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Detecting identical entanglement pure states for two qubits
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Abstract. Entanglement is one of the most surprising features of composite quantum systems. Yet, challenges
remain in our understanding and quantification of the entanglement. There is no unique degree of entanglement
from various measures, as presented by numerous studies on quantifying entanglement. As indicated in this paper,
any degree of entanglement for two qubits resulting from a particular measure can be detected in excess of one
corresponding pure state. Evidently, those identical entanglement pure states can be counted as a quantitative
condition to be satisfied by other proper measures. The most popular measures of pure states for two qubits are
based on the same structure, as indicated in this paper. Then, the algorithm to detect the identical entanglement pure
states for two qubits is proposed based on randomness distillation. Eventually, two sets of identical entanglement
states are listed for two qubits.
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1. Introduction
Entanglement counts as the quintessential property in
quantum mechanics distinguished itself from any classical physical theory [1]. A lot of studies strive to probe
[2–4] and develop [5–7] this surprising feature taken
on by the quantum system in particle physics. Entanglement, actually it is a mathematical definition [8],
stems from the tensor product structure of the composite Hilbert space and linear superposition principle. It
has also been shown that entanglement is an important
physical resource in quantum information applications
[9–11]. In the meantime, the degree of entanglement
is inevitably quantified either in quantum communication or in quantum computation. Considerable number
of approaches to pure states of two qubits have been
proposed, as the theory of quantifying entanglement
has been developing (e.g. Von Neumann entropy of
entanglement, relative entropy of entanglement (REE),
concurrence, negativity and geometric measure) [9,12–
15]. Furthermore, quantum Fisher information, which
is a practical tool to detect entanglement, has also been
well studied recently [16–19]. Also, there are many studies on comparison of various entanglement measures
[20–23].

To date, it may seem surprising, this theory is
still not comprehensive. Especially for mixed states,
the characterisation of the set of separable mixed
states tends to be extremely complex [9]. Even though
many approaches have been proposed to measure
entanglement of bipartite pure states, the environment is complicated by various approaches based on
different concepts and measurements without being
apparently connected to each other. This situation
is quite contrasted in quantifying the uncertainty in
a probability distribution, and numerous math tools
are presented to handle uncertainty and dependent
relationships [24–30].
The degree of entanglement is used to measure the
quantum correlation between qubits. More specifically,
it depends on the correlation between the subsystems
(i.e. the property of a reduced density matrix, see figure 1). Since then, many measures of entanglement
have been proposed in the past few decades based on
Schmidt decomposition (SD) [31–33] or decomposition
in a ‘magic basis’ [34,35]. Particularly, the most popular measures, including entropy of entanglement, REE
and concurrence, can be traced to the same structure
based on the SD though they are seemingly distinguishable on the definitions. The details are presented here,
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Figure 1. Partial trace of bipartite quantum system. There
exist quantum correlations (shown as arrows) in the composite state. If the state is divided into two subsystems A
and B, the state will be entangled with each other when
|ψAB = |ψA ⊗ |ψB (b). Conversely, the state will be
separable (not entangled) when |ψAB = |ψA ⊗ |ψB (a).
The reduced density matrix of A is ρA = Tr B (ρAB ), where
ρAB = |ψAB ψ| is the density matrix of the full system,
and it is similar to ρB . For a separable state, the subsystems are individually pure, that is, Tr(ρA2 ) = Tr(ρB2 ) = 1.
For an entangled state, the subsystems are mixed, that is,
Tr(ρA2 ) = Tr(ρB2 ) < 1.

and all these measures are demonstrated to be driven by
Schmidt coefficients.
Furthermore, the Shannon entropy measuring uncertainty in probability distribution can be authenticated by
the Shannon coding theorem. Yet, nothing can approve
any measure to quantify the entanglement given the
superficial knowledge of entanglement. Since then, the
conditions for a proper measure of entanglement have
been presented in [36]. The maximally entangled states
are usually subjected to the highest amount of entanglement, which is also regarded as a quantitative condition
[32]. In our work, we present a novel quantitative condition, i.e., the identical entanglement states should have
an equal degree of entanglement for a particular measure. The key issue is how to detect those identical
entanglement states.
In this paper, we show that some different measures of
entanglement are actually driven by Schmidt coefficient.
Then, we propose the algorithm for detecting identical
entanglement state of two qubits based on randomness
distillation and list some valuable results in succession.
Finally, we draw summary and discussion.

of a composite quantum system, living in a Hilbert
(N +M)
space HA⊗B , which is divided into two smaller Hilbert
(N )
(M)
spaces HA and HB of dimensions N and M (N ≤
M), where {|i A } and {| j B } are assumed to be two
(N )
(M)
complete bases of HA and HB , respectively, and αi j

are probability amplitudes satisfying i j αi2j = 1. Then
the state can be transformed into the form of SD:
|ψAB =

N 


λi |λiA  ⊗ |λiB ,

(2)

i=1
(N )

where {|λiA } and {|λiB } are orthonormal bases for HA
(M)
and HB , respectively, and λi are real and non-negative
N
λi = 1, which capture all
coefficients satisfying i=1
entanglement properties of a pure bipartite state [38].
Also, the Schmidt number
1
K = N

(3)

2
i=1 λi

defined on the interval [1, N ] as the effective number
of SD, which can be directly regarded as a measure of
entanglement [9,39].
2.2 Von Neumann entanglement entropy
The bipartite von Neumann entanglement entropy S is
defined as the von Neumann entropy of either of its
reduced density matrices. Consider a pure state ρAB of
two subsystems A and B. The reduced density matrix is
defined as a result of partial trace over one subsystem,
either A or B, i.e. ρA = Tr B (ρAB ) and ρB = Tr A (ρAB ).
Then the von Neumann entropy of entanglement is given
by
S(ρA ) = S(ρB ) = −

N


ai log ai ,

(4)

i=1

where ai are the eigenvalues of the reduced density
matrix. Actually, the eigenvalues of the reduced density matrix, i.e. ai , are equal to the Schmidt coefficients,
i.e. λi , mentioned above (for details see [33]).

2. The same structure

2.3 Relative entropy of entanglement

2.1 Schmidt decomposition (SD)

The degree of entanglement of relative entropy, introduced by Vedal et al [36], is defined as (for bipartite)

The SD count is a particular way to express a quantum
state in quantum mechanics [37]. Consider an arbitrary
bipartite quantum state

E r (ρAB ) = min S(ρAB ||σAB ),
σAB ∈D

(5)
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where S(ρAB ||σAB ) is the REE of ρAB and σAB
S(ρAB ||σAB ) = tr{ρAB (log ρAB − log σAB )}.

Target

45

Others

(6)

D contains all disentangled states. It is clear from the
definition that the degree of relative entropy actually
is a solution of the optimisation problem, which is
intractable for some entanglement [9]. Fortunately, an
efficient numerical method is there to obtain this measure [40]. If a pure state can be expressed in the form
√
ρAB =
pi p j |i  j i  j | ,
(7)

Distillation
Figure 2. State distillation. There are a number of random
pure states |ψ⊗N and an input (target) state |ψ0 . The distillation process, by comparing with |ψ0 , can detect the identical
entanglement states to generate the sequence of IES |ψi from
|ψ⊗N .

i j

then the REE is equal to
the von Neumann reduced
entropy, i.e. E r (ρAB ) = − i pi log pi . Throw a glance
at eq. (2), i.e. SD, the density matrix of ρAB in eq. (7)
can be directly obtained by the state vector of |ψAB in
eq. (2). Besides, pi = λi .
2.4 Concurrence
The concurrence was introduced for pure states by Hill
and
 Wootters [35], which is defined as C(ρAB ) =
2(1 − Tr(ρA2 )), where ρAB is the full density matrix
and ρA is the reduced density matrix. There is another
form for two qubits, C|ψAB = 2λ1 λ2 , where λi are the
Schmidt coefficients (for details, see [34]). Therefore,
the concurrence is also based on the SD.
2.5 Some others
There are some other measures of entanglement subject
to this same structure, i.e. SD (for details see [34,41–
43]).

3. Algorithm of detecting identical entanglement
states
As mentioned above, the various measures are actually
based on the Schmidt coefficients, so that we proposed
the algorithm to detect identical entanglement states
(IES) based on this same structure. The basic idea is the
sample as shown in figure 2, known as state distillation.
Four steps are described as follows:
(i) Initialise the desired sequence number N , loop
counter i = 1 and the Schmidt coefficients of an
input state |ψ0 as the benchmark for distillation,
Sbench .
(ii) Generate a random pure state for two qubits
as shown in eq. (1). Four distinct coefficients,
α00 , α01 , α10 and
α11 , correspond to different
states and satisfy i j αi2j = 1.

(iii) Perform the SD on the random pure state, get
the Schmidt coefficients Stemp and compare with
Sbench . Return to (ii) if Stemp  = Sbench . Otherwise, go to the next step.
(iv) Record the random pure state to the sequence
of IES. Set i = i + 1, return to (ii) if i ≤ N .
Otherwise, end.
The procedure of state distillation is indicated as
random-based, thus no answer is concerned with how
many identical entanglement states are there, how to
control the randomness efficiently or what is the underlying cause of the identical entanglement. Fortunately,
at least a solution can be provided.
Two examples of distillation are presented in this
paper. One refers to the distillation results for a bipartite
maximal entanglement state, e.g. Bell state, as listed in
table 1. The other refers to
√ the distillation results for state
of (|00 + |01 + |11)/ 3, as listed in table 2. Degrees
of different measures for different states are listed in
tables 1 and 2. Apparently, degrees of negativity [44]
and maximal singlet fraction [45] are also presented as
validated measures. Furthermore, other validated measures, inclusive of Renyi entropy of entanglement [46],
have also been performed. It is noteworthy that the
equivalence of different Bell pairs is eliminated in entanglement in both cases.
Furthermore, the REE, serving as a unique way
to understand entanglement, deserves more attention.
Degree of REE is smaller than other measures, replicating the findings of Miranowicz and Grudka [22], as
listed in table 2. The REE provides a unifying measure for all cases, and other measures of entanglement
that can be given by relative entropies of an extended
system, depending overall on how the information in
the memory is adopted or depending on how the original system is decomposed, as stated by Henderson and
Vedral [47]. Also, different decompositions shall differentiate the amounts of relative entropy of an extended
system. Accordingly, the excess of degree of other
measures over REE, in terms of information content,
could be expounded as information of decomposition
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Table 1. The maximal entanglement states for two qubits. The abbreviations of the corresponding measures are listed as
follows: Schm.N: Schmidt number; Von-Neu.E: Von Neumann entropy of entanglement; Rela.E: Relative entropy of entanglement; Con: concurrence; Neg: negativity; MSF: maximal singlet fraction.
State

Schm.Na

Von-Neu.Ea

Rela.Ea

Cona

Negb

MSFb

√
(|00 + |11)/ 2
(|00 + |01 + |10 − |11)/2 √
(|00 − 2|01 + 2|10 + |11)/ 10√
(3|00 − 1|01 + 1|10 + 3|11)/2√ 5
(3|00 − 2|01 + 2|10 + 3|11)/ 26
(|00 − 7|01 + 7|10 + |11)/10

2.0000000
2.0000000
2.0000000
2.0000000
2.0000000
2.0000000

1.0000000
1.0000000
1.0000000
1.0000000
1.0000000
1.0000000

1.0000000
1.0000000
1.0000000
1.0000000
1.0000000
1.0000000

1.0000000
1.0000000
1.0000000
1.0000000
1.0000000
1.0000000

1.0000000
1.0000000
1.0000000
1.0000000
1.0000000
1.0000000

1.0000000
1.0000000
1.0000000
1.0000000
1.0000000
1.0000000

a This
b This

measure has been shown based on the same structure.
measure is regarded as the validated ones.

Table 2. A set of identical entanglement states for two qubits. The abbreviations of the corresponding measures are similar
to table 1.
State

Schm.Na

Von-Neu.Ea

Rela.Ea

Cona

Negb

MSFb

√
(|00 + |01 + |11)/ √
3
(2|00 + |01 + |11)/ √6
(2|00 + |01 + 5|11)/ 30
√
(|00 + 2|01 + 3|10 + 1|11)/√15
(|00 + 3|01 + 4|10 + 2|11)/ 30

1.2857143
1.2857143
1.2857143
1.2857143
1.2857143

0.5500478
0.5500478
0.5500478
0.5500478
0.5500478

0.5500478
0.5500478
0.5500478
0.5500478
0.5500478

0.6666667
0.6666667
0.6666667
0.6666667
0.6666667

0.6666667
0.6666667
0.6666667
0.6666667
0.6666667

0.8333333
0.8333333
0.8333333
0.8333333
0.8333333

a This
b This

measure has been shown based on the same structure.
measure is regarded as the validated ones.

or transposition. Furthermore, it has been shown that
the negativity of any state can never exceed its concurrence, i.e. C(ρ) ≥ N (ρ), and equality holds for pure
states [21].

4. Summary and discussion
In this paper, we have shown that the most popular
measures for pure states of two qubits are based on
the Schmidt coefficients, especially including von Neumann entropy of entanglement, REE and concurrence.
Based on this finding, we proposed the algorithm for
detecting an identical entanglement state for two qubits
based on state distillation. After that, some distillation
results are listed for a bipartite maximal entanglement
√
state and the state of (|00 + |01 + |11)/ 3. Moreover, the proposed algorithm is examined by adopting
validated measures. Additionally, it is more interesting
to detect identical entanglement states for mixed states,
which are still under research.
Our algorithm is random-based, and so the knowledge concerning the correlation between the identical
entanglement states fails to be deepened in this paper.
This topic shall arouse on-going concern with the open
issue of quantifying entanglement. The construction of
a physically meaningful and mathematically rigorous

theory of quantifying entanglement can improve our
perception of quantum correlation. By uncovering this
intricate correlation between the composite quantum
systems, it is a great effort to do research on identical
entanglements, and we believe that the present work is
a beginning in this direction.
Moreover, the powerful results of identical entanglement listed in tables 1 and 2 give a novel quantitative
condition any proper measure of entanglement should
satisfy, i.e. the identical entanglement states should
have an equal degree of entanglement for a particular
measure.
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