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Abstract. Enhancement of wave-like characteristics of heavily damped diffuse photon density waves in a random
medium by amplification can induce strongly localised resonances. These resonances can be used to either suppress
or enhance scattering from an inhomogeneity in the random medium by cloaking the inhomogeneous region by
a shell of random medium with the correct levels of absorption or amplification. A spherical core–shell structure
consisting of a shell of a random amplifying medium is shown to enhance or suppress specific resonant modes. A
shell with an absorbing random medium is also shown to suppress scattering which can also be used for cloaking
the core region.
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1. Introduction
The propagation of light in a random medium can be satisfactorily described using the diffusion approximation
to the radiative transfer theory [1]. In such a medium,
the photons undergo multiple scattering, thereby, randomising the propagation characteristics of light. This
results in a diffusive spread of the averaged energy density as it evolves in space and time. Hence, the equation
that governs such propagation can be written as
∂(r, t)
= D∇ 2 (r, t) − vμa (r, t) + vS(r, t). (1)
∂t
For light travelling at a speed v in the random medium,
the diffusion coefficient (D = v/3μs ) is mainly characterised by the reduced scattering coefficient μs , and
μa is the absorption coefficient. When the source is
modulated harmonically at an angular frequency ω as,
S(r, t) = Sdc (r) + Sac (r) exp(−iωt), the equation
gives rise to a solution that is the sum of unmodulated and modulated photon densities as, (r, t) =
dc (r) + ac (r) exp(−iωt). The modulated density
of photons ac (r) propagating as macroscopic scalar
waves, in response to the source modulation, are known
as diffuse photon density waves (DPDWs) [2]. The

unmodulated dc component of the diffusive flux provides a background over which the modulated wave can
be detected. These waves have been shown to exhibit
various wave properties and obey the laws governing
the conventional electromagnetic waves, namely interference [3], diffraction [4], refraction [5], and undergo
dispersion [6] with a complex wavevector k as

k=±

−vμa + iω
D

1/2
·

(2)

Their reflection and transmission across interfaces
between different media can also be communicated
using appropriate coefficients [7], and their propagation
is governed by the Helmholtz equation
(∇ 2 + k 2 )ac (r) = −vSac (r)/D.

(3)

Owing to their long wavelengths (a few centimetres for
typical biological tissues), DPDWs have been found to
be promising tools for non-invasive bioimaging (see, for
example, ref. [8] and references therein). However, poor
spatial resolution due to their highly damped propagation is a major drawback [9,10]. Therefore, inclusion of
fluorescence [11,12] and ultrasonic tagging of objects
hidden in a medium [13], or a hybrid modality [14] that
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utilises both have been implemented to overcome this
issue, thereby improving the sensitivity and efficiency.
Amplification of light by stimulated emission, defined
as negative absorption in eq. (1), for multiple scattering
media was proposed in the late 1960s [15]. Decades
later, this led to the realisation of random lasers [16–19]
characterised by well-defined critical threshold levels of
gain [15]. However, the procedures to generate random
laser modes are quite different from those of conventional laser modes. In a random amplifying medium
(RAM), the dwell time of the photons is increased due to
the increased path length of each propagating photon as a
result of multiple scattering. This led to the amplification
of the incoming light, which in the case of conventional
lasers, are obtained by localising light with cavities.
Subsequently, experimental and simulation results have
confirmed the existence of random lasing modes beyond
this threshold (or criticality regime) by temporal [20]
and spatial [21] modulations of the pump. Random lasing has also been used for early cancer diagnosis [22].
Now, let us focus on the influence of amplification
on the DPDWs in a random medium, which propagate
according to eq. (3). Within the small region of amplification (μa < 0), the amplitude of the DPDW should
grow with propagation distance. Therefore, the choice
of negative root for the wavevector k in eq. (2) would
be physically appropriate [23]. This ensures a negative Im(k) that gives rise to amplitude growth, and a
negative Re(k) that causes the phase of the DPDW to
evolve negatively with propagation distance. Interfaces
between such a medium and its absorptive counterparts
have been shown to support antisurface-like localised
modes [24]. A spheroidal region of amplification within
an otherwise absorbing random medium has also been
shown to exhibit strong localised resonances that are dictated by the geometry and scattering parameters. These
resonances are quite robust, and even remain unaltered
across eight orders of magnitude of the modulation frequency. They are, therefore, identified as diffusion laser
modes, analogous to the random laser modes. It has been
shown that various multipolar resonant modes can be
used to estimate the size, shape, and orientation of the
amplifying region [25].
Spherical core–shell structures with different core and
shell material properties have been shown to exhibit
certain unusual scattering characteristics for electromagnetic waves that are technologically important.
These characteristics can be used for diverse range
of applications, particularly with plasmonic materials
([26] and references therein). Such plasmonic shells,
for cloaking of light, were proposed by Alù and Engheta
[27]. These represent a class of cloaking solutions within
the more general cloaking configuration that can be
obtained by the method of coordinate transformation
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developed by Pendry et al [28]. Recently, Guenneau et
al [29] used a coordinate transformation technique to
obtain cloaking of thermal diffusion, and later also proposed suppression of the total scattering of DPDW from
inhomogeneities in random media [30].
In this paper, we obtain scattering coefficients for
a spherical core–shell inhomogeneity in a random
medium. Using these coefficients, the conditions for
enhancing or suppressing the scattering from a specific
kind of inhomogeneity by a thin shell of another random
medium with either amplification or absorption are presented.
2. Core–shell structure
In figure 1a, we have shown the schematic diagram of the
core–shell structure. The shell (region 1 with radius a) is
made of a RAM, while the core (region 2 with radius b)
and the background (region 0) are absorbing in nature.
For a point-source of strength S0 located at rs (rs , θs , φs ),
we can write the DPDW ac in the respective regions
(from here onwards we shall drop the subscript ac to
represent the DPDWs). In region 0, we have
0 (r) = inc (r) + scat (r),

(4)

where
vS0 exp (ik0 |r − rs |)
4π D0
|r − rs |
∞
vS0 k0 
(1)
=i
jl (k0r< )h l (k0r> )
D0

inc (r) =

l=0

×

l


∗
Yl,m
(θs , φs )Yl,m (θ, φ),

(5)

m=−l

is the incoming wave from the source. The basis functions are chosen specifically to ensure that the scattered
DPDWs propagate outward from the inhomogeneity as
spherical waves. Hence,

(1)
scat (r) =
Al,m h l (k0r )Yl,m (θ, φ).
(6)
l,m

Similarly, in regions 1 and 2, we can write


Bl,m jl (k1r ) + Cl,m nl (k1r )
1 (r) =
l,m

×Yl,m (θ, φ),


Dl,m jl (k2r ) + El,m nl (k2r )
2 (r) =

(7)

l,m

×Yl,m (θ, φ).

(8)

Here, r< (r> ) is the smaller (larger) value of |r| and
|rs |. Spherical Hankel and spherical Bessel functions
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Figure 1. (a) Schematic diagram showing the core–shell configuration and (b) occurrence of resonances for various shell
thicknesses. Here, μa0 = 0.05 cm−1 , μs0 = 24 cm−1 (region 0); μa1 = −1 cm−1 , μs1 = 12 cm−1 (region 1); μa2 = 0.1 cm−1 ,
μs2 = 24 cm−1 (region 2), and radius of the shell a = 1 cm (Inset: The peaks are absent for absorbing shells, μa1 = 1 cm−1 ).

of the first kind, and spherical Neumann function are
(1)
denoted by h l , jl , nl , respectively, and Yl,m are the
spherical harmonics. The coefficients in eqs (6)–(8) are
determined using the conditions that, both the DPDW
((r )) and the normal component of the energy density
flux (Jn (r ) = −D ∇(r )·n, n being a unit vector along
the normal to the surface) remain continuous at r = a
and r = b [31]. It should also be ensured that (r ) is
finite everywhere except at the source location; hence
El,m should be zero. Then we have

10 4

|B l,m | (a.u)

10 2

10 -4

+ γ D1 jl (δ)(− jl (γ )nl (β) + jl (β)nl (γ ))}

+ γ D1 jl (δ)( jl (γ )nl (β) − jl (β)nl (γ ))}]/ ,
(1)

Bl,m = ψl,m [α D0 (h l

(9)

(1)

(α) jl (α) − h l (α) jl (α))

× (δ D2 jl (δ)nl (δ) − γ D1 jl (δ)nl (γ ))]/ ,

(10)

(1)
Cl,m = ψl,m [α D0 (−h l (α) jl (α) + h l (α) jl (α))
× (δ D2 jl (δ) jl (γ ) − γ D1 jl (δ) jl (γ ))]/ ,

(11)

(1)

Dl,m = ψl,m [α D0 D1 γ (h l

(α) jl (α) − h l(1) (α) jl (α))

× ( jl (γ )nl (γ ) − jl (γ )nl (γ ))/ ,

(12)

where


= α D0 h l(1) (α)[δ D2 jl (δ){− jl (γ )nl (β) + jl (β)nl (β)}
+ γ D1 jl (δ){ jl (γ )nl (β) − jl (β)nl (γ )}]
(1)

+ β D1 h l (α)[δ D2 jl (δ){ jl (γ )nl (β) − jl (β)nl (γ )}
+ γ D1 jl (δ){− jl (γ )nl (β) + jl (β)nl (γ )}],

(13)

10 0

10 -2

Al,m = ψl,m [α D0 jl (α){δ D2 jl (δ) ( jl (γ )nl (β)− jl (β)nl (γ ))
+ β D1 jl (α){δ D2 jl (δ)(− jl (γ )nl (β) + jl (β)nl (γ ))
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Figure 2. Enhancement and suppression of scattering for
various gain/absorption (μa1 ) of the shell with fixed thickness. Here, μa0 = 0.023 cm−1 , μs0 = 6 cm−1 ;
μa2 = 0.15 cm−1 , μs2 = 6 cm−1 , and μs1 = 7 cm−1 ; the
radii of the shell and the core are a = 1.35 cm and b = 1.2 cm,
respectively. These optical and geometrical properties are the
same as in ref. [30], except for the optimum gain/absorption
of the shell.
ψl,m =

ivS0 k0 (1)
∗
h (k0 rs )Yl,m
(θs , φs ).
D0 l

(14)

The other dimensionless parameters are defined as α =
k0 a, β = k1 a, γ = k1 b and δ = k2 b.
We consider a spherical core region of random absorbing medium with a concentric shell of RAM located at
the origin in an otherwise random absorbing medium.
In figure 1b, the magnitude of the scattering coefficient
Bl,m (as in eq. (10)) within the amplifying shell is plotted

1
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Figure 3. The magnitude of the DPDW and its corresponding phase associated with the peak and dips in the monopole
(l = 0) mode of figure 2. Here, (a1) and (a2) correspond to the peak (enhancement of scattering) at μa1 = −0.83 cm−1 ,
while (b1) and (b2) and (c1) and (c2) correspond to the dips (suppression of scattering) at μa1 = −0.19 cm−1 and 0.17 cm−1 ,
respectively. The shell is located at x = z = 0, and is represented by black concentric circles.
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Figure 4. Spatial colour maps of the magnitude of photon flux (in arbitrary units) corresponding to the photon density plots in
figure 3. Here, (a1) and (a2) are the real and imaginary parts, respectively, of the photon flux for enhancement of scattering with
an amplifying shell having μa1 = −0.83 cm−1 ; (b1) and (b2) are the real and imaginary parts, respectively, of the photon flux
for cloaking with an amplifying shell having μa1 = −0.19 cm−1 ; (c1) and (c2) are the real and imaginary parts, respectively,
of the photon flux for cloaking with an absorbing shell having μa1 = 0.17 cm−1 . The colour maps are in logarithmic scale.

for various thicknesses, keeping gain and other parameters fixed. It is observed that variation of the shell
thickness for a fixed level of gain gives rise to different resonance peaks corresponding to various multipolar

modes of the DPDW. These resonances are, however,
absent for the case of our absorbing shell, i.e. μa1 > 0
(see figure 1b (inset)). This clearly implies the crucial
role played by amplification in the generation of these
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Figure 5. Representation of the directions of photon flux (in arbitrary units) by arrow plots corresponding to the cases shown
in figure 4. Here, (a1) and (a2) are the real and imaginary parts, respectively, of the photon flux for enhancement of scattering
with an amplifying shell having μa1 = −0.83 cm−1 ; (b1) and (b2) are the real and imaginary parts, respectively, of the
photon flux for cloaking with an amplifying shell having μa1 = −0.19 cm−1 ; (c1) and (c2) are the real and imaginary parts,
respectively, of the photon flux for cloaking with an absorbing shell having μa1 = 0.17 cm−1 . The maximum and minimum
values of the flux are shown in each panel.

multipolar resonances of the DPDWs. These resonances
exhibit modal structures similar to the spherical inhomogeneities discussed in ref. [25]. However, the resonant
field for the spherical shell here is largely localised and
enhanced within the shell. The resonant scattering that
is set by the amplifying shell completely dominates the
scattered DPDW. Such a behaviour is reminiscent of the
dielectric response of a three-phase composite partiallyresonant system studied by Nicorovici et al [32], where
the multipolar field distribution is also seen. However,
unlike the DPDW here those relate to propagating fields
in composite three-layer dielectrics with a little gain.
In figure 3, we show the magnitude and phase of the
total DPDW field for various shell parameters, where
figures 3(a1) and 3(a2) show the enhanced scattering of
the DPDW largely centred about the core–shell region.
These modes are robust with change of modulation frequency over several orders of magnitude.
Such a core–shell structure was recently studied by
Guenneau et al [30,33]. In the context of cloaking
of DPDWs, a negative absorption (i.e. amplification)
was found to be optimal for the cloaking, whereby
the scattered wave amplitudes are minimised using our
approach. We can identify the conditions (values of
μs and μa of the shell) when the scattering coefficients Bl,m become minimum. As the monopole mode
contributes dominantly to the scattering, its minima correspond to significantly reduced scattering conditions

(to leading order). We show in figure 2, that minima for
any scattering mode are clearly seen for both amplifying as well as absorbing shells. Thus, cloaking can be
achieved even with absorbing shells. In figures 3(b1)
and 3(b2), we use the scattering minima of l = 0
mode for an amplifying shell (μa1 = −0.19 cm−1 ) that
leads to reduced overall scattering. This is clearly seen
as the largely undistorted field dependence away from
the core–shell region. However, we note that, the cloaking with an absorbing shell shown in figures 3(c1) and
3(c2) does affect the scattered field to a larger extent
as compared to the cloaking by the amplifying shell.
It is the overall absorbing nature of the inhomogeneity
and the shell that leads to suppression of the DPDWs
that simply cannot be compensated for, leading to such
differences.
To understand these effects better, we analyse the current flow, defined locally as J = −D∇. A colour
map of the magnitude of the flux is shown in figure 4,
for the case of enhanced scattering (a1 and a2), cloaking with an amplifying shell (b1 and b2), and cloaking
with an absorbing shell (c1 and c2), each showing the
real and imaginary parts, respectively. Figure 5 shows
the corresponding direction of the flow. Note that the
real and imaginary parts of the flux represent the fluxes
‘in-phase’ and ‘in-quadrature’ phase with respect to the
source, respectively. This is the consequence of the phasor notation adopted here. In the case of enhancement,
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Figure 6. Suppression of scattering for cloaking a region with different absorption properties using different gain levels,
namely μa1 = −0.19 cm−1 and − 0.14 cm−1 , represented by solid and dotted lines, respectively, at modulation frequencies,
(a1) ω = 2π × 10 rad/s and (b1) ω = 2π × 107 rad/s. In (a2) and (b2), the scattering property of the core is varied using the
optimal absorption of the core corresponding to the gain levels of the shell at modulation frequencies, (a2) ω = 2π × 10 rad/s
and (b2) ω = 2π × 107 rad/s, respectively. Other parameters are the same as in figure 2.

the flux maps are centred about the amplifying spherical
shell. The absence of the source in the quadrature phase
should be noted for its potential in imaging applications.
The large flux flow is localised within the spherical shell,
and also has a circulating nature within the shell as seen
in figures 5(a1) and 5(a2).
In contrast, the flux flow for cloaking of the inhomogeneity are largely dominated and centred about the
source itself. Note that the imaginary part of the flux in
the amplifying cloaking shell has very small magnitude
with no direct contribution from the source, although
the circulating nature is clearly seen (see figure 5(b2)).
The amplifying shell provides a superior cloak in comparison with an absorbing cloak as the wavefronts of
the DPDW recover at much shorter distances from the
inhomogeneity, due to the compensating fields from the
amplifying shell (compare figures 4(b1) and 4(c1)).

We show the applicability of our approach for varying core parameters. In particular, as the core absorption
is varied, we can choose a certain gain level that will
lead to cloaking. In figure 6, we show the cloaking
behaviour occurring for two different values of the gain
level, namely μa1 = −0.19 cm−1 and −0.14 cm−1
that leads to effective cloaking for μa2 = 0.15 cm−1
and 0.47 cm−1 , respectively. The cloaking is sensitive
to the core parameters and merely varying the gain in
the shell does not ensure cloaking; it also requires a
corresponding change in the scattering parameter of the
shell. This aspect is true for any cloaking obtained by
resonant means [27]. The sharpness of these resonant
features depend on the modulation frequency generating the DPDW, shown in figure 6, wherein the resonant
features broaden and decrease with increasing modulation frequency.
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3. Conclusion
Locating and identifying an inhomogeneity embedded
within a random medium is a challenging problem of
interest. We find that placing a thin concentric spherical
shell, composed of appropriate scattering and amplifying properties around a spherical inhomogeneity,
allows one to resonantly enhance or suppress the scattered DPDW from it. The resonances responsible for
the enhanced scattering occur due to resonant ‘diffusion laser modes’ within the shell when the shell is
amplifying. Our results show immense enhancement,
localisation, and circulation of the photon density (even
as the modulation frequency ω → 0 in the amplifying
shell at resonance (condition for random lasing) which
suggests the use of the phenomenon for application
such as ‘photodynamic therapy’ [22,34,35]. On the other
hand, suppression of the scattered waves occur due to a
minimisation of the dominant monopole mode that can
occur for both amplifying and absorbing shells. These
results can be adapted for a variety of problems related
to non-invasive biomedical imaging using DPDWs. This
approach is simpler at a formal level than the approach
of coordinate transformations, but less general due to its
inherent dependence on resonant excitations. We hope
that our result will be interesting from both fundamental
and application perspectives.
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