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Abstract. In the present work, the triple-differential cross-sections (TDCSs) for the ionisation of metastable
3P-state hydrogen atoms at an incident electron energy of 250 eV with exchange effects are computed in the
asymmetric coplanar geometry for various kinematic conditions. The final-state wave function of Das and Seal
(Phys. Rev. A 47, 2978 (1993)) is used here. The results of the present calculation are compared with the available
hydrogenic ground-state experimental data and other existing theoretical results. An analysis of the results reveals
qualitative enhancement with other compared results. The implication of the present study offers an extensive scope
for experimental verification in such a field of ionisation.
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1. Introduction
Electron impact ionisation of atoms is applied in
understanding various mechanisms of ionisation
process occurring in astrophysics, laboratory plasmas,
radiation physics, atmospheric physics, electron
microscopy, etc. With the advent of theoretical [1–19]
and experimental measurements [20–29] for groundstate hydrogen atoms, ionisation by electrons have
reached a high level of accuracy in predicting tripledifferential cross-sections (TDCSs). Over the last three
decades, we have seen an array of theoretical studies
related to the ionisation of hydrogenic metastable states
by electrons [30–47]. Metastable 3P is an excited state
of an atom or other system with a longer lifetime than the
other excited states. However, it has a shorter lifetime
than the stable ground state. A number of excited atoms
are accumulated in the metastable state. A metastable
state may thus be considered as a kind of temporary
energy trap or a somewhat stable intermediate stage of
a system, the energy of which may be lost in discrete
amounts. In quantum mechanical terms, transitions from
the metastable states are less probable than the allowed
transitions from other excited states. As an atom has a
finite number of protons and neutrons, it will generally
emit particles until it gets to a point where its half-life

is so long that it is effectively stable. The decay of
particles is commonly expressed in terms of half-life,
decay constant or lifetime.
The excited state of an atom will have an intrinsic
lifetime due to radioactive decay. The lifetime of the
excited state is given by [48]

−1
Ti =
Ai j
,
where Ai j is the Einstein coefficient.
Strong atomic transitions have Ai j of 108 –109 S−1 ,
and so lifetimes are 1–10 ns. Lifetime can be shortened
by collisions or stimulated emission. The lifetime of
a metastable 3P-state of the hydrogen atom is 5.4 ×
10−9 S. These are sorted from the experiments [49,50].
This is a new theoretical work on hydrogenic
metastable 3P-state ionisation by electrons. Hence, the
present study gives a wider scope for further experimental study on the ionisation of hydrogenic metastable
3P-state by electrons. However, no experimental work
was done yet on the ionisation of metastable hydrogen
atom by electrons. Hence, some related experimental
works will be needed in this field of research to compare
the present results with such experimental works. In this
paper, the results of the metastable 3P-state hydrogen
atoms with exchange effects at 250 eV incident energy
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are investigated using the multiple scattering theory of
Das and Seal [14]. So, the present computational work
is aimed at providing a comparative view with a few sets
of theoretical results of hydrogenic ground state [38,47],
metastable states [35,46] and hydrogenic ground-state
experimental data [23]. The present results show good
qualitative agreement with other related results. The
multiple scattering theory of Das and Seal [14] plays
a vital role in the study of hydrogenic ionisation for the
ground [14–16] and metastable states [34–37,42–46].
Hence, the present results seem to be interesting.
1.1 Theory

The final three-particle scattering state wave function
(−)
[13,14]  f is given by
(−)

f

(−)

(−)

= N ( p̄1 , p̄2 ) [ϕ p̄1 (r̄1 ) ei p̄2 ·r̄2 + ϕ p̄2 (r̄2 ) ei p̄1 ·r̄1
(−)

+ ϕ p̄ (r̄ ) ei P̄· R̄ − 2ei p̄1 ·r̄1 + p̄2 ·r̄2 ]/ (2π)3 ,
(4)
where N ( p̄1 , p̄2 ) is the normalisation constant,
r̄2 − r̄1
r̄1 + r̄2
, R̄ =
,
2
2
p̄ = ( p̄2 − p̄1 ) , P̄ = p̄2 + p̄1 .

r̄ =

Now eq. (2) reduces to
Ionisation processes of atomic hydrogen by electrons is
firstly considered by

T f i = TB + TB  + Ti − 2TPB .

e− + H(3P) → H+ + 2e− .

Here, TB is the first Born term and is given by

(1)

The T-matrix element [13,14] is given by
(−)

T f i =  f

|Vi | i ,

(2)

where the perturbation potential

(2π)3/2

ϕ3P ,

where the hydrogenic 3P-state wave function is
√

2 
ϕ3P (r̄1 ) = √ 6r1 − r12 cos θ e−r1 /3
81 π


2 
6r1 − r12 cos θ e−λ1 r1 .
=
6561π

and the rest of the terms are
i p̄1 ·r̄1
|Vi | i(r̄1 , r̄2 ),
TB  = ϕ (−)
p2 (r̄2 ) e

i p̄1 ·r̄1 + p̄2 ·r̄2
|Vi | i(r̄1 , r̄2 ).
TPB = ϕ (−)
p (r̄ ) e

For the hydrogen atom, nuclear charge (Z ) = 1. Here
r1 and r2 are the distances of the two electrons from the
nucleus and r12 is the distance between the two electrons
(figure 1).
The initial-state hydrogenic wave function i of
eq. (2) is given by
ei p̄i ·r̄2

i p̄2 ·r̄2
|Vi | i(r̄1 , r̄2 )
TB = ϕ (−)
p1 (r̄1 ) e

i P̄· R̄
|Vi | i(r̄1 , r̄2 ),
Ti = ϕ (−)
p (r̄ ) e

1
Z
− .
Vi =
r12 r2

i =

(5)

All the terms are computed analytically following
Dhar et al [46]. The direct scattering amplitude f( p̄1 ,
p̄2 ) is then determined from
f( p̄1 , p̄2 ) = − (2π)2 T f i
and the exchange scattering amplitude for hydrogen
atom is
g( p̄1 , p̄2 ) = f( p̄2 , p̄1 ) .

(3)

Here λ1 = 13 .

Applying Lewis integral [51], the TDCS is calculated
by

d3 σ
p1 p2 3
1
| f − g|2 + | f + g|2 ,
=
d 1 d 2 dE 1
pi
4
4
(6)
where E 1 is the energy of the incident electron. The
right-hand side of eq. (6) is computed numerically using
the computer program language MATLAB.

2. Results and discussion

Figure 1. Interaction between two electrons and a nucleus.

In this section, we investigate the TDCS for
ionisation of metastable 3P-state hydrogen atoms by
electrons with exchange effects by comparing the
present results with the theoretical results of Dal Cappello et al [38], Brauner–Briggs–Klar (BBK) model
[47] and the absolute data [23] for the ionisation of
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Figure 2. TDCSs with exchange effects for atomic hydrogen at E i = 250 eV with (a) E 1 = 5 eV and θ2 = 3◦ ,
(b) E 1 = 50 eV and θ2 = 15◦ , (c) E 1 = 50 eV and θ2 = 25◦ .

hydrogen atoms with electron impact from the ground
state. Accordingly, earlier works on hydrogenic 2S- [35]
and 2P-state [46] ionisation are also presented here
for comparison. We show the present calculation in
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figures 2a–2c and 4a–4c for scattering in a plane. We
consider here the incident energy E i = 250 eV for various ejected angles θ1 and fixed scattering angles θ2 . We
take θ from 0 to 360◦ . We indicate θ1 (0 − 150◦ ) and
ϕ = 0◦ as a recoil region whereas θ2 (150 − 360◦ ) and
ϕ = 180◦ as a binary region.
The magnitude of the present binary and recoil peaks
approach is identical with the slight shift of position,
compared with the results of other studies [23,35,38,46,
47]. After analysing the previous works [23,38,47] of
ground state we noticed a good qualitative agreement
with the present reported investigation, particularly for
the angular shift of the binary peaks.
In figure 2a, we consider the ejected electron energy
to be E 1 = 5 eV, fix the scattering angle at θ2 = 3◦ and
take the incident electron energy to be E i = 250 eV.
Interestingly, we observe that the recoil peaks of the
present first Born result and the present result with
the exchange effects show exactly similar behaviour as
that of the other calculations [23,38,47] except for the
2P-state result [46], but a decrease in the binary lobe
amplitude is exhibited here. It may be due to the fact that
we are taking into account higher order of interaction
between the scattered electron and the ejected electron.
Figure 2b shows the biggest scattering angle θ2 =
15◦ . In this figure, the peaks of the present result and
BBK model approach the same height with a slight shift
in the peak position to the higher ejected angle θ1 where
the ejected electron energy E 1 is considered to be 50 eV.
It seems that the BBK result of the ground state and the
present results qualitatively fit well in this kinematic
condition. The present first Born result is the smallest
among all the theoretical [38,46,47] and absolute data
[23].
In figure 2c, the scattering angle θ2 = 25◦ keeping
the ejected energy E 1 = 50 eV. Our present result and
the hydrogenic 2P-state result exist almost in the same
position with similar peak height. Also, the ground-state
result of Dal et al [38] yields the results that are in close
agreement with the BBK result [47] and the experimental result [23]. The present first Born results show similar
behaviour as in figure 2b.
Next, we vary the scattering angle θ2 = 5◦ (figure 3a),
θ2 = 7◦ (figure 3b), θ2 = 9◦ (figure 3c), θ2 = 11◦
(figure 4a), θ2 = 15◦ (figure 4b) and θ2 = 20◦
(figure 4c) when the fixed incident energy E i = 250 eV,
ejected energy E 1 = 5 eV and the results are compared
with the hydrogenic 2S- and 2P-states with exchange
effects [35,46].
In the recoil region, the present result shows a
short-lobed peak structure as a 2P-state result [46],
whereas the 2S-state result [35] shows a deep-lobed peak
structure in figure 3a. In the binary region, the present,
first Born and the compared 2S- and 2P-state [35,46]
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Figure 3. TDCSs with exchange effects for atomic hydrogen at E i = 250 eV with E 1 = 5 eV when (a) θ2 = 5◦ ,
(b) θ2 = 7◦ , (c) θ2 = 9◦ .
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Figure 4. TDCSs with exchange effects for atomic hydrogen at E i = 250 eV with E 1 = 5 eV when (a) θ = 11◦ ,
(b) θ2 = 15◦ , (c) θ2 = 20◦ .
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Table 1. TDCSs for ionisation of atomic hydrogen atoms by
electron impact at metastable 3P-state with exchange effects
are obtained by using eq. (6). The incident energy is 250
eV, the scattering angle is θ2 = 9◦ and the ejected electron
energy is E 1 = 5 eV.
Ejected angle (θ1 )
0
36
72
108
144
180
216
252
288
324
360

2S
1.6501
0.9001
1.3875
0.1952
0.5401
0.8989
2.3450
0.3201
110.00
4.1567
1.7890

2P

3P

4.3106
0.0533
3.3003
1.8946
3.8121
1.8735
2.3359
3.4680
2.4450
3.0971
0.6557

5.5556
0.1094
1.6036
1.4841
4.5009
0.3642
0.6658
3.8408
2.1812
1.3713
0.0291

results show exactly similar configuration, which is very
significant.
Let us consider figures 3b and 3c where the peak
features of the present results and present first Born
results remain almost unchanged in the recoil region.
Therefore, the present results with exchange effects give
good qualitative agreement with the 2S- and 2P-state
results [35,46].
In figures 4a– 4c, the magnitude of the present results
is much lesser than that of the present first Born results.
In these figures, the present results are closer to other
compared results [35,46]. But for scattering angle θ2 =
20◦ , the present results are almost similar to the 2P-state
result [46].
We see that the present results of the 3P-state with
exchange effects reveal a good qualitative enhancement with the other theoretical results [35,38,46,47] and
hydrogenic ground-state experimental data [23] in the
binary region. However, as the present results disagree
a little bit in the recoil region, a more precise evaluation
of future experimental work is also necessary for further
verification.
Finally, an analysis of the scattering mechanism of
the ionisation of metastable 3P-state hydrogen atoms for
250 eV incident electron energy with exchange effects
is presented here. For the first Born, i.e. the first term
on the right-hand side of eq. (4), the scattered electrons are described by a plane wave whereas the ejected
electrons are defined by a Coulomb wave. For the
second term, the scattered electrons are defined by a
Coulomb wave while the ejected electrons are defined
by a plane wave. The third term represents the projectile electron interaction which shows almost a similar
behaviour in the final channel in which the centre of
mass moves as a plane wave. The fourth term represents
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two plane waves for the ejected electron and scattered
particle. These peaks appear due to the second-order
scattering. Atomic nucleus or atomic electron generates
first-order scattering and then the atomic electron generates second-order scattering. All these results offer
good scope for the experimental investigation of these
problems and offer a new test for different theories of
ionisation.
A comparison of results for ionisation of hydrogenic
2S-state, 2P-state and 3P-state atoms by electrons is
given in table 1.

3. Conclusion
The TDCSs for ionisation of atomic hydrogen by
electron impact with exchange effects in metastable
3P-state show interesting features which are in good
qualitative agreement with the other related theoretical
and hydrogenic ground-state experimental results. The
present work seems to be useful to better understand
atomic scattering problems using the multiple scattering theory of Das and Seal.
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