 
n α24 ,
w57 =
kz c 1
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q4
q4
b2 , w63 = d2 ,
q2
q2
= (l4 g2 − l2 g4 )α25 ,
q4 ω 
m α13 ,
=−
q2 k z c 2
q4 ω 
ω  
n 2 α13 , w68 =
(t k − t2 k4 )α17 ,
=−
q2 k z c
kz c 4 2
= y1 , w76 = −m 1 α15 , w77 = −n 1 α15 ,
= m 2 , w87 = n 2 , w88 = (k4 t2 − k2 t4 )α16 .

w62 =
w64
w66
w67
w75
w86

When ωb = 0, from eq. (7) we find that
F1 = 0,
ω − k z V0 = 0,

(8)
(9)

where eq. (8) is the dispersion relation of slow waves of
an elliptical waveguide including a dielectric layer in the
absence of electron beams. It must be noted that the dispersion equations (7) and (8) are valid only for the waves
under condition (4). Equation (9) defines the beam line
in the Brillouin diagram beam mode [6]. Equation (7) is
coupled via the interaction term ϒ which is dependent
essentially on the density of the electron beam. Introducing ω0 as the operating frequency, we can find the
growth rate of the waves presented by eq. (7) as follows
[11–16]:
1/3

 
ϒ
δ=G=
3/2
.
(10)
(∂ F1 /∂ω)|ω=ω0
The operating frequency is determined by synchronism
between the electron velocity and phase velocity of the
driven mode. Thus, substituting k z from eq. (9) into
eq. (8) and solving eq. (7), we can obtain the operating frequency ω0 and consequently the growth rate of
the driven mode.
Figure 6 presents the variation of normalised growth
rate Ga/c vs. normalised wavelength k z a in a fixed
operating frequency. Here, the growth rate is equal
to Ga/c = 0.668 for operating frequency ωa0 /c =
13.577. Comparison of this figure and figure 7 in [14]
shows that the growth rate increases slightly. In cases
with plasma and without plasma, waves are distributed
to other areas. However, in the plasma case, most of
the energy of other areas is spent for longitudinal fluctuations and the field profile intensity will increase in
the plasma area. Therefore, the component E z of the
electromagnetic wave will interact with particles more
effectively. Also, a comparison between this figure and
figure 5 in [15] shows that for a greater operating frequency, increase in growth rate will be more. Generally,
as the current density in the core is in contrast with the
phase velocity of the wave, the energy will be transmitted from the electron beam to the wave. On the
other hand, for the electron beam on the surface of a

Figure 6. Plot of the growth rate vs. the normalised wave
number with parameters same as in figure 2.

Figure 7. Plot of the growth rate vs. the normalised wave
number with mean dielectric constant εd = 9.1. The related
operating frequency is ω0 a/c = 8.954. The other parameters
are the same as in figure 2.

dielectric layer, the phase velocity and current intensity
are in the same direction. Therefore, the energy will be
transmitted from the wave to the electron beam. Hence,
it can be stated that each factor that causes longitudinal field distribution in the core increases, then the rate
of growth will increase with the increasing factor. In
the opposite case, each factor that causes longitudinal
field distribution in the outer surface of the dielectric
increases, then the rate of growth will decrease with
the increasing factor. The effect of relative permittivity constant of the dielectric layer on the growth rate is
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Figure 8. Plot of the growth rate vs. the normalised wave
number. Here ξ0 = 1 and the related operating frequency
is ωa0 /c = 8.953. The other parameters are the same as in
figure 2.

Figure 9. The effect of outer electron beam dimension on the
growth rate for a fixed operating frequency ω0 a/c = 13.577.
Here the parameters are the same as in figure 2.

presented in figure 7. As can be seen from this figure,
with increasing εd the growth rate increases. It must be
noted that when εd = 4.2 and 9.1, the growth rate is
related to the operating frequencies ωa0 /c = 13.577
and ω0 a/c = 8.954, respectively. It is obvious that by
varying the dielectric constant from 4.2 to 9.1 the time
growth rate will be changed from Ga/c = 0.668 to
2.054. Comparing figures 6 and 7, we see that the growth
rate increases with increasing εd in plasma waveguide
when the configuration and all parameters except the
dielectric constant are fixed. This occurs because with
increasing εd the effective longitudinal electric field can
be reflected more into the plasma as an active region.
In addition, the comparison between the two cases of
with plasma and without plasma (figure 8 in [14] and
figure 6 in [15]) indicates that in the case with plasma,
the growth rate enhancement is more than the case without plasma. Because of the increase of εd , in cases
without plasma, distribution of the field from the dielectric region into the other region increases. Therefore,
the pumped energy is transferred into the transverse
perturbations; hence, increase in growth rate will be
less compared to cases with plasma. Figure 8 shows
the variations of growth rate with increase in dielectric radius. As can be seen, the growth rate strongly
decreases from Ga/c = 0.668 to 0.051. This behaviour
is in agreement with the behaviour observed in [14,15].
Certainly, by increasing the radius of the dielectric,
distribution of longitudinal electric field will be concentrated in the III-region of (out of the dielectric layer). On
the other hand, by increasing the radius of the dielectric, the field profile intensity decreases in the plasma

area where the electron beam exists. Therefore, the
interaction between the wave and the electron beam is
less and therefore the growth rate decreases strongly
compared to the case without plasma [14] and the plasma
located on the outer surface of dielectric tube cases [15].
The variation of growth rate vs. outer electron beam
radius is shown in figure 9. Comparing this figure with
figure 10 in [14] shows that the effect of increase of
radius of the outer electron beam on the growth rate is
negligible. On the other hand, with increasing electron
beam area, the field profile distribution in this area does
not show significant changes in both cases. Figure 10
shows the variation of normalised growth rate vs. normalised wavelength for different beam currents. As can
be seen, the growth rate strongly increases from Ga/c =
0.668 to 8.903 by increasing the current intensity from
i = 10 to 100 A, while in [14,15], by increasing the
beam current from i = 10 to 100 A, the growth rate
increases slightly. It can be concluded that for the plasma
located in the core region, most of the energy pumped
into the system will be transferred to the perturbed
quantities along the z-axis. Figure 11 illustrates the variation of growth rate vs. the normalised wave number
for the normalised plasma frequency ωp a/c = 6. From
figures 6 and 11, one can observe that in a fixed operating frequency, by increasing the plasma frequency, the
growth rate increases from Ga/c = 0.668 to 0.751 as
the field profile intensity increases in the plasma region
by increasing the plasma frequency. On the other hand,
the plasma density is an important parameter in interaction between the electron beam and plasma. Figures 12a
and 12b present the variation of growth rate for
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Figure 10. The effect of electron beam current i on the
growth rate vs. the normalised wave number for an operating frequency ω0 a/c = 17.174 . The other parameters are
the same as in figure 2.

Figure 12. The effect of accelerating voltage
on the
growth rate. (a)
= 240 kV and the related operating
frequency is ω0 a/c = 9.981, (b)
= 240 kV and the
related operating frequency is ω0 a/c = 14.0913. The other
parameters are the same as in figure 2.
Figure 11. Plot of the growth rate vs. the normalised wave
number for isotropic plasma with normalised plasma frequency ωp a/c = 6 and the related operating frequency is
ω0 a/c = 13.577. The other parameters are the same as in
figure 2.

other accelerating voltages in two different branches.
Comparing this figures with figures in [14,15] shows
that in cases with plasma and without plasma, the operating frequency strongly depends on the voltage so that
the operating frequency will also be changed substantially by the variation of the potential. Also, comparing
figures 12a and 12b with figure 6 shows that by increasing the accelerating voltage, the growth rate increases

in one branch and decreases in the other branch. The
main cause of this phenomenon is attributed to field distribution in different regions of the waveguide. In other
words, by increasing the accelerating voltage, the distribution of longitudinal electric field in the core region
will be concentrated, whereas in the other branch, the
distribution of longitudinal electric field in region III
(out of the dielectric layer) will be concentrated. It must
be pointed out that the above-mentioned behaviour is not
permanent. It essentially depends on the selection of an
operating frequency from a special branch of dispersion
graphs.
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5. Summary and conclusion
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instability via Cherenkov interaction with the beam and
consequently the wave grows. The effects of permittivity constant of the dielectric layer, current density and
accelerating voltage of the electron beam on HEo11 mode
have been specially studied. By investigating the growth
rate and by plotting it against the normalised wavelength in several configurations, it was shown that the
growth rate increases by increasing the relative permittivity constant of the dielectric layer. About the effects
of accelerating voltage and current intensity, it was
observed that in some of the modes formed by increasing the voltage, the growth rate will be decreased and
in some of the modes it will be increased. The main
cause of this phenomenon was attributed to field distribution in different regions of the waveguide. In this
configuration it was observed that the spatial distribution of longitudinal electric field will be concentrated in
the core region by increasing the permittivity constant
of the dielectric layer. Also, it was shown that by using
an isotropic plasma in the core region and a plasma on
the outer surface of the dielectric tube in the present
elliptical waveguide, the growth rate increases. In such
elliptical waveguides with identical parameters such as
beam current, accelerating voltage, dielectric constant,
plasma density and geometrical dimensions, for the case
of plasma in the core region, the normalised time growth
rate increases. Therefore, one of the advantages of the
elliptical plasma waveguide investigated in this work
is that better wave excitation occurs without applying
higher electric currents and operating frequency.
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