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Abstract. In this paper, a Van der Pol–Duffing (VdPD) jerk oscillator is designed. The proposed VdPD jerk
oscillator is built by converting the autonomous two-dimensional VdPD oscillator to a jerk oscillator. Dynamical
behaviours of the proposed VdPD jerk oscillator are investigated analytically, numerically and analogically.
The numerical results indicate that the proposed VdPD jerk oscillator displays chaotic oscillations, symmetrical
bifurcations and coexisting attractors. The physical existence of the chaotic behaviour found in the proposed VdPD
jerk oscillator is verified by using Orcad-PSpice software. A good qualitative agreement is shown between the
numerical simulations and the PSpice results. Moreover, the fractional-order form of the proposed VdPD jerk
oscillator is studied using stability theorem of fractional-order systems and numerical simulations. It is found that
chaos, periodic oscillations and coexistence of attractors exist in the fractional-order form of the proposed jerk
oscillator with order less than three. The effect of fractional-order derivative on controlling chaos is illustrated. It
is shown that chaos control is achieved in fractional-order form of the proposed VdPD jerk oscillator only for the
values of linear controller used. Finally, the problem of drive–response synchronisation of the fractional-order form
of the chaotic proposed VdPD jerk oscillators is considered using active control technique.
Keywords. Van der Pol–Duffing jerk oscillator; chaos; coexistence of attractors; bistability; synchronisation;
fractional order.
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1. Introduction
Complex dynamical behaviours of a large number
of systems have been intensively studied by many
researchers over the past three decades. This interest
is justified by the promising technological applications
of the complex signal (e.g. chaos) generated by these
systems. Among these systems, the nonautonomous
VdPD oscillator is a very prominent and interesting

standard model that has been extensively studied in
the context of several specific problems such as global
bifurcation structures, chaos control and synchronisation [1–5]. The nonautonomous VdPD oscillator can
be used as a basic model for periodically describing
self-excited oscillators in physics, engineering, electronics, biology, neurology and many other disciplines
[6]. Maccari [7] investigated the dynamics and the vibration amplitude of a VdPD oscillator under time-delayed
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position and velocity feedbacks. Asymptotic
perturbation method has been used to derive two slowflow equations for the amplitude and phase of the fundamental resonance response. Maccari [7] proved that the
introduction of the control term guarantees the stability
of the periodic solutions. In ref. [8], the stability analysis of periodic solutions of the forced VdPD oscillator
has been reported. Using the homotopy analysis method,
Cui et al obtained the high accuracy frequency response
curve and the stable/unstable periodic solutions of the
forced VdPD oscillator with the variation of the forcing frequency. The Floquet theory has been applied to
analyse the obtained periodic solutions. The results have
been validated in the light of spectral analysis and bifurcation theory. They proved that the jump phenomena
observed in classical Duffing oscillator cannot occur in
autonomous VdPD oscillator. Vincent and coworkers [5]
investigated the dynamics of a driven VdPD circuit. The
circuit is shown to develop rich and complex dynamical behaviours such as hyperchaos, metastable chaos
(or transient chaos), strange nonchoatic attractors and
quasiperiodic orbits. Theoretical study and numerical
simulations were performed.
However, the above works are based on the
periodic driven (nonautonomous) VdPD models. The
most inconvenient of these models is the external periodic force that they need to generate complex dynamical
behaviours. The external force is an additional energy
equipment which can be cumbersome and increase the
total cost realisation of the oscillator. In addition, the
external force can increase the power consumption of
the oscillator. Furthermore, the above works are limited
on the integer form derivative of the system. However,
the real phenomena in majority systems are fractional
[9]. For instance, the capacitors are one of the crucial
elements in integrated circuits and are used extensively
in many electronic systems as the ideal components.
Many researchers such as Jonscher [10] proved that
an ideal capacitor cannot exist in nature, because an
impedance of the form 1/ jCω would violate causality
where j is an imaginary number. Note that the imaginary part of the impedance represents the energy storage
part of an electrical circuit. So, the realistic models of
capacitors integrate the fractional form. Thus, the integration of notion of fractional order in the modelling
and simulation process of systems is very important.
The list of applications of fractional calculus has been
growing and includes control theory, viscoelasticity, diffusion, turbulence, electromagnetism and many other
physical processes [11–14]. In their seminal paper,
Grigorenko and Grigorenko [15] demonstrated the existence of chaotic solutions in fractional-order Lorenz
dynamical system. Several fractional-order dynamical
systems have been investigated in [12–20]. In this
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paper, we introduce an autonomous three-dimensional
VdPD oscillator obtained by the method reported in
[21] which consists of converting the autonomous twodimensional VdPD oscillator to the jerk architecture.
The fractional-order form of the proposed VdPD jerk
oscillator is also considered in order to give more
accurate description and shed more light on the dynamics of the proposed oscillator. Although the proposed
oscillator is simple, it develops complex and striking phenomena such as bistability, symmetry-breaking
bifurcation, symmetry-restoring crisis, reverse perioddoubling and coexisting attractors.
The rest of the paper is organised as follows: the proposed autonomous VdPD jerk oscillator is described
and analysed in §2. The circuit implementation and
the dynamics of the autonomous VdPD jerk oscillator
is reported using the Orcad-PSpice software in §3. In
§4, we focus on the dynamical behaviour, chaos control and synchronisation in the fractional-order form of
VdPD jerk oscillator. The conclusion is summarised in
§5.

2. Design and analysis of autonomous Van der Pol–
Duffing jerk oscillator
Among the periodically forced self-excited oscillators,
one of the most extensively studied examples is the
nonautonomous VdPD oscillator. It corresponds to a
two-dimensional nonlinear differential equation of the
form:


(1)
ẍ − ε 1 − x 2 ẋ + αx − βx 3 = f sin(ωt),
where the overdot denotes the time derivative, ω is the
external frequency of the periodic signal and f stands for
the amplitude of the external excitation. The parameters
ε, α and β are the dimensionless damping coefficient,
linear and cubic nonlinearity parameters, respectively.
The potential associated with VdPD oscillator is given
by
V (x) =

α 2 β 4
x + x
2
4

and it is a 4 potential. Depending on the signs of α
and β, the potential V (x) can have three main shapes:
single-well potential (for α > 0 and β > 0), doublewell potential (for α < 0 and β > 0) and double hump
potential (for α > 0 and β < 0). These three shapes
correspond to three physical situations of VdPD. The
majority of work in the literature have been done on
VdPD oscillator with single- or double-well potentials.
In this work, we focus our attention on the study of
VdPD oscillator with double hump potential. For f = 0,
eq. (1) has three fixed points
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x ∗ , y ∗ = dx ∗ /dt = (0, 0) and ± α/β, 0 .

They are unstable for any value of parameters ε, α
and β. The trajectories of eq. (1) for f = 0 converge to
a limit cycle.
2.1 Description, general characteristics and linear
stability analysis of autonomous Van der Pol–Duffing
jerk oscillator
Motivated by the fact that a jerk oscillator can produce
chaos [22–24], Benitez et al [21] and Acho et al [25]
introduced two autonomous chaotic oscillators using the
Van der Pol dynamics immersed in a jerk architecture.
A jerk oscillator is a third-order differential equation of
the form [22–24]:
...
x = f (ẍ, ẋ, x) ,
(2)
...
where x, ẋ, ẍ and x represent a dynamical variable,
first-, second- and third-order time derivative, respectively. In refs [26,27], the authors proposed and studied
theoretically and experimentally an autonomous chaotic
Duffing oscillator based on a jerk oscillator. Inspired
by the works in refs [21,25–27], we propose a threedimensional VdPD oscillator based on jerk architecture.
The VdPD equation (eq. (1)) with f = 0 and α = 1 can
be converted to a jerk oscillator, as




...
x = − ẍ − ε 1 − x 2 ẋ + x − βx 3 ,
where ε and β are positive parameters. In order to induce
chaotic behaviour in the jerk version of VdPD, a parameter a is introduced and the state space representation of
the oscillator yields
ẋ = y
ẏ = az


ż = −z + ε 1 − x 2 y − x + βx 3 ,

(3a)
(3b)
(3c)

where ẋ = y and ẍ = z. System (3) is dissipative
because
∂ ẏ ∂ ż
∂ ẋ
+
+
= −1 < 0.
∇V =
∂x
∂y
∂z

12

−1. That is not the case as ε > 0, then the equilibrium
point O is unstable for any values of a, ε and β.
For the equilibrium points E 1,2 , we have λ3 + λ2 −
aε(1 − 1/β)λ − 2a = 0. According to the Routh–
Hurwith criteria, the equilibrium points E 1,2 are stable
if and only if −2a > 0 and ε (1 − 1/β) < 2. That is not
the case as a > 0, then the equilibrium points E 1,2 are
unstable for any values of a, ε and β.
2.2 Dynamical behaviours of autonomous
Van der Pol–Duffing jerk oscillator
In this subsection, the dynamical behaviour of system
(3) is illustrated by bifurcation diagrams, Lyapunov
exponent, basin of attraction and phase portraits. In figure 1, we present a two-parameters (a, β) bifurcation
diagram of the dynamical behaviour of system (3) for
ε = 1.
The two-parameter (a, β) bifurcation diagram of
figure 1 is constructed by examining the Lyapunov exponents and time series for each cell. From figure 1, we see
that system (3) can display periodic (light blue regions)
and chaotic behaviours (red regions). In order to know
the route to chaotic behaviour exhibited by system (3),
we plot in figure 2 the bifurcation diagram depicting the
local maxima of x(t) as a function of β for ε = 1 and
a = 8.1.
When β increases from 0.03 to 0.13 (see figure 2a),
the bifurcation diagram of the output x(t) shows period1 oscillation followed by period-doubling bifurcation to
chaos. The chaotic region is interspersed with periodic
windows. Then a reverse period-doubling bifurcation
to chaos is observed followed by period-1 oscillations
for β ≥ 0.121. When performing the same analysis
by ramping the parameter β (see figure 2b), the output
x(t) displays the same dynamical behaviours as in figure 2a in the range 0.03 ≤ β ≤ 0121, while in the range

System (3) has a symmetry under the transformation:
S(x, y, z) → (−x, −y, −z) and has
 three

√ equilibrium
points O = (0, 0, 0) and E 1,2 = ±1/ β, 0, 0 . The
characteristic equation associated with the equilibrium
point E = (x ∗ , y ∗ , z ∗ ) is

 2 
λ3 + λ2 − aε 1 − x ∗ λ
 2 

  
= 0.
(4)
+ a 1 + 2ε x ∗ y ∗ − 3β x ∗
For the equilibrium point O, we have λ3 + λ2 − aελ +
a = 0. According to the Routh–Hurwith criteria, the
equilibrium point O is stable if and only if a > 0 and ε <

Figure 1. Regions of dynamical behaviours in the parameters a and β for ε = 1. Periodic oscillations are in light blue
and chaos is in red. The black dots lead to unbounded orbits.
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Figure 2. Bifurcation diagrams depicting local maxima of
x(t) (a) and (b) and the corresponding largest Lyapunov
exponent (c) of system (3) vs. the parameter β for ε = 1
and a = 8.1. Bifurcation diagrams are obtained by scanning
the parameter β upwards (a) and downwards (b). Largest
Lyapunov exponents are obtained by scanning the parameter β upwards (solid line) and downwards (dashed line). The
acronym SB means symmetry breaking while SR corresponds
to symmetry restoring.

0.123 < β ≤ 0.13, the output x(t) presents period-2
oscillations, chaotic oscillations, period-2 oscillations,
chaotic oscillations, period-11 oscillations, respectively.
By comparing the two sets of data (for increasing (see
figure 2a) and decreasing (see figure 2b), one can notice
that system (3) displays the coexistence of attractors in
the range 0.123 < β ≤ 0.13. For 0.123 ≤ β < 0.1237
and 0.127 ≤ β < 0.1272, period-1 oscillations coexist
with period-3 oscillations. Period-1 oscillations coexist
with chaotic oscillations in the range 0.1237 ≤ β <
0.127 and 0.1272 ≤ β ≤ 0.1293. Period-1 oscillations
coexist with period-11 oscillations for β > 0.1293. The
bifurcation diagrams of figures 2a and 2b also present
the bistability phenomenon and the sequence of alternation of symmetry restoring and symmetry breaking
bifurcations starting and ending by a symmetry breaking
bifurcation. Such a situation is further detailed in figure 3. The chaotic behaviour is confirmed by the largest
Lyapunov exponents shown in figure 2c.
In figure 3a, system (3) displays bistable (asymmetric) limit cycle as shown by black and grey curves.
The monostable (symmetric) chaos is revealed in figure 3b. Bistable period-3 oscillations illustrated by black
and grey curves are depicted in figure 3c while in figure 4d monostable period-1 oscillations are presented.
The coexistence of attractors is shown in figure 4 which
depicts the phase portraits of the resulting attractors of
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Figure 3. The phase portrait in the plane (x, y) illustrating
symmetry breaking and symmetry restoring for specific values of parameters and initial conditions: (a) β = 0.035,
(b) β = 0.05, (c) β = 0.062 and (d) β = 0.12.
The curve in black is obtained by using the initial conditions (x(0), y(0), z(0)) = (0.1, 0.1, 0.1) whereas the curve
in grey line is obtained by using the initial conditions
(x(0), y(0), z(0)) = (−0.1, −0.1, −0.1). The remaining
parameters are ε = 1 and a = 8.1.

Figure 4. Coexistence of attractors for β = 0.125
and specific initial conditions (x(0), y(0), z(0)): (a)
(0.36, −0.86, −0.0437), (b) (−0.36, 0.86, 0.0437) and (c)
(0.8, 0.2, 0.3). The remaining parameters are ε = 1.0 and
a = 8.1.

system (3) in the plane (x, y) for β = 0.125 and specific
initial conditions.
When β = 0.125, system (3) displays a pair of period1 oscillations and chaotic oscillations for three different
initial conditions as shown in figures 4a–4c respectively.
The coexistence of attractors shown in figure 4 is further
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Figure 5. Cross-section of the basin of attraction of system (3) in the xz-plane at y = 0 for β = 0.125, ε = 1.0
and a = 8.1. Initial conditions in the black region lead to
unbounded orbits, those in the light blue region lead to the
periodic attractor and those in the red region lead to the strange
attractor.

detailed in figure 5 which presents the basin of attraction
of system (3) in the plane y = 0 for β = 0.125, ε = 1.0
and a = 8.1.
In figure 5, the light blue and red regions contain
initial conditions that lead to the chaotic and periodic
motion, respectively. The black region is associated
with the unbounded solutions. One can see from the
basin of attraction that the possibility of occurrence
of chaotic attractors is greater than the ones of periodic attractors. The phenomenon of coexisting attractors
has been observed in many other dynamical systems
including improved Colpitts oscillator [28], coupled Van
der Pol oscillator [29] and Shinriki’s circuit ([30], and
references therein). Although, occurrence of coexisting attractors is an additional source of randomness
which has some potential exploitation for instance in
chaos-based communication as well as in random bit
generation, this singular phenomenon is not desirable
in some applications and need to be controlled. The
mechanism and the control of this striking behaviour
are beyond the scope of this work. Interested readers
can consult the interesting works [31,32] on the control
of this phenomenon in many areas of science and nature.
For ε = 1 and β = 0.1, we plot the bifurcation diagram depicting local maxima of x(t) and the largest
Lyapunov exponent of system (3) vs. the parameter a as
shown in figure 6.
When a increases from 4.0 to 10.0 (see figure 6a), the
bifurcation diagram of the output x(t) shows period-1
oscillations followed by period-doubling bifurcation to
chaos. The chaotic region is interspersed with periodic
windows. When performing the same analysis by ramping the parameter a (see figure 6b), the output x(t) displays the same dynamical behaviours as in figure 6a but
the amplitudes of the output x(t) are not the same in the
ranges 4.0 ≤ a ≤ 5.674 and 7.765 ≤ a ≤ 7.924. Therefore, one can notice that system (3) shows bistability
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Figure 6. Bifurcation diagrams depicting local maxima of
x(t) (a) and (b) and the largest Lyapunov exponent (c) of
system (3) vs. the parameter a for ε = 1 and β = 0.1. The
bifurcation diagrams are obtained by scanning the parameter a upwards (a) and downwards (b). The acronym SB
corresponds symmetry breaking while SR corresponds to
symmetry restoring.

phenomenon in the ranges 4.0 ≤ a ≤ 5.674 and
7.765 ≤ a ≤ 7.924. The bifurcation diagrams of figures 6a and 6b also present the sequence of alternation
of symmetry-restoring and symmetry-breaking bifurcations starting and ending by a symmetry restoring
bifurcation. The chaotic behaviour is confirmed by the
largest Lyapunov exponents shown in figure 6c. The
chaotic behaviour shown in figure 6 is presented in figure 7, which shows the phase portrait of system (3) for
a specific value of a.
The phase portraits of system (3) display double scroll
chaotic attractor as shown in figure 7.
We have also numerically obtained the bifurcation
diagram, time series and phase portrait of system (3)
as one vary the parameter ε, which we omit here for
brevity. These are found to exhibit similar behaviours to
those obtained in figures 2–4, 6 and 7.

3. Electronic implementation of autonomous
Van der Pol–Duffing jerk oscillator
The aim of this section is to design the VdPD jerk oscillator and point out some analog simulations in order to
validate the numerical results obtained previously. To
this end, we propose in figure 8 a schematic diagram of
VdPD jerk oscillator, which emulates the dynamics of
system (3).
Figure 8 is constructed with analog multiplier devices
(used to implement the nonlinear term of the model)
and operational amplifiers associated with capacitors
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For convenience, analog analysis, the output voltages
and time can be normalised by using the following
dimensionless state variables: x = Vx /1V , y = Vy /1V ,
z = Vz /1V and t = t  /τ . Therefore, system (5)
becomes
τ
y
RC
τ
z
ẏ =
R1 C

1
1
τ
− (z + x) +
y
ż =
C
R
R2

1
1
2
3
−
x y+
x .
k m R3
k m R4
ẋ =

Figure 7. The phase portraits in planes (x, y), (y, z) and
(x, z) of system (3) for β = 0.1, ε = 1 and a = 8.5. The
initial conditions are (x(0), y(0), z(0)) = (0.1, 0.1, 0.1).

(6a)
(6b)

(6c)

By comparing system (5) with system (6), the following expressions relating the parameters and the circuit’s
components (resistors and capacitors) are obtained:
R1 = 10−4 /aC,

R2 = τ/εC,

R3 = τ/km εC,

R4 = τ/km βC and R = τ/C,

Figure 8. The schematic diagram of the proposed
autonomous VdPD jerk oscillator described by system
(3).

and resistors, which are exploited to implement the
operations of addition, subtraction and integration. By
applying the Kirchhoff’s electric laws on circuit of figure 8, the following set of three coupled first-order
nonlinear differential equations are obtained:
dVx
1
= Vy ,
dt
R
dVy
1
=
C
Vz ,
dt
R1
dVz
1
1
C
= − (Vz + Vx ) +
Vy
dt
R
R2
1
1
−
Vx2 Vy +
V 3,
k m R3
k m R4 x

C

(5a)
(5b)

(5c)

where Vx , Vy , Vz are the output voltages of the operational amplifiers U5 , U3 , U1 , respectively and km =
100 V is the fixed constant introduced by the multipliers.

(7)

where τ = 10−4 s is the time unit, whose role is to
give the possibility to analog devices (analog multiplier
and operational amplifiers) to operate in their bandwidth. For β = 0.1, ε = 1 and a = 8.5 setting
in figure 7, choosing C = 10 nF, and according to
eq. (7), the following values of resistors are obtained:
R = R2 = 10 k , R1 = 1.176 k , R3 = 100 , and
R4 = 1 k . Figure 9 depicts the phase portraits of the
chaotic
obtained
from the circuit of figure 8 in

attractor


Vx , Vy , Vy , Vz and (Vx , Vz ) planes, respectively.
From figure 9, one can note that the numerical and
analog results are in good agreement. This serves to
validate the simulator circuit of figure 8. The fractionalorder form of the proposed VdPD jerk oscillator under
investigation is studied in the next section.

4. Fractional-order form of the chaotic
autonomous Van der Pol–Duffing jerk oscillator
In this section, we focus on the effect of fractional
derivation on the chaotic system (3) when ε = 1, β =
0.1 and a = 8.5 (see figure 7). Chaos control and
chaos synchronisation of unidirectional coupled identical fractional-order systems (8) are also investigated.
The mathematical description of the commensurate
fractional order of VdPD jerk oscillator is expressed as
dα0 x
= y,
dt α0

(8a)
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Figure 9. The phase portraits of the chaotic attractors observed on the Orcad-PSpice. The value of resistors are
R = R2 = 10 k , R1 = 1.176 k , R3 = 100 and R4 = 1 k . This chaotic attractor reproduces the numerical results of
figure 7.

dα0 y
= az,
dt α0


dα0 z
= −z + ε 1 − x 2 y − x + βx 3 ,
α
0
dt

(8b)
(8c)

where α0 are the derivative orders satisfying 0 <
α0 ≤ 1. For numerical solutions of the above set
of fractional-order differential equations, the Adams
Bashforth–Moulton predictor–corrector scheme [33] is
used. This method is based on the Caputo definition of
the fractional-order derivative, given by [34,35].
dα0 X i
=
dt α0

1
(α0 − n)

(n)

X i (t  )

t
0

(t

− t  )α0 −n+1

where n − 1 < α0 < n, X 1 = x,
and (·) is the Gamma function.

dt  ,

X 2 = y,

(9)
X3 = z

4.1 Analysis of fractional-order chaotic autonomous
Van der Pol–Duffing jerk oscillator
To investigate the effect of fractional-order derivation on the chaotic autonomous VdPD jerk oscillator,
equilibrium
their √
 points O = (0, 0, 0) and E 1,2 =
±1/ β, 0, 0 should be considered. The equilibrium
points and their eigenvalues are given as
O(0, 0, 0) :

λ1 = −3.813450261,

λ2,3 = 1.406725131 ± 0.5000770340 j.

(10a)

E 1,2 (±3.162277660, 0, 0) : λ1 = 0.2214392978,
λ2,3 = −0.6107196489 ± 8.740566124 j.

(10b)

Now according to ref. [36], the equilibrium points E 1,2
are saddle points of index 1 and O is the saddle point of
index 2. From ref. [36], we get the following inequality
in order to determine the stability condition:
arg (1.406725131 ± 0.5000770340 j) > α0 π /2
⇒ α0 < 0.2174422524.

(11)

Figure 10. (a) Bifurcation diagram showing the local maxima of the state variable x and (b) the corresponding largest
Lyapunov exponent with respect to the commensurate fractional-order α0 . The parameters are set as ε = 1, β = 0.1 and
a = 8.5.

Therefore, the necessary condition for the appearance of
chaos in three-dimensional autonomous VdPD oscillator is α0 ≥ 0.2174422524. The aforementioned condition is a necessary but not sufficient condition. In order
to find the lowest order of system (8) to remain chaotic,
we plot the bifurcation diagram showing the local maxima of the state variable x and the corresponding largest
Lyapunov exponent with respect to the commensurate
fractional-order α0 are depicted in figure 10.
Both the bifurcation diagram and the corresponding
largest Lyapunov exponent in figure 10 clearly indicate
that there are some windows of limit cycles and chaotic
behaviours. Figure 10 reveals that for α0 ≥ 0.985
the fractional-order system (8) is chaotic. Hence, it
is clear that the lowest order for the commensurate
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of the fractional-order chaotic autonomous VdPD jerk
oscillator. The controlled fractional-order chaotic system (8) is given by
dα0 x
= y − σ1 (x − x ∗ ),
(12a)
dt α0
dα0 y
= az − σ2 (y − y ∗ ),
(12b)
dt α0
dα0 z
= −z + ε(1 − x 2 )y − x + βx 3 − σ3 (z − z ∗ ),
dt α0
(12c)

Figure 11. Phase portraits of the fractional-order system
(8) with commensurate fractional orders: (a) α0 = 0.996,
(b) α0 = 0.992, (c) α0 = 0.99 and (d) α0 = 0.5. The
other parameters are ε = 1, a = 8.5 and β = 0.1.
In panels (a), (b), (c1) and (d) the initial conditions are
(x(0), y(0), z(0)) = (0.1, 0.1, 0.1) whereas in panel (c2) the
initial conditions are (x(0), y(0), z(0)) = (0.8, 0.1, 0.1).

fractional-order system (8) to show chaos is 3α0 ≈
2.955. We present in figure 11 the phase portraits in
the planes (x, y), (z, y) and (z, x) for specific values
of commensurate fractional-order α0 obtained from the
numerical simulations of fractional-order system (8).
For α0 = 0.996, figure 11a shows double scroll
chaotic attractor. Period-6 oscillations (see figure 11b)
and period-1 oscillations (see figure 11d) are shown at
α0 = 0.992 and α0 = 0.5 respectively. At α0 = 0.99,
the fractional-order system (8) displays period-3 oscillations and chaotic oscillations for three different initial
conditions as shown in figure 11c1 and figure 11c2
respectively. Therefore, one can note that the fractionalorder system (8) exhibits the coexistence of attractors at
α0 = 0.99.
4.2 Chaos control of the fractional-order chaotic
autonomous Van der Pol–Duffing jerk oscillator
The control and synchronisation of chaotic systems in
both integer and fractional-order cases, applying various
control methodologies: nonlinear control [37], adaptive control [38], robust control [39], fuzzy control
[40] and active control [41] have been investigated.
The main problem in applying such control methodologies for controlling chaos is often the complexity in
implementation. In this subsection, we propose a simple
linear feedback control based on the well-known Routh–
Hurwitz stability criterion for achieving chaos control

where σ1 ≥ 0, σ2 ≥ 0, σ3 ≥ 0 are the feedback control
gains and E(x ∗ , y ∗ , z ∗ ) refers to the equilibrium point
O or E 1,2 . By a suitable choice of these feedback control
gains, according to the stability conditions mentioned in
[41], we can drive the system’s trajectories to any of the
equilibrium points O or E 1,2 . For simplicity, we choose
σ2 > 0, σ1 = σ3 = 0. The characteristic equation of
the controlled system (12) evaluated at the equilibrium
point O and using the parameter values α0 = 0.996,
ε = 1, a = 8.5, β = 0.1 is given by
λ3 + a1 λ2 + a2 λ + a3 = 0

(13)

and its discriminant D is given as
D = 18a1 a2 a3 + a12 a22 − 4a3 a13 − 4a23 − 27a32 ,

(14)

where a1 = 1 + σ2 , a2 = −8.5 + σ2 and a3 = 8.5.
By choosing the feedback control gain σ2 that satisfies
a1 > 0, a2 > 0, a3 > 0, a1 a2 = a3 and D < 0,
the stability conditions mentioned in ref. [41] holds and
the trajectories of the controlled system (12) are driven
to the equilibrium point O. Using the feedback control
gains σ2 = 9.323374202, σ1 = σ3 = 0, the following conditions are satisfied: a1 > 0, a2 > 0, a3 > 0,
a1 a2 = a3 and D < 0. Therefore, all the eigenvalues of the characteristic equation (13) lie in the stable
region according to ref. [41]. Hence, the trajectories
of the controlled system (12) with any fractional order
0 < α0 < 1, converge to the equilibrium point O. Now,
the controlled system (12) is numerically integrated with
the above-mentioned parameter values and we plot in
figure 12 the trajectories of the controlled fractionalorder system (12).
Figure 12a shows that the trajectories of the controlled fractional-order chaotic VdPD jerk oscillator
converge to the equilibrium point O when using the
fractional-order α0 = 0.996. However, in the case of the
integer-order counterparts of controlled system (12), the
outputs exhibit quasiperiodic behaviour which is confirmed by the torus attractor in the phase portraits (not
shown). This implies that the integer-order counterpart
of controlled system (12) is not stabilised to the equilibrium point O when choosing the parameter values
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dα0 z 1
= −z 1 + ε 1 − x12 y1 − x1 + βx13 + u,
α
0
dt
(15c)
where u is the active control function. Here, we aim
to determine the controller signal u for system (15) to
synchronise with system (8). For this purpose, let the
state errors be ex = x1 − x, e y = y1 − y and ez = z 1 − z,
then the error dynamics is

Figure 12. The trajectories of the controlled system (12).
(a) are controlled to the equilibrium point O at α0 = 0.996;
(b) are not controlled to the equilibrium point O using the
feedback control gains σ2 = 9.323374202, σ1 = σ3 = 0 and
the parameter values ε = 1, a = 8.5, β = 0.1.

and feedback control gains (see figure 12b). Thus, it is
shown that the fractional-order chaotic VdPD jerk oscillator is controlled just in the fractional-order case when
linear controllers are chosen as in figure 12.

4.3 Chaos synchronisation in unidirectional coupled
identical fractional-order chaotic autonomous
Van der Pol–Duffing jerk oscillators
The study of chaos synchronisation has led to the discovery of various types of synchronisation [42–48].
The chaos synchronisation has been naturally extended
to the fractional-order system. For example, several
scholars [49,50] used the active control technique for
synchronising the fractional-order chaotic system. In
this subsection, the synchronisation of two fractionalorder chaotic VdPD jerk oscillators via active control
approach is presented. Specifically, a designed nonlinear control system obtains signals from the drive and the
response VdPD jerk oscillators. In order to observe the
synchronisation behaviour in fractional-order chaotic
VdPD jerk oscillator, let system (8) be the drive system and the response VdPD jerk oscillator is
dα0 x1
= y1 ,
dt α0

(15a)

dα0 y1
= az 1 ,
dt α0

(15b)

dα0 ex
= ey
dt α0

(16a)

dα0 e y
= aez
dt α0

(16b)

dα0 ez
= −ex + εe y − ez
dt α0




−ε x12 y1 − x 2 y + β x13 − x 3 + u.

(16c)

The design procedure has two steps. The first step is to
eliminate the nonlinearity in (16) and the second step is
to make the error system asymptotically stable. When
the error dynamics is stabilised by the controller, the
error will converge to zero as t → ∞ which implies that
systems (8) and (15) are synchronised.
In order to elimi-

nate the nonlinear terms ε x12 y1 − x 2 y and β x13 − x 3
in (17) we redefine the active control law as follows:




(17)
u = ε x12 y1 − x 2 y − β x13 − x 3 + v (t) ,
where v (t) is a linear function of the error terms and we
choose it such that the error dynamics become stable.
There is n unique choice for such functions. A good
choice can be as follows:
v(t) = (1 − k1 )ex − (ε + k2 )e y − β (1 − k3 )ez .
(18)
Thus, the error dynamics become
⎛ α ⎞
d ex
⎜ dt α ⎟ ⎛
⎞⎛ ⎞
⎜ α ⎟
0
1
0
ex
⎜ d ey ⎟
⎟ = ⎝ 0 0 a ⎠ ⎝ ey ⎠ .
⎜
(19)
⎜ dt α ⎟
⎟
⎜
−k
−k
−k
e
1
2
3
z
⎝ d α ez ⎠ 


A
α
dt
Now, we can choose the control parameters ki such that
all eigenvalues λi of A satisfy the condition:
|arg(λi )| > α0 π /2.

(20)

Let us specify the controller parameters as: k1 = 2, k2 =
2 and k3 = 2. Then the matrix A in (19) becomes
⎛
⎞
0 1 0
A = ⎝ 0 0 a ⎠.
(21)
−k1 −k1 −k1

12
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Figure 13. Synchronisation errors between the drive and
the response VdPD jerk oscillators (8) and (15) for
α0 = 0.996, ε = 1, a = 8.5, β = 0.1 and the control parameters k1 = 2, k2 = 2, k3 = 2.

Hence, the matrix A has three eigenvalues λ1 =
−1.06224279, λ2 = −0.4688786033 + 3.972911655 j,
and λ3 = −0.4688786033 − 3.972911655 j which satisfy |arg(λi )| = 1.688271805 > 0.498π . This ensures
that the error states asymptotically converge to zero
as t → ∞ and therefore the synchronisation between
systems (8) and (15) is achieved. For the purpose of
numerical simulations, we set ε = 1, a = 8.5, β = 0.1
and α0 = 0.996 to ensure chaotic oscillations. In
figure 13, the error states are illustrated for the initial conditions of the drive and the response VdPD
jerk oscillators (x(0), y(0), z(0)) = (0.1, 0.1, 0.1) and
(x1 (0), y1 (0), z 1 (0)) = (0.8, 0.1, 0.1).
From figure 13, one can see the asymptotical convergence of the error states to be zero. As shown in
the numerical simulations, the active controller can
synchronise the drive and the response VdPD jerk oscillators (8) and (15).

5. Conclusion
In this paper, a Van der Pol–Duffing jerk oscillator is
designed. The dynamical characteristics of the proposed
Van der Pol–Duffing jerk oscillator are investigated
both analytically and numerically. The results indicate that this jerk oscillator possesses novel dynamical
characteristics: coexisting attractors and symmetrical
bifurcations. The basin of attraction with respect to
initial conditions is used to present the coexisting attractors. Besides, the designed circuit of the proposed Van
der Pol–Duffing jerk oscillator has been implemented
and tested using the Orcad-PSpice software to verify the
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numerical simulations results. Comparison of the results
obtained from the analog circuit and numerical simulations showed good qualitative agreement between the
chaotic jerk oscillator and its circuitry implementation.
Finally, the fractional-order form of the proposed jerk
oscillator has been investigated. We have shown that
chaos and coexistence between the periodic and chaotic
attractors exist in the proposed Van der Pol–Duffing jerk
oscillator with order less than three. It has been shown
that chaos control can be achieved in the fractional-order
form of the proposed chaotic jerk oscillator using linear feedback control. Using active control technique,
synchronisation has been obtained between the drive–
response fractional-order form of the chaotic proposed
jerk oscillators. Conditions for achieving chaos synchronisation have been illustrated and numerical simulations
have been carried out to verify the theoretical study.
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