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Carpet oscillator: A new megastable nonlinear oscillator
with infinite islands of self-excited and hidden attractors
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Abstract. In this paper, we design a new two-dimensional nonlinear oscillator with infinite number of coexisting
limit cycles distributed in a plane. One-third of these limit cycles are self-excited attractors while two-third of them
are hidden attractors. Modifying this new system to its forced version, we obtain a new nonlinear system with
infinite number of coexisting torus attractors and limit cycle attractors.
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1. Introduction
Recently, dynamical systems have been categorised into
systems with self-excited attractors and systems with
hidden attractors [1–6]. When an attractor’s basin of
attraction involves equilibrium, we call that attractor
‘self-excited’. Otherwise, the attractor is hidden [6–10].
Hidden attractors exist in some real-world dynamical
systems [11–15]. Rather than design, their localisation
and control have been of great interest in recent years
[16–21].
A very important topic in nonlinear dynamics is multistability [22–24]. In some occasions, multistability is
unwanted. However, sometimes it has many advantages.
It allows flexibility in the performance of the system
without adjusting parameters, and that can be utilised to
induce a switching between different coexisting states
[25].
Designing new nonlinear flows with desired properties is a new hot topic. As examples, we can name
systems which have surfaces of equilibria [26,27], no
equilibrium points [28–30], curves of equilibria [31],
stable equilibria [32–34] and non-hyperbolic equilibria [35,36]. More examples are nonlinear systems with

multiscroll attractors [37–39], with multistability [8,40,
41] and with extreme multistability [42–45]. A main
category of nonlinear systems is the periodically-forced
nonlinear oscillators [46].
In this paper, by modifying the system proposed in
[47], we design a new oscillator with infinite number
of coexisting limit cycles. The formation of these limit
cycles resembles a carpet, and so we named it ‘carpet
oscillator’. Some of these limit cycles are hidden attractors while some others are self-excited. If we change
this system to its forced version, we can achieve torus
solutions too. In the forced oscillator, some of the previous limit cycles merge to each other and construct torus
attractors.
According to [48], in proposing a new dynamical system, one of the following conditions should be satisfied:
(1) The system should credibly model some important
unsolved problem in nature and shed light on that
problem.
(2) The system should exhibit some behaviour previously unobserved.
(3) The system should be simpler than all other known
examples exhibiting the observed behaviour.
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Our system satisfies the second condition: It shows
coexistence of an infinite number of hidden and selfexcited attractors.
In the next section, the new oscillator is introduced
and its dynamical properties are investigated. In §3, its
forced version is demonstrated and analysed. Finally,
conclusion is given in §4.
2. Carpet: A new megastable nonlinear oscillator
Consider system (1) which is thoroughly investigated in
[47] which is a very simple nonlinear oscillator:
ẋ = y
ẏ = −x + ycos(x).

(1)

Inspired by system (1), we introduce the following system:
ẋ = +sin(0.1y)
ẏ = −sin(0.1x) + sin(0.1y) cos(x) .

(2)

System (2) has an infinite number of equilibrium points
located at (10k1 π, 10k2 π) where k1 and k2 are any integer numbers. The Jacobian matrix for this system in its
equilibria is

initial conditions. These coexisting attractors resemble
a beautiful Persian carpet (figure 1b).
It can be seen that (by the help of those 2601 initial conditions), many packs of attractors have been
detected. Some packs consist of 5 limit cycles, while
some others involve 4 (note that the border packs are
incomplete because of the limited area of initial conditions. If we chose wider range for initial conditions, they
would be complete too). However, they are just examples from infinite number of attractors distributed in the
xy-plane, which could be detected by other proper initial
conditions. Figure 2 shows the coexisting limit cycles
plus the equilibrium points. Stable equilibria are shown
by blue dots, while unstable equilibria are shown by red
dots. In each pack, the outer limit cycles can be found
with the help of initial conditions near the unstable equilibria, and so they are self-excited attractors. Also in half
of the packs, the inner limit cycle can be detected in this
way. However, the rest of the attractors cannot be located
in this way. It means that they are hidden. By counting
those attractors, it can be seen that in each pack of 9
attractors (one pack with 5 limit cycles and one pack
with 4 limit cycles), 3 attractors are self-excited and 6
attractors are hidden.




(x,y)=(10k1 π,10k2 π )
0
0.1cos(0.1y)
J=
−−−−−−−−−−−−→
−0.1cos(0.1x) − sin(0.1y) sin (x) 0.1cos(0.1y) cos(x)


0
0.1cos(k2 π)
J=
→
−0.1cos(k1 π) − sin(k2 π ) sin(10k1 π) 0.1cos(k2 π ) cos(10k1 π)


0
0.1 (−1)k2
J=
−0.1 (−1)k1 0.1 (−1)k2
So, the eigenvalues will be


λ
−0.1 (−1)k2 

|λI − J | = 0→ 
= 0→
+0.1 (−1)k1 λ − 0.1 (−1)k2 
λ2 − 0.1 (−1)k2 λ + 0.01 (−1)k1 +k2 = 0 →

0.1 (−1)k2 ± 0.01 − 0.04 (−1)k1 +k2
.
(4)
λ1,2 =
2
When k2 is an odd number, the equilibrium point is stable, and when k2 is an even number, the equilibrium
point is unstable.
Figure 1a shows a very interesting feature in this
system. It is a plot of trajectories in system (2), for
51×51 = 2601 different initial conditions (located on a
mesh x, y = −100 to x, y = +100 with steps equal to
4). Each trajectory is for a duration of 1000 s and plotted
with yellow colour. The second half of each trajectory
is plotted thicker, with a random different colour, showing the steady state of the system for the corresponding

(3)

3. Achieving new dynamics by adding a forcing
term
Adding a periodic forcing function to system (2), we
obtain system (3):
ẋ = +sin(0.1y)
ẏ = −sin(0.1x) + sin(0.1y) cos(x)
+A sin(ωt)

(5)

For simplicity, selecting ω = 0.1, we deal with A as
the bifurcation parameter. The Lyapunov exponents and
bifurcation diagram vs. A can be seen in figure 3. Note
that there are different methods and important issues
about this quantity [49–53]. However, in this work, we
have used the famous method proposed in [54].
As can be observed from the Lyapunov exponent diagram, the dynamics alternates between torus and limit
cycles when A is increased.
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Choosing A = 0.2 from the torus region, we investigate the following system:
ẋ = +sin (0.1y)
ẏ = −sin (0.1x) + sin (0.1y) cos (x)
+ 0.2sin(0.1t)

(6)

Figures 4 and 5 show unusual features in this system.
Figure 4 is a plot of trajectories in system (6), for
16 × 16 = 256 different initial conditions (located on
a mesh x, y = −30 to x, y = +30 with steps equal
to 4). Each trajectory is for a duration of 20000 s and
plotted with yellow colour. The last 1/10th of each trajectory is plotted thicker, with a random different colour,
showing steady state of the system for the corresponding initial conditions. The interesting part is that initial
conditions can result in attractors far away. They can
travel through beehive-like routes till getting trapped in
an attractor. Another interesting feature in figure 4 is the
coexistence of limit cycle and torus attractors. Figure 5 is
a zoomed version of figure 4 in which the transition parts
are ignored, and so only the steady states are shown. The
coexistence of torus attractors with limit cycles is clearer
in figure 5.
4. Circuit design
Figure 1. (a) Trajectories in system (2), for 2601 different initial conditions (located on a mesh x, y = −100 to
x, y = +100 with steps equal to 4). Each trajectory is for a
duration of 1000 s and plotted with yellow colour. The second
half of each trajectory is plotted thicker, with a random different colour, showing the steady state of the system for the
corresponding initial conditions and (b) an ancient Persian
carpet.

To illustrate the feasibility of system (6), we have
designed a circuit for the system by using electronic
components [14,40,55,56]. Here, system (6) has been
scaled by X = x/10, Y = y/10, Z = z/10. As can
be seen from figure 6, the designed circuit includes
electronic components such as resistors, capacitors,
operational amplifiers, multipliers and trigonometric
function generators. In figure 6, X, Y are the voltages at

Figure 2. Coexisting limit cycles of system (2) plus the equilibrium points. Stable equilibria are shown by blue dots and
unstable equilibria are shown by red dots.
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Figure 3. (a) Maximum values of y vs. forcing amplitude A in system (5) with ω = 0.1. The initial conditions for every
value of A are (0.1, 0.1) and (b) the corresponding Lyapunov exponents.

the capacitors C1 , C2 . The circuit equation of the circuit
is given by
dX
1
=
sin(Y )
dt
R1 C 1
dY
1
1
=−
sin(X ) +
sin(Y ) cos(10X )
dt
R2 C 2
R3 C 2
1
sin(2π f t) .
(7)
+
R4 C 2

Figure 4. Trajectories in system (6), for 256 different initial
conditions (located on a mesh x, y = −30 to x, y = +30
with steps equal to 4). Each trajectory is for a duration of
20000 s and plotted with yellow colour. The last 1/10 of each
trajectory is plotted thicker, with a random different colour,
showing the steady state of the system for the corresponding
initial conditions.

The circuit in figure 6 has been implemented in PSpice
for R1 = R2 = R3 = R = 100 k, R4 =
500 k, C1 = C2 = C = 10 nF and f = 159 Hz. We
present the PSpice trajectories of the circuit in figure 7.
5. Conclusion
In this paper, we introduced a new interesting nonlinear autonomous oscillator with infinite number of
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Figure 5. A zoomed version of figure 4 with omitted transition parts.

Figure 7. Trajectory of the implemented circuit by using
PSpice (X −Y plane).

far away. We think that this system can be used in
applications such as secure communications.
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