Pramana – J. Phys. (2018) 91:4
https://doi.org/10.1007/s12043-018-1575-4

© Indian Academy of Sciences

Strange non-chaotic attractors in a state controlled-cellular neural
network-based quasiperiodically forced MLC circuit
P MEGAVARNA EZHILARASU1 , M INBAVALLI2 , K MURALI3 and K THAMILMARAN1

,∗

1 Centre

for Nonlinear Dynamics, School of Physics, Bharathidasan University, Tiruchirappalli 620 024, India
of Physics, Jeppiaar Engineering College, Chennai 600 119, India
3 Department of Physics, Anna University, Chennai 600 025, India
∗ Corresponding author. E-mail: maran.cnld@gmail.com
2 Department

MS received 14 July 2017; revised 26 December 2017; accepted 2 January 2018; published online 29 May 2018
Abstract. In this paper, we report the dynamical transitions to strange non-chaotic attractors in a quasiperiodically
forced state controlled-cellular neural network (SC-CNN)-based MLC circuit via two different mechanisms, namely
the Heagy–Hammel route and the gradual fractalisation route. These transitions were observed through numerical
simulations and hardware experiments and confirmed using statistical tools, such as maximal Lyapunov exponent
spectrum and its variance and singular continuous spectral analysis. We find that there is a remarkable agreement
of the results from both numerical simulations as well as from hardware experiments.
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1. Introduction
Strange non-chaotic attractors (SNAs) are commonly
found to occur in quasiperiodically forced nonlinear
dynamical systems. In dynamical sense, these attractors can be regarded to represent an intermediate stage
between regularity and chaos. They are geometrically
strange as evidenced by their fractal nature, while they
are non-chaotic in the dynamical sense because they are
insensitive to changes in initial conditions as is borne out
by their negative Lyapunov exponents. Following the
pioneering work by Grebogi et al [1], the birth of SNAs
has been extensively investigated, using both numerical simulations and hardware experiments. For example, strange non-chaotic attractors (SNAs) have been
reported to arise in quasiperiodically forced pendulums
[2], biological oscillators [3], quasiperiodically-driven
Duffing-type oscillators [4,5], velocity-dependent oscillators [6], Hodgkin–Huxley neuron oscillators [7], electronic circuits [8–10] and in maps [11–13]. Also, they
were reported in many experiments such as, in the
quasiperiodically-driven magnetoelastic ribbon experiments [14], in analogue simulations of a multistable
potential [15] and in neon glow discharge experiments
[16]. The SNAs were also reported to occur in the

Anderson localisation of the Schrödinger equation with
a quasiperiodic potential [17,18]. Experimental observations of SNAs, usually through different routes, and
their mechanisms, have been reported by a large number
of researchers. For example, experimental observations
of SNAs through Heagy–Hammel (HH) route in a
second-order quasiperiodically forced electronic circuit
[8,10], through intermittency [9], through three different
mechanisms namely, HH route, fractalization route and
intermittency route in a quasiperiodically forced series
LCR circuit, in [19] via fractalisation, followed by intermittency and HH routes in the same quasiperiodically
forced series LCR circuit and with non-sinusoidal excitation in [20]. Very recently, the birth of SNA through a
novel route, namely the formation and merging of bubbles route has been reported [21] in Chua’s circuit and
multilayered bubble route to SNA [10] in a quasiperiodically forced series LCR circuit with NIC-based nonlinearity. SNAs have also been reported in [22] a two cell
non-autonomous cellular neural network (CNN) purely
based on numerical analysis. However, in this paper
we report the birth of SNAs in an experimental analog circuit implementation of state controlled-cellular
neural network (SC-CNN)-based Murali–Lakshmanan–
Chua (MLC) circuit. The CNN is a system of coupled
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n-dimensional array (n = 1, 2, 3, . . . ,) of a large
number of interconnected nonlinear oscillators called
nodes (or cells) and are modelled by first-order nonlinear ordinary differential equations (ODE’s) [23]. CNN,
though an extremely simple system, is yet a powerful
tool for the emulation and implementation of complex
systems exhibiting bifurcations, chaos and hyperchaos.
Numerous hardware realisations of the CNN concept
using autonomous and forced nonlinear oscillators have
been reported in the last two decades. For example,
the SC-CNN architecture to generate a wide class of
nonlinear systems has been reported in [24] and the
chaotic and hyperchaotic dynamics in them have been
studied from a theoretical point of view. Further in
[25], the control of chaos in a SC-CNN-based unfolded
Chua’s circuit using LCR-based control mechanisms
has been studied. A realisation of the SC-CNN-based
circuit using four terminal floating nullor (FTFN) as
active element is presented in [26]. Using this, the
dynamics of a FTFN-based autonomous Chua’s oscillator is studied. The implementations of current feedback
op-amp (CFOA)-based SC-CNN circuits are given in
[27] and their dynamics under high frequency ranges
are studied. In [28], the CNN version of a dissipative
nonlinear oscillator is implemented and the synchronisation of two such systems using master–slave coupling
scheme is studied. A new autonomous chaos generator in the framework of SC-CNN is introduced in [29]
and multiscroll attractors in this circuit using trignometric function generator have been realised. Further,
a chaotic masking scheme using feedback algorithm
has been designed for the first time in a CNN-based
memristive circuit and the chaotic dynamics exhibited
by it has been observed in [30]. Further, in [31], a
SC-CNN-based variant of MLC circuit is given and
bifurcations and chaos in it are reported. Further, chaos
and hyperchaos in a SC-CNN-based modified canonical Chua’s circuit is reported in [32]. The MLC circuit
is a simple two-dimensional non-autonomuos circuit
introduced in 1994. It is capable of exhibiting rich
dynamics and a variety of bifurcations and routes to
chaos. Its simplicity, low dimensionality and mathematically tractable nature of its nonlinear element namely,
the Chua’s diode have made it a paradigmatic system
in the study of nonlinear dynamics. The birth of SNA
in this circuit through intermittency has been studied in
[33]. In [34] this simple MLC circuit in the framework of
SC-CNN architecture was designed and an exhaustive
eigenvalue study of the system as well as its dynamics was made. In this context, many questions naturally
arise:
1. What will be the route to chaos that this circuit will
take?
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2. Can the SC-CNN-based MLC circuit exhibit SNA
as was reported earlier in its classical equivalent
circuit?
3. If so, how will this circuit transit to SNA behaviour?
Further, the experimental realisation of the SC-CNN
architecture based MLC circuit, as in the case of many
SC-CNN-based circuits, holds many promises:
1. The simplicity of the circuit enables one to observe
almost all the phenomena exhibited by the system.
2. The exceptional flexibility offered by hardware
experiments is not possible in any other domain
of research in nonlinear dynamics. This is because
nonlinear electronic oscillators, when considered
as chaotic nodes or cells forming a large network,
provide a universal model for a wide range of
observed phenomena. For example, one cannot
envisage the change in characteristics of cardiac
or brain cells to know the neuronal dynamics
[35], but one can simulate with much felicity
such behaviours using appropriate electronic circuits [36]. Further, many works on SC-CNN were
fuelled by possible applications to communications [37,38].
It is in answer to these questions as well as to harness
the inherrent advantages of SC-CNN networks that the
present work was undertaken.
In the present work, we consider a simple analog
realisation of quasiperiodically forced SC-CNN-based
MLC circuit, consisting of two interconnected CNN
cells and investigate the strange non-chaotic dynamics
arising in it. We have found that the system exhibits two
familiar dynamical transitions to SNAs, namely, Heagy–
Hammel route and gradual fractalisation route as well as
reverse fractalisation transitions. These dynamical transitions were characterised using statistical tools, such
as maximal Lyapunov exponents and their variance,
Poincaré surface of section and spectral distribution
function using both numerically computed and experimentally measured data. These were found to be in
good agreement with each other. The paper is organised
as follows: In §2, we present the generalised equations for CNN module and extend the concept in §3 to
the proposed quasiperiodically forced SC-CNN model.
In §4, we present the stability analysis of the model
while in §5, we derive the energy function for the system. In §6, a brief introduction of the cell design and
experimental realisation of the quasiperiodically forced
SC-CNN-based MLC circuit are described, while in §7,
the conditions for observation of SNAs are listed using
maximal Lyapunov exponent spectrum. In §8–10, the
computer simulation studies and experimental confirmation of the birth of strange non-chaotic attractors via
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Figure 1. CNN cell model.

Heagy–Hammel and gradual fractalisation and reverse
fractalisation routes are presented respectively. In §11,
the discussion and analyses are given.
2. Generalised CNN model
The CNN was introduced by Chua and Yang in 1988
[39]. They defined the CNN cell as a first-order nonlinear circuit shown in figure 1. In this circuit, u i j , yi j and
xi j are the input, output and the state variables of the cell
respectively. The output is related to the state variables
by a nonlinear equation. The simplest CNN is defined as
a two-dimensional array of M × N cells. Each cell mutually interacts with its nearest neighbours by means of
the voltage-controlled current sources I x y (i, j; k, 1) =
A(i, j; k, l) ykl , I x y (i, j; k, l) = B(i, j; k, l)u kl , where
the constant coefficients A(i, j; k, l) and B(i, j; k, l)
are known as the cloning templates. If the templates are
equal for each cell, then they are called space-invariant,
otherwise they are space-variant. Generally, as a cellular neural network consists of an interconnection of
cells or nodes, the equations describing the network
dynamics are written in terms of first-order differential equations [24]. The first-order ordinary differential
equations modelling each of the cell are given as

1
C ẋi j (t) = − xi j (t) +
A(i, j; k, l)ykl (t)
Rs
C(k,l)∈Nr (i j)

B(i, j; k, l)u kl
+

However, as in the case of Chua’s circuit, it is often
preferable to study the dimensionless state equations.
After the publication of [39], many generalisations of
the previous model have been introduced [23,40,41].
Rescaling the above equations to dimensionless form,
we get

A j;k yk
x˙j = − x j +
C(k);∈N ( j)

+



B j;k u k

C(k);∈N ( j)

+



C j;k xk + I j ,

(3)

C(k);∈N ( j)

where j denotes the cell index, x j , u j and N ( j) are the
state variables, the input and the neighbourhood set of
the cell C( j) respectively. Further, y j is the output variable and is related to the state variables by the nonlinear
function
y j = f (x j ) = 0.5(|x j + 1| − |x j − 1|),

(4)

and I j is the threshold value. Moreover A j;k , B j;k and
C j;k are real constants named, feedback, control and
state templates respectively. Following the theoretical
details presented, the implementation of the MLC circuit
in the framework of SC-CNN, the corresponding circuit
equations and their normalised forms can be derived.
These are presented in the following sections.

C(k,l)∈Nr (i j)

+ C(i, j; k, l)xkl + I,

(1)

with xi j (0) = xi j0 ; C > 0; Rx > 0.1 ≤ i ≤ M, 1 ≤
j ≤ N , and
Nr (i j) = {Ck,l : |max(|k − i|, |l − j|) ≤ r,
1 ≤ k ≤ M; 1 ≤ l ≤ N },
is the r neighbourhood.

(2)

3. Realisation of the SC-CNN-based MLC circuit
The MLC circuit, shown in figure 2, consists of a
capacitor (C), an inductor (L), a resistor (R), an external forcing voltage source (F(t)=F sin(t)) and one
nonlinear element (N R ) namely, the Chua’s diode. By
applying Kirchhoff’s law to this circuit, the governing
equations for the voltage v across the capacitor C and
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CNN cells described by a set of two coupled first-order
differential equations,

L
iL

F(t)

iNR

+

C1

ẋ1 = −x1 + a1 y1 + a11 y2 +

NR

2


s 1k xk + i 1 ,

k=1
-

ẋ2 = −x2 + a21 y1 + a2 y2 +

2


s 2k xk + i 2 ,

(9)

k=1

Figure 2. Circuit realisation of MLC circuit with nonlinear
resistor, N R (Chua’s diode).
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where x1 , x2 are the state variables, y1 , y2 are the corresponding outputs and i 1 , i 2 are the threshold values.
As the generalised SC-CNN equations for the quasiperiodically forced MLC circuit presently used in our
work contain two external forces, the equations for the
quasiperiodic circuit has to be modified as shown below:

where y1 is the output related to the state by the nonlinear
equation

-v2

y1 = f (x1 ) = 0.5(|x1 + 1| − |x1 − 1|).
Figure 3. Cell connection scheme of two SC-CNNs with
threshold value, i 1 , for the proposed MLC circuit.

the current i L flowing through the inductor L are derived
as
dv
= i L − g(v),
C
dt
di L
L
= −Ri L − v + F sin(t),
(5)
dt
where g(·) is a piecewise-linear function
g(v) = G b v + 0.5(G a − G b )(|x1 + 1| − |x1 − 1|). (6)
The normalised forms of the circuit eqs (5) are
ẋ = y − h(x)
ẏ = −βy − βx + f sin(ωt)

(7)

and the normalised current through the nonlinear resistor
can be represented by the function
h(x) = bx + 0.5(a − b)(|x + 1| − |x − 1|).

(10)

(8)

The rescaling variables are v = x B p , i L = yG B p , G =
1/R,  = ωG/C and t = τ C/G. Redefining τ as t,
the rescaling parameters used for this normalisation are:
β = C/LG 2 , f = Fβ/B p , a = G a /G and b = G b /G.
Following the cell connection scheme of two SCCNNs with threshold value, i 1 , the SC-CNN implementation of the MLC circuit proposed in [24] is shown
in figure 3. Here, we have a set of two interconnected

(11)

Comparing the normalised equations of the classical
MLC circuit eq. (7) and its generalised quasiperiodic
SC-CNN form, eq. (10), the connections between their
variables and their parameters are given as x = x1 ;
y = x2 ; a1 = b − a; s11 = 1 − b; s12 = 1; s21 = β;
s22 = 1 − β(1 + ν). Here, we have assumed i 1 = 0 and
i 2 = f 1 sin(ω1 t) + f 2 sin(ω2 t), where f 1 and f 2 are the
amplitudes and ω1 and ω2 are the angular frequencies
of the external driving forces.
The circuit parameters are chosen to be the same
as those given in the original experimental work of
[42] as well as in the work on the quasiperiodically
forced classical MLC circuit by [33]. Further, the values of the coefficients and control parameters used for
both numerical and experimental investigations in our
present work are the same as those reported in the circuit simulation studies of [34]. Based on these, the
normalised numerical coefficients in the SC-CNN equations are: a1 = 0.47, s11 = −1.015, s12 = 1.0, s21 =
−1.0, s22 = −0.015, ω1 = 0.74, ω2 = 2.2005 and
f 2 = 0.74. The amplitude of the first quasiperiodic
forcing alone namely, f 1 , is taken as the system control parameter. The dynamics of the system therefore
depends on just the normalised numerical coefficients
and the control parameter only. Throughout all of the
numerical analysis of this SC-CNN-based MLC circuit,
the coefficients are fixed as above. For experimental
investigations, the circuit parameters are chosen so as
to conform to the above numerical values.
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4. Stability analysis
In this section, we briefly investigate the equilibrium
points and the stability of the generalised SC-CNNbased MLC circuit. This is necessary to study the
structural stability of the system ([43], Ch. 2). According to Hartman–Gorbman theorem, the dynamics close
to hyperbolic equilibrium point are topologically equivalent to that of the system linearised about that point.
The form of f (x1 ) in eq. (11) implies that the phase
space for the system is split into three subregions, central region D0 and two external regions D+ and D− .
Each of this subspace will therefore have an equilibrium point denoted as P+ , P0 and P− respectively. The
equilibrium points can be obtained from the dynamical
equations, eqs (10) and (11), by assuming the left-hand
sides to be zero, that is,
− x1 + a1 y1 + s11 x1 + s12 x2 = 0,
− x2 − s21 x1 + s22 x2 = 0.

(12)

The three subspaces are defined as
D+ = {(x1 , x2 ) | x1 ≥ 1} : P+ = (k1 , k2 ),
D0 = {(x1 , x2 ) | |x1 | ≤ 1} : P0 = (0, 0),
D− = {(x1 , x2 ) | x1 ≤ −1} : P1 = (k1 , k2 ),

(13)

where
−(a1 − a1 s22 )
,
(s11 + s22 − s11 s22 − s12 s21 − 1)
(a1 s21 )
k2 =
.
(14)
(s11 + s22 − s11 s22 − s12 s21 − 1)
The dynamical equations of the SC-CNN-based MLC
circuit, namely eqs (10) and (11), are symmetric with
respect to the origin and hence are invariant under the
transformation, (x1 , x2 ) → (X 1 , X 2 ) = (−x1 , −x2 ).
This causes the equilibrium points P± in subspaces D±
to be symmetric about the origin. The eigenvalues of the
equilibrium points P+ , P0 and P− can be obtained from
the Jacobian matrices as follows. For the central region
D0 , the stability matrix is given as


s + a1 − 1 s12
A0 = 11
,
(15)
−s21
s22 − 1
k1 =

while the characteristic equation is given as
P0 (λ) =λ2 − λ(s11 + s22 + a1 − 2)
+ s11 s22 + s12 s21 + a1 s22
− s11 − s22 − a1 + 1.

Similarly, for the external regions D+ , D− , the
stability matrix is given as


s12
s11 − 1
(17)
A+ = A− =
−s21
s22 − 1
and the characteristic equation is
P + (λ) = P − (λ) = λ2 − λ(s11 + s22 − 2)
+ s11 s22 + s12 s21
− s11 − s22 + 1.

Evaluating the characteristic equation, the eigenvalues
for equilibrium point P0∈D0 are λ1 = 0.1904 and λ2 =
−0.1854. These eigenvalues tell that the equilibrium
point is a hyperbolic fixed point namely, an unstable
saddle.

(18)

Solving the characteristic equation given above, we
find that the eigenvalues for the equilibrium points
P± ∈ D± form a complex-conjugate pair with negative real parts namely, λ1 = −0.2325 + i(0.623) and
λ2 = −0.2325 − i(0.623). Hence, the fixed points P±
are stable spirals. The eigenvalues of the equilibrium
points cause a stretching of the vector fields in the central
region leading to a divergence of the dynamics, while
they cause a folding of the vector fields in the outer two
regions, leading to a convergence of the dynamics in
these regions. The global dynamics is therefore a result
of stretching and folding of the vector fields [44,45].
Initially, for small values of external force, we observe
limit cycle motion through a Hopf bifurcation. When
the amplitude of one of the quasiperiodic force, say f 1 ,
is increased, the system exhibits torus doubling bifurcations route to chaos via SNAs.

5. Determination of the energy function for
SC-CNN-based MLC circuit
In any physical system defined by
ẋ = f (x, t),

(19)

the variation in its energy occurs as a consequence of
its dynamics. If this energy function is associated with
dissipative nature, then this energy function takes on
unique character [46–49]. This energy function can be
determined by decomposing a vector field f (x, t) into
a conservative part, say, f c (x, t) and a dissipative part
f d (x, t). Then, according to Helmholtz theorem [50] the
total vector field can be given as the sum of these two,
that is
f (x, t) = f c (x, t) + f d (x, t).

(16)

4

(20)

Using this, the energy associated with the vector field
can be derived from the partial differential equation
∇ H T f c (x, t) = 0.

(21)

The energy so derived will have a simple quadratic form,
which for an electrical circuit is to be associated as
a sum of the potential energy in an inductor plus the
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energy accumulated in a capacitor. This energy along the
trajectory of the system can be obtained using the partial
differential equation

6. Experimental implementation of SC-CNN-based
quasiperiodically forced MLC circuit: Observation
of SNA

Ḣ = ∇ H T f d (x).

The experimental realisation of the SC-CNN-based
quasiperiodically forced MLC circuit is shown in figure 4.
Each cell represents a single-state variable and its
related output. Thus, x1 , x2 referred to in eqs (10) are the
state variables and y1 , y2 are the corresponding outputs
for the two CNN cells respectively. x1 and x2 represent the voltages across the two capacitors C1 and C2
respectively. The nonlinearity in eq. (10) is implemented
by taking into account the saturation of the op-amp
(O A2). The numerical and experimental investigations
of the strange non-chaotic dynamics of this quasiperiodically forced SC-CNN-based MLC circuit were carried
out by fixing the parameters of the system to be the
same as those of the classical MLC circuit as reported
in the original work [42]. In the absence of the second quasiperiodic force, that is, if f 2 (t) = f 2 sin(ω2 t)
with f 2 = 0, the SC-CNN-based MLC circuit just gets
reduced to a SC-CNN-based MLC circuit driven by the
single external force f 1 (t), as reported in [34]. As the
control parameter, f 1 , is varied, this circuit generates the
standard period doubling route to chaos interspersed by
periodic windows. This is summarised in the numerical
one-parameter bifurcation diagram shown in figure 5a
and the corresponding maximal Lyapunov exponent
spectrum shown in figure 5b. The dynamics is confirmed
by the numerical and experimental phase portraits of the
one-band and double band chaotic attractors as shown
in figure 6. However, in the presence of the second
quasiperiodic force f 2 (t), the dynamics of the SC-CNNbased MLC circuit (figure 4) transits from quasiperiodic
behaviour to chaos via SNAs. The amplitude f 1 of
the first quasiperiodic force f 1 (t) = f 1 sin(ω1 t) was
taken as the control parameter. Our investigations reveal
that the birth of SNAs is through two different routes
namely, Heagy–Hammel route and gradual fractalisation route.

(22)

The vector fields for the SC-CNN-based MLC system
given by eqs (10) and (11) can similarly be decomposed
into conservative and dissipative parts as


s12 x2
f c (x) =
−s21 x1
and

−x1 + a1 y1 + s11 x1
f d (x) =
.
x2 + s22 x2


(23)

Then, according to eq. (21), the energy function H takes
on a quadratic form as


x22
1 x12
H=
+
.
(24)
2 s12 s21
The energy functions along the trajectory of the system
in the three subregions of the phase space are then given
as
Region I (x > 1)
Ḣ =

1
a1
− 1 x12
s11 +
s12
2

1
+
(s22 − 1) x22 .
s21

(25)

Region II (−1 < x < 1)
Ḣ =

1
s12
+

1
s21

a1
− 1 x12
2

(s22 − 1) x22 .

s11 +

(26)

Region III (x < − 1)
Ḣ =

1
s12
+

1
s21

a1
− 1 x12
2

(s22 − 1) x22 .

7. The maximal Lyapunov exponent spectrum

s11 −

(27)

While eq. (24) has the same form as that of other dynamical systems having the same conservative component
f c (x, t), its derivative along a trajectory in any of the
subregions given by eqs (25)–(27) are determined by the
dynamics of the SC-CNN-based linearised MLC system
alone.

The maximal Lyapunov spectrum obtained in the
( f 1−λmax ) plane for the quasiperiodic SC-CNN-based
MLC circuit for the specific range 0.0 < f 1 < 0.7 of the
control parameter is shown in figure 7. This maximal
Lyapunov spectrum qualitatively resembles that of a
single forced SC-CNN-based MLC circuit as shown in
figure 5b. However, we find quasiperiodic tori occurring
in regions where periodic behaviours are suggested in
figure 5b. Further, the bifurcation of periodic windows
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Figure 5. Numerically simulated (a) one-parameter bifurcation diagram in the ( f 1−x1 ) plane and (b) its corresponding
maximal Lyapunov exponent spectrum in the ( f 1−λmax ) plane
of the SC-CNN-based MLC circuit when driven by a single
external force f 1 .

corresponds to bifurcations of quasiperiodic tori and
the eventual birth of SNAs. From figure 7, we have
identified three regions namely, Region-I, Region-II
and Region-III. In each of these three regions, we
find the birth of SNAs. While in Region-I, the birth

is through Heagy–Hammel mechanism, in Regions-II
and III the birth is through fractalisation and reverse
fractalisation processes respectively. In Region-I we find
that as the control parameter is increased from zero,
a torus doubling bifurcation occurs causing a period-1
torus (1T ) to become a period-2 (2T ) torus quasiperiodic attractor and then to a strange non-chaotic attractor
(S1) via the Heagy–Hammel (HH) route 0.065 <
f 1 < 0.095 and then to chaos C1. After full blown
chaos, the dynamics gives rise to a sudden formation
of single torus in Region-II which transits to threetorus quasiperiodic attractor, denoted as 3T . When the
control parameter f 1 is changed further in the range
0.316 < f 1 < 0.333, the 3T quasiperiodic attractor
gives birth to strange non-chaotic behaviour denoted as
S2 through the gradual fractalisation route. The dynamics then transits from SNA to chaotic behaviour C2.
A further increase in the control parameter for the
range 0.495 < f 1 < 0.515 gives rise to a reversal of the phenomenon, that is the dynamics changes
from chaos C2 to three-torus quasiperiodic behaviour
(3T ) via SNA (S3). This reverse process is known as
reverse fractalisation route and occurs in Region-III.
Thus, we have identified with the help of maximal
Lyapunov exponent spectrum, the birth of SNA via
the Heagy–Hammel route and fractalisation routes. The
three mechanisms and the range of control parameter f 1 ,
for which they occur are listed in table 1. The detailed
analyses of these different routes through numerical
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Table 1. Type of routes, mechanisms and range of control parameter f 1 for the formation of SNAs as in figure 7.
Type of routes
Heagy–Hammel [12]
Gradual fractalisation [51]
Reverse fractalisation [51]

Mechanism
Collision of period-doubled torus with its unstable parent
Increased wrinkling of torus with an increase in parameter f 1
Increased wrinkling of torus with an increase in parameter f 1

and experimental data are described in the following
sections.

8. Heagy–Hammel route to SNA
The transitions to SNA through the Heagy–Hammel
(HH) route have been studied in several quasiperiodically forced nonlinear dynamical systems [14,15,19].
Generally, the HH route refers to the birth of a SNA

Range of control parameter
0.065 < f 1 < 0.095
0.316 < f 1 < 0.333
0.495 < f 1 < 0.515

due to the collision of a period doubled quasiperiodic
torus (period-2n torus) with its own unstable parent,
which is a period-2n−1 torus. This collision causes the
wrinkling of the period-2n torus, giving birth to the 2n+1
torus. Upon increasing the control parameter, this 2n+1
torus will collide with its parent 2n torus. It gets wrinkled in the process, giving birth to 2n+2 torus and so
on. This sequence continues ad infinitum, ultimately
causing the system to bifurcate to SNA. In our quasiperiodically forced SC-CNN-based MLC circuit, transition
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to SNA has been observed when the amplitude of the
second external force f 2 is maintained a constant while
the amplitude of the first external force f 1 , which is
assumed to the control parameter, is varied in a given
range. However, the birth of SNA in the quasiperiodically forced SC-CNN MLC system occurs immediately
following the collision of the period-2T torus with its
unstable parent, without the sequence continuing up to
infinity.
8.1 Numerical analysis
For the numerical analysis of SNA through the HH
mechanism, we simulate eqs (10) and (11), using RK4
algorithm with the values of the parameters chosen as
in §2. The amplitude f 2 of the second external force is
fixed as a constant at f 2 = 0.74 while the amplitude
f 1 of the first external force is assumed to be the control parameter. We find that as the control parameter f 1
is varied in the range 0.065 < f 1 < 0.095, the system shows a period-1T torus which undergoes a period
doubling process, giving rise to a period-2T torus. This
generic period doubling sequence, instead of being continued upon a further increase in parameter f 1 , ends
abruptly causing the birth of SNA and then transition
to chaos. These transitions are captured vividly in the φ
modulo 2π Poincaré surface of section plots of eqs (10)
and (11) in the (φ−x1 ) plane in figure 8. In figure 8,
period-1T quasiperiodic attractor, the Poincaré map has
a single smooth branch as shown in figure 8a. For the

period-2T torus attractor, this single strand bifurcates
into two strands as shown in figure 8b. The wrinkling of
the strands of the period-2T torus, upon further variation
of the control parameter f 1 , arises due to the collision
of the period-2T torus with its unstable parent. This
wrinkling results in the birth of the strange non-chaotic
attractor as shown in figure 8c. If the control parameter
f 1 is still increased, the dynamics of the system transits
to chaos as seen by the complete dismemberment of
the wrinkled strands in figure 8d. The inferences from
the φ modulo 2π Poincaré surface of section plots are
verified by plotting the typical phase portraits, Poincaré
maps and the corresponding power spectra, as shown
in figure 9. The phase portrait, Poincaré map and the
power spectrum shown in figures 9a(i), a(ii) and a(iii)
correspond to the period-1T torus for f 1 = 0.068 while
those in figures 9b(i), b(ii) and b(iii) correspond to the
period doubled torus for f 1 = 0.0742. In figures 9c(i),
c(ii) and c(iii), the wrinkled tori forming the SNA for
f 1 = 0.0841, their Poincaré map and power spectrum
are depicted. Finally, in figures 9d(i), d(ii) and d(iii)
the chaotic attractor f 1 = 0.088, its Poincaré map and
power spectrum are portrayed.

8.2 Statistical confirmation
To confirm the birth of SNA through the HH mechanism,
we carry out two statistical tests: (1) Lyapunov exponent
and its variance and (2) singular spectrum analysis.
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Figure 9. Heagy–Hammel route (Region-I, see figure 7). Projection of the numerically simulated attractors of eq. (10) for (i)
phase trajectory, (ii) Poincaré map in the (x1 –x2 ) planes and its corresponding (iii) power spectrum of x1 (t) for fixed value of
f 2 = 0.74 and various values of f 1 indicating the transition from quasiperiodic attractor to SNA. The phase portraits are for
(a) period-1 torus (1T ) for f 1 = 0.068, (b) period-2 torus (2T ) for f 1 = 0.0742, (c) SNA at f 1 = 0.0841 and (d) chaos at
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(i) Lyapunov exponent and its variance
As a first step for confirmation, we examine the
numerical values of the maximal Lyapunov exponent for
the transition from period-2T torus to SNA. During this
transition, the maximal Lyapunov exponent λmax varies
as a function of the control parameter f 1 . It is seen that
the maximal Lyapunov exponent remains negative for
the period-2T torus region and that during the transition
from period-2T torus to SNA there is an abrupt change
in the maximal Lyapunov exponent as shown in figure 10a. Hence, the attractor is strange but non-chaotic.
When we examine this in a sufficiently small neighbourhood of critical value f 1HH = 0.08365, we find that
Lyapunov exponent which varies smoothly in the torus
region ( f 1 < f 1HH ) becomes erratic in the SNA region
( f 1 > f 1HH ). This transition is also clearly revealed in

figure 10b, in which the fluctuations of the variance of
Lyapunov exponent are small in the torus region while
they are large in the SNA region.
(ii) Singular continuous spectrum analysis
We have also carried out the singular spectrum analysis
described in [51,52] of the numerical data in order to
quantitatively confirm that the dynamics of the system
is indeed strange and non-chaotic. In general, the power
spectra of any dissipative dynamical system can be
either discrete, or continuous, or a combination of both.
While discrete spectra are generated by regular motions
such as periodic or quasiperiodic, continuous spectra are
usually generated by irregular motions, either chaotic
or random. A singular continuous spectrum is an intermediate stage between discrete and continuous spectra
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[53]. Let the partial Fourier sum, refer [54], of the state
variable x be defined as
X (α, N ) =

N


{xk } exp(2πikα),

(28)

k=1

where α is proportional to the driving frequency ω1
and {xk } is the time series of the variable x of length
N . The time evolution of X (α, N ) will be represented by a trajectory in the complex plane spanned
by Re[X (α, N )], Im[X (α, N )] as the coordinate axes.
When N is regarded as time, |X (α, N )|2 grows with
time N as
|X (α, N )|2  N β ,

(29)

where β is the scaling exponent. For the dynamics to be strange and non-chaotic, it is required that
the trajectory in the complex plane takes on a fractal nature, and the value of the scaling exponent β
to lie in the range 1 < β < 2. We have evaluated the partial Fourier sum for our quasiperiodically forced SC-CNN-based MLC circuit described
by eqs (10) and (11) for f 1 = 0.0841 and have
found that the trajectory for X (α, N ) in the complex two-dimensional plane is of fractal nature and
that the growth of |X (α, N )|2 with time satisfies the
power law relation given earlier. Figure 11a shows the
plot of |X (α, N )|2 vs. N in logarithmic scale while

figure 11b shows the trajectory for X (α, N ) in the
complex plane. The scaling exponent from least square
fit is found to be β ≈ 1.47408. That the value of the
scaling exponent β lies in the range 1 < β < 2 conclusively confirms that the dynamics is indeed strange and
non-chaotic.

8.3 Experimental observations
The birth of SNA in the quasiperiodically forced SCCNN MLC circuit (figure 4) through HH mechanism
has also been confirmed experimentally in our Nonlinear Electronics Laboratory. The circuit is wired as
shown in figure 4 and the phase trajectories and Poincaré
maps are obtained by measuring the voltages v1 and
v2 developed across the capacitors C1 and C2 respectively in the circuit and connecting them to the X
and Y channels of an analogue oscilloscope. The corresponding power spectra of the projected attractors
were obtained using the mixed signal oscilloscope –
MSO 6014A. To begin with, the second quasiperiodic
force F2 was switched ON and its amplitude and frequency were set as F2 = 90 mV pp and 23.4 kHz
respectively. The frequency of the first quasiperiodic
force is fixed at 8.89 kHz while its amplitude F1 is
taken as the system control parameter. As this force

4
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Figure 12. Heagy–Hammel route: Projections of the experimentally obtained (i) phase trajectories and (ii) Poincaré maps
in the (v1−v2 ) planes and (iii) power spectra of v1 (t) for the circuit given in figure 4 for F2 = 90 mV pp and various values
of F1 indicating the transition from quasiperiodic attractor to SNA. The phase portraits are of (a) period-1 torus (1T ) for
F1 = 47 mV pp , (b) period-2 torus (2T ) for F1 = 58 mV pp , (c) SNA at F1 = 85 mV pp and (d) chaos at F1 = 96 mV pp . The
frequencies of the external periodic forces are fixed as 8.89 kHz and 23.4 kHz respectively.

F1 was varied slowly in the range 40 mV pp < F1 <
100 mV pp , the circuit underwent a series of transitions from quasiperiodic motions such as period-1T
torus, period-2T torus, etc., to aperiodic motion via
strange non-chaotic attractors through the HH mechanism. These are shown in the experimentally obtained
phase portraits, Poincaré points in the (v1 –v2 ) plane
and power spectra v1 (t) shown in figure 12. It has
been found that the experimentally observed results
such as the (i) phase portrait, (ii) Poincaré points as
well as (iii) power spectra are qualitatively similar to
those obtained by numerical simulations shown in figure 9. In particular, in this case, the spectra of the
quasiperiodic attractors are concentrated at a small discrete set of frequencies while the spectra of SNA have
a much richer harmonic. The singular continuous spectrum for the experimental data obtained for SNA for
F1 = 85 mV pp is shown in figure 13. The growth of
|X (α, N )|2 with time is according to eq. (29) with the
slope β ≈ 1.30944 and is shown in figure 13a, while the
trajectory for X (α, N ) in the complex plane is shown in
figure 13b.

9. Fractalisation route to SNA
In Region-II, we find that a period-3T torus gets
increasingly wrinkled and then transits to a SNA without any interaction with a nearby unstable orbit (as in
the previous case of HH route) as we change the system parameter. Generally, the fractalisation of a torus is
both the most common and the most intriguing transition
to SNAs [50]. In contrast to other mechanisms for the
emergence SNAs, no obvious unstable set is involved
in the fractalisation route. The torus becomes more and
more wrinkled as the external force is increased until
it breaks up to form a strange set. Referring to a small
section in Region-II of the maximal Lyapunov spectrum
in the ( f 1−λmax ) plane in figure 7, wherein the control
parameter f 1 is varied in the range 0.316 < f 1 < 0.333,
while keeping f 2 = 0.74, we find that a period-3T
torus at the point S2 becomes wrinkled and gradually
losses its smoothness to form a 3T -band SNA. The geometric structure of the attractor remains more or less
the same during the process. A similar phenomenon is
observed in a small section in Region-III of the same
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graph, when the control parameter is varied in the range
0.495 < f 1 < 0.515. However, transitions occur in the
reverse direction, that is, when the control parameter is
reduced from f 1 = 0.515 a wrinkling of the period-3T
torus sets in at S3 giving rise to SNA behaviour.

to SNA f 1 = 0.3298 and chaos f 1 = 0.333 are shown in
figures 15b(i), b(ii) and b(iii) as well as in figures 15c(i),
c(ii) and c(iii) respectively.

9.1 Numerical analysis

Similar to the statistical confirmation studies for the
birth of SNA through the HH mechanism, we confirm
the birth of SNA through the gradual fractalisation route
using the same two statistical tests namely, (1) Lyapunov
exponent and its variance and (2) singular spectrum
analysis.

Similar to the earlier case of transition to SNA by HH
route, the gradual fractalisation route to SNA is also
observed using a φ modulo 2π numerical Poincaré surface of section plot in the (φ−x1 ) plane computed at
dx/dt = 0, as shown in figure 14. The parameters
are fixed as earlier for these routes also. The period-3T
torus observed for f 1 = 0.316 is represented as three
strands in the Poincaré surface of section plot shown
in figure 14a. The three strands start to wrinkle, as the
control parameter f 1 is increased beyond f 1 = 0.3298,
heralding the setting of the SNA behaviour. This is
shown in figure 14b. The Poincaré map of the chaotic
behaviour, observed for f 1 = 0.333 is shown in figure 14c. The three tori behaviour can be seen clearly
in the phase portrait and the corresponding Poincaré
map and power spectra in figures 15a(i), a(ii) and a(iii)
respectively for f 1 = 0.316. Similarly, the phase portraits, Poincaré maps and power spectra corresponding

9.2 Statistical confirmation

(i) Lyapunov exponent and its variance
Here the maximal Lyapunov exponent is measured for
the region under consideration, that is, 0.316 < f 1 <
0.333. We find that it remains negative for the period3T torus behaviour and that during the transition from
period-3T torus to SNA, which occurs at f 1 = 0.3298,
there is an abrupt change in the maximal Lyapunov
exponent as shown in figure 16a. Hence, the attractor
is strange but non-chaotic. Further, the fluctuations in
the maximal Lyapunov exponent values become more
pronounced at f 1 = 0.3261 ringing in the transition to
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chaos. These transitions are also clearly corroborated
in the variance of Lyapunov exponent as shown in
figure 16b.

complex plane is shown in figure 17b. The fact that the
exponent value β lies in the range 1 < β < 2 and that the
trajectory for the state variable X (α, N ) is fractal, proves
once again that the behaviour is strange non-chaotic.

(ii) Singular continuous spectrum analysis
The partial Fourier sum of the state variable defined by
eq. (28) has been evaluated as was done previously. We
found that the growth of |X (α, N )|2 with time satisfies
the power law relation given by eq. (29) with the scaling
exponent β ≈ 1.38163 for f 1 = 0.3298. This is shown
in figure 17a. Also the trajectory for X (α, N ) in the

9.3 Experimental observations
The experimentally measured phase portraits, Poincaré
points and power spectrum results corresponding to
the transition from three-torus attractor (periode-3T
torus F1 = 180 mV pp ) to SNA (F1 = 229.8 mV pp )
and then to chaos (F1 = 280 mV pp ) through gradual
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Figure 17. Numerical singular continuous spectrum of the xk time series at f 1 = 0.3298 for SNA. (a) Plot of |X (α, N )|2
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Figure 18. Fractalisation route: Projections of the experimentally obtained (i) phase trajectories, (ii) Poincaré maps in the
(v1 –v2 ) planes and (iii) power spectra of v1 (t) for the circuit given in figure 4 for F2 = 90 mV pp and various values
of F1 indicating the transition from quasiperiodic attractor to SNA. The phase portraits are of (a) period-3 torus (3T ) for
F1 = 180 mV pp , (b) SNA at F1 = 229.8 mV pp and (c) chaos at F1 = 280 mV pp . The frequencies of the external periodic
signals are fixed as 8.89 kHz and 23.4 kHz respectively.
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fractalisation are shown in figures 18a–18c. It is indeed
remarkable that the numerically simulated results shown
in figure 15 and the results of hardware experiments
shown in figure 18 are in close agreement. The singular continuous spectrum for experimental data obtained
for SNA for F1 = 329.8 mV pp is shown in figure 19.
The growth of |X (α, N )|2 with time is shown in figure 19a while the trajectory for X (α, N ) in the complex
plane is shown in figure 19b. The scaling exponent,
β ≈ 1.44119, lies in the range 1 < β < 2 as is
required for SNA. Further, the close agreement of the
scaling exponent calculated from numerical simulations
β ≈ 1.38163 with that of the value determined from
experimental data β ≈ 1.44119 validate the correctness
of our studies.
10. Reverse fractalisation route to SNA
As stated in the earlier section, a transition to SNA is
observed in a small section in Region-III of the maximum Lyapunov exponent graph shown in figure 7 when
the control parameter is varied in the range 0.495 <
f 1 < 0.515. However, the transition in this case occurs
in the reverse direction, that is when the control parameter is increased from f 1 = 0.495, a transition from
chaos to period-3T torus occurs via SNA. Hence, this
transition is called reverse fractalisation route. As given
in §7, the numerical analysis using φ modulo 2π graphs,
phase portraits, Poincaré maps, power spectra and statistical confirmations using maximal Lyapunov exponent
and its variance as well as singular continuous spectral analysis were carried out. The trajectory of the state
variable X (α, N ) in the complex plane shows a fractal nature, characteristic of SNAs while the growth of
|X (α, N )|2 with time satisfies the power law relation
given by eq. (29). Further, the experimental phase portraits, Poincaré maps, power spectra as well as the results
of the singular continuous spectrum using experimental data are in conformation with the numerical results
obtained. Here the scaling exponent calculated from
numerical simulations for β ≈ 1.31905 agrees well with
the value determined from experimental data for β ≈
1.24177. The figures obtained for both the numerical
and hardware experiments are also identical. However,
they are not included here for fear of repetitions.
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investigations reveal that the system transits to SNA
from quasiperiodic behaviour and then takes on a chaotic
nature, when all the parameters are fixed and the amplitude of one of the quasiperiodic force, taken as the
system control parameter, is varied. We observed that the
system undergoes transitions to SNA through two different routes namely, the Heagy–Hammel route and the
gradual fractalisation route. Further, a reverse fractalisation route has also been identified. These were observed
by plotting phase portraits, Poincaré maps, power spectra, etc. The qualitative agreement of the numerical
plots with those obtained from experiments are remarkable. Statistical confirmations using maximal Lyapunov
exponent and its variance as well as the singular continuous spectral analysis were made using both numerical
and experimental data. The quantitative agreement of
the values of the scaling exponent β for both the numerical simulations and experiments for the different routes
to SNA are also very much interesting. To the best of our
knowledge, we believe strongly that it is for the first time
that the experimental observations of transitions to SNA
through two different routes in a single SC-CNN system have been performed. Further, it is also for the first
time that qualitative and quantitative agreement of the
results of both numerical simulations and experimental
observations have been reported. Using the approaches
outlined in our study, the exploration of transitions to
SNA in the same quasiperiodically forced SC-CNNbased system through some other mechanisms, either
previously known or yet to be identified, can be carried
out. Further, using the techniques and tools presented
here, it will be advantageous to explore the SNA
dynamics of similar SC-CNN-based systems. Already
we are well into this and the results will be presented in
future papers.
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