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Abstract. The effects of signal modulations on the molecular high-order harmonic generations in H+
2 and T2
have been theoretically investigated. It is found that with the introduction of the XUV pulse, due to the absorption
of the extra XUV photons in the recombination process, multiplateaus on the harmonic spectra, separated by the
XUV photon energy can be found. Moreover, this multiplateau structure is insensitive to the wavelength of the
+
XUV pulse. In shorter pulse duration, the intensities of the multiplateaus from H+
2 are higher than those from T2 ;
while in longer pulse duration, the opposite results can be found. Finally, by changing the delay time of the XUV
pulse, the signal modulations (including the amplitude and the frequency modulations) of the multiplateaus can be
controlled.
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1. Introduction
When intense lasers interact with atoms, molecules
and solids, many nonlinear optical phenomena can be
obtained [1–5]. Among them, molecular high-order harmonic generation (MHHG), which occurs when the
intense laser interacts with the molecule, has been investigated for over 20 years due to its important applications
in generating single attosecon pulses and to probe the
electron dynamics in molecules [5–9].
Regarding the HHG from atoms, the harmonic emission process can be explained with a semiclassical
three-step model (STM) [10], including ionisation,
acceleration and recombination. However, contrary to
the atomic system, when molecule is driven by the laser
field, the additional nuclear degree of freedom will result
in some new phenomena in the ionisation or the recombination processes. For example, in ionisation process,
the charge-resonance-enhanced-ionisation (CREI) [11],
the multiphoton resonance ionisation (MPRI) [12,13]

and even the dissociative ionisation (DI) [14] can be
found in the larger internuclear distance of H+
2 and one
+
of its isotopes, T2 . Due to the excited state effect, the
laser-induced electron transition (LIET) between the
ground state and the excited states can be found in the
asymmetric molecules of HeH2+ [15] and LiH3+ [16].
In recombination process, the free electron can return
to any of the nuclei, thus leading to the spatial distributions of the MHHG from different nuclei [17–21]; and
the minimum or the maximum on the MHHG spectra,
caused by the destructive and the constructive interference from different nuclei [22].
Due to the additional ionisation and recombination
processes in the MHHG, the information of the electronnuclear dynamics on the MHHG is quite different from
the atomic HHG and it can be roughly divided into two:
(1) the amplitude modulation (AM) of the harmonics
and (2) the frequency modulation (FM) of the harmonics. For instance, in the aspect of the AM, Lein [23]
found that the intensities of the harmonics are sensitive
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to the nuclear correlation function. In the aspect of the
FM, the blue-shifts [24–26] and the red-shift [27–29]
of the harmonics can be found on the rising part (RP)
and the falling part (FP) of the laser field. Moreover, the
signals of the FM are sensitive to the initial vibrational
state and the molecular orientation [30,31].
Although signal modulations (including AM and FM)
of MHHG have been investigated, the laser fields used
are single-colour infrared (IR) fields. Recently, with
the development of the XUV pulse, control of each
harmonic emission process becomes possible [32–34].
Thus, in this paper, we investigate the effects of the XUV
pulse on the signal modulations of the MHHG from H+
2
and T+
2.
It should be noted that most of the above investigations
are done by solving the time-dependent Schrödinger
equation (TDSE). Strong field approximation (SFA) or
Lewenstein’s model is another successfully and widely
used method to study the HHG and the threshold ionisation in atoms and molecules [35–38]. For instance,
Ciappina et al [39] investigated the influence of the
Coulomb continuum on the HHG in H+
2 . Chirilă and
Lein investigated the effect of the dressing Coulomb
potential [40,41] on the harmonic yield. Suárez et al
[42] investigated the HHG from atoms and molecules,
and the results are in agreement with those from the
TDSE.

2. Methods
The electron-nuclear TDSE is given by [43–47]

∂ψ(z, R, t)
i
= TR + Tz + V (z, R)
∂t



1
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+ 1+
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(4)

E(t) = E IR (t) + E XUV (t)
= E exp[−2 ln(2)(t/τ )2 ] cos(ω1 t)
+ E XUV exp[−2 ln(2)((t − tdelay )/τXUV )2 ]
(5)
× cos(ωXUV (t − tdelay )).
Here, m p , R and z are the mass of H or T, the internuclear distance and the electronic coordinate. E, ω1 , τ

and E XUV , ωXUV , τ XUV are the amplitudes, frequencies
and the pulse durations of the IR field and the XUV
pulse, respectively. tdelay is the delay time between the
IR field and the XUV pulse.
The MHHG spectra are given by
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where




 ∂ V (z, R)
d A (t) = − ψ(z, R, t) 
+ E(t) ψ(z, R, t)
∂z
is the time-dependent dipole acceleration [48].

3. Results and discussion
Figure 1a shows the MHHG spectra from H+
2 driven
by the combined field, consisting of a 10 fs-800 nm
IR field with I = 4.0 × 1014 W/cm2 and a 6 fs-30
nm XUV pulse with IXUV = 1.0 × 1014 W/cm2 (or
IXUV = 1.0 × 1015 W/cm2 ). The delay time between
the two pulses is chosen to be tdelay = 0.0 T. As seen,
with the introduction of the XUV pulse, two visible characteristics on the harmonic spectra can be found. For
instance, (i) the extended multicutoffs with the values
of I p + 3.17Up + ωXUV and I p + 3.17Up + 2ωXUV
(for higher XUV pulse intensity) can be obtained (here
I p + 3.17Up is the classical value of the harmonic cutoff
with I p and U p = I /4ω21 being the ionisation potential and the ponderomotive energy of the free electron
[10]). Clearly, the bandwidths of the extended harmonic
plateaus equal the photon frequency of the XUV pulse
(ωXUV ) and (ii) the red-shifts of the extended harmonics can be found, as shown in the inset of figure 1a.
However, as the XUV pulse intensity increases, the
red-shifts of the extended harmonics are decreased. Figure 1b shows the MHHG spectra from T+
2 driven by the
above field. Clearly, similar multiplateaus and red-shifts
of the extended harmonics can be found in the heavy
nuclei. However, much higher XUV pulse intensity (i.e.
IXUV = 4.0 × 1015 W/cm2 ) is needed to achieve the
third harmonic plateau in comparison with the case of
the light nuclei (i.e. H+
2 ). Moreover, the intensities of
the extended harmonics from T+
2 are lower than those
from H+
.
2
To understand the physical mechanism behind the
multiplateaus and the signal modulations of the harmonics, in figure 2, we present the laser profiles of the IR
field and the XUV pulse and the corresponding timefrequency analyses of the MHHG [49]. First, based on
the STM, the ionisation and the recombination processes
mainly occur around the laser amplitude and the zero
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Figure 1. MHHG spectra from (a) H+
2 and (b) T2 driven by the IR field combined the XUV pulse. The IR field is 10 fs-800 nm
with I = 4.0×1014 W/cm2 and the XUV pulses are 6 fs-30 nm with IXUV = 1.0×1014 W/cm2 and IXUV = 1.0×1015 W/cm2
(IXUV = 4.0 × 1015 W/cm2 for T+
2 ). The delay time of the two fields are tdelay = 0.0 T. The insets of figures 1a and 1b show
+
the parts of the MHHG from H2 and T+
2 driven by the above field. T is the optical cycle of the 800 nm field.

+
Figure 2. Laser profiles, the time-frequency analyses of the MHHG from H+
2 and T2 and the classical return energies
14
2
for the cases of the combined fields with (a)–(c) IXUV = 1.0 × 10 W/cm ; (d)–(f) IXUV = 1.0 × 1015 W/cm2 and
(g)–(h) IXUV = 4.0 × 1015 W/cm2 . The classical return energies from the top to the bottom denote I p + K (tr ) + 2ωXUV ,
I p + K (tr ) + ωXUV and I p + K (tr ), respectively.
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+
Figure 3. MHHG spectra from (a) H+
2 and (b) T2 driven by the IR field combined with the XUV pulse. The IR field is 20
14
2
fs-800 nm with I = 4.0 × 10 W/cm and the XUV pulse is 6 fs-30 nm with IXUV = 1.0 × 1015 W/cm2 and tdelay = 0.0 T.
+
The insets of figures 3a and 3b show the parts of the MHHG from H+
2 and T2 driven by the above field.

regions, respectively, which can be marked as i 1–7 and
r1–7 . As a result, seven main harmonic emission events
(HEEs) during the harmonic emission process can be
found. However, due to the lower pulse intensity at the
beginning and the end of the laser field, energies of the
emitted photon in these regions are very small. Thus,
only five HEEs with the above-threshold harmonics are
considered, marked as P1–5 . To better understand the
extension of the multiplateaus, the classical electronic
return energies with the values of I p + K (tr ) + 2ωXUV ,
I p + K (tr ) + ωXUV and I p + K (tr ) are also shown in
the time-frequency analyses of the MHHG from top to
bottom, where

2
1
K (tr ) =
E IR (t)dt
2
is the classical return energies of the free electron driven
by the single IR field. In detail, for lower XUV pulse
intensity (figures 2a–2c), the intensity of the XUV pulse
is very weak before r1 and after r5 , and thus, the harmonic cut-offs before P1 and after P5 are almost the
same as those produced from the single IR field. When
XUV pulse covers the range from r1 to r5 , extension of
P1–5 with the values of I p +K (tr ) + ωXUV can be found.
As XUV pulse is introduced, there is a probability that
the electrons absorb the extra XUV photons during its
recombination process, thus leading to the multicutoff

extension of the HEEs. However, due to the lower XUV
pulse intensity, only one XUV photon can be absorbed.
Moreover, due to the lower IPs [50] from the heavy
nuclei, the intensities of the extended harmonics from
P1–5 are weaker compared to the case of light nuclei,
which is responsible for the higher harmonic yields from
H+
2 in these regions. With the intensity enhancement
of the XUV pulse (figures 2d–2f), further extension of
P1–5 with the values of I p + K (tr ) + 2ωXUV can be
found, which is attributed to the absorption of the two
XUV photons. Here, due to the lower harmonic emission yields from the heavy nuclei, the intensity of the
third harmonic plateau from T+
2 is very weak. But, if
the XUV pulse intensity further increases (figure 2g for
IXUV = 4.0 × 1015 W/cm2 ), the visible third extension of P1–5 can be found, as shown in figure 2h. It is
well known that the laser amplitude will be successively
enhanced on the RP of the laser field, thus leading to
higher emitted energy from the later ionisation electron
and is responsible for the blue-shifts of the harmonics [24]. On the contrary, the laser amplitude will be
successively reduced on the FP of the laser field, leading to lower emitted energy from the later ionisation
electron and is the reason behind the red-shifts of the
harmonics. Now, by studying the time-frequency analyses of the MHHG, we see that more extended harmonics
produce on the FP of the laser, which is responsible for
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Figure 4. (a) Laser profiles of the 20 fs-800 nm field and the
6 fs-30 nm XUV pulse with IXUV = 1.0 × 1015 W/cm2 and
tdelay = 0.0 T. (b) and (c) The time-frequency analyses of
+
the MHHG from H+
2 and T2 and the classical return energies
driven by the above combined fields.
+
the red-shifts of the harmonics from both H+
2 and T2 .
However, with the intensity enhancement of the XUV
pulse, the HHG signals from the RP of the laser field are
enhanced, thus leading to the decreased red-shifts of the
extended harmonics.
Figures 3a and 3b show the MHHG spectra from
+
H+
2 and T2 driven by the 20 fs-800 nm IR field combined with the above XUV pulse with IXUV = 1.0 ×
1015 W/cm2 and tdelay = 0.0 T. As can be seen, in the
longer pulse duration, the intensities of the extended
+
harmonics from T+
2 are higher than those from H2 .
Moreover, the blue-shifts and the decreased red-shifts
of the extended harmonics can be respectively obtained
+
from H+
2 and T2 in comparison with the cases of the
shorter pulse duration, as shown in the inset of figures 3a
and 3b.
Figure 4 shows the laser profiles and the time+
frequency analyses of the MHHG from H+
2 and T2
driven by the above combined field with the longer pulse
duration. Clearly, the contributions of the second and
the third harmonic plateaus are mainly from the HEEs
of P0−5 and P1−4 , respectively. Here, due to the faster
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and slower nuclear motions of the light and the heavy
nuclei, the intensities of P3−5 , generated from the FP of
+
the laser are decreased and increased for H+
2 and T2 ,
respectively, which is the reason behind the higher harmonic yields from T+
2 when using longer pulse duration.
Moreover, due to the enhanced HEEs on the FP of the
laser, the well-defined third cut-off extension of the harmonics from T+
2 can be obtained in comparison with the
case of the shorter pulse duration. Moreover, we see that
more harmonics are produced on the RP of the laser field
for H+
2 , leading to the dominating blue-shifts of the har+
monics from H+
2 . For T2 , the intensities of the HEEs
on the RP of the laser field are enhanced compared to
those from the shorter pulse duration case, leading to
the decreased red-shifts of the harmonics.
Figure 5 shows the delay time effect of the XUV
pulse on the signal modulations of the MHHG from
+
H+
2 and T2 driven by the shorter pulse duration of the
IR field. The intensity of the XUV pulse is IXUV =
1.0×1015 W/cm2 . It is found that as the delay time positively or negatively increases, the multiplateau structures on the harmonic spectra are decreased and even
disappeared for the larger delay time. The harmonic
yields of the multiplateau structures from the positive
delay time (i.e. tdelay = 1.0 T) are higher than those
from the negative delay time (i.e. tdelay = −1.0 T), as
shown in the upper inset of figures 5a and 5b. Moreover,
the blue-shifts or the red-shifts of the extended multi+
plateaus can be found from both H+
2 and T2 when using
the negative (i.e. tdelay = −1.0 T) or the positive delay
time (i.e. tdelay = 1.0 T) of the XUV pulses, respectively,
as shown in the lower inset of figures 5a and 5b.
Figure 6 shows the delay time effect of the XUV pulse
on the signal modulations of the MHHG from H+
2 and
T+
driven
by
the
longer
pulse
duration
of
the
IR
field.
2
As seen, similar delay time effect on the multiplateau
structure can be found, as shown in the lower insets
of figures 6a and 6b. But, the harmonic yields of the
multiplateaus from the positive delay time (i.e. tdelay =
1.5 T) are lower than those from the negative delay time
(i.e. tdelay = − 1.5 T) for the case of H+
2 , as shown
in the upper inset of figure 6a. But, as the nuclear mass
increases, the harmonic yields of the multiplateaus from
the positive delay time (i.e. tdelay = 1.5 T) are higher
than those from the negative delay time (i.e. tdelay =
− 1.5 T), as shown in the upper inset of figure 6b.
Figure 7 shows the laser profiles and the timefrequency analyses of the MHHG for the cases of shorter
pulse duration. Moreover, the classical recombination
energies of the free electron can also be found in this
figure. For negative delay time, the XUV pulse covers
the recombination processes from the RP of the laser
field, thus leading to the multicutoff extensions of P1–3
+
(figure 7b for H+
2 and figure 7c for T2 ). For positive
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+
Figure 5. Delay time effect on the MHHG spectra from (a) H+
2 and (b) T2 . The pulse duration of the IR field is τ = 10 fs.
+
The insets show the parts of the MHHG from H+
2 and T2 driven by the above combined fields with tdelay = − 1.0 T, 0.0 T
and 1.0 T.

delay time, the XUV pulse covers the recombination
processes from the FP of the laser field, which leads to
the multicutoff extensions of P3−6 (figure 7e for H+
2 and
+
figure 7f for T2 ). It is noted that as the absolute value of
the delay time further increases, although the multicutoff extensions of HEEs can be found at the beginning or
the end of the laser, the emitted harmonic energies are
lower than I p + 3.17U p , which is the reason behind the
decrease and even the disappearance of the multiplateau
structures on the MHHG spectra. Moreover, the contributions of the extended harmonics are mainly from the
RP and the FP of the laser field for the cases of negative and positive delay time, thus resulting in blue-shifts
and red-shifts of the extended harmonics. However, for
shorter pulse duration, the intensities of the HEEs from
FP of the laser are higher than those from the RP of
the laser, which leads to higher harmonic yields of the
multiplateau structures from the positive delay time.
Figure 8 shows the laser profiles and the timefrequency analyses of the MHHG for cases of longer

pulse duration. As discussed before, as delay time
negatively increases, the XUV pulse covers the
recombination processes from the RP of the laser field,
leading to the multicutoff extensions of P(−2)–2 (fig+
ure 8b for H+
2 and figure 8c for T2 ). As the delay
time positively increases, the XUV pulse covers the
recombination processes from the FP of the laser field,
leading to the multicutoff extensions of P3–7 (figure 8e
+
for H+
2 and figure 8f for T2 ). Moreover, for longer
pulse duration, the intensities of the HEEs from RP
(or FP) of the laser are higher than those from the FP
(or RP) of the laser for the case of light nuclei (or
heavy nuclei), which is responsible for higher intensities of the extended harmonics from the negative
delay time (for H+
2 ) or the positive delay time (for
+
T2 ).
Figure 9 shows the effect of wavelength and pulse
intensity of the XUV pulse on the multiplateau structures from H+
2 . The pulse duration of the IR field is
10 fs and the delay time between the IR field and the
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+
Figure 6. Delay time effect on the MHHG from (a) H+
2 and (b) T2 . The pulse duration of the IR field is τ = 20 fs. The insets
+
show the parts of the MHHG from H+
2 and T2 driven by the above combined fields with tdelay = −1.5 T, 0.0 T and 1.5 T.

Figure 7. Laser profiles of 10 fs-800 nm fields and the XUV pulses, the time-frequency analyses of the MHHG from H+
2 and
T+
and
the
classical
return
energies
for
the
cases
of
the
combined
fields
with
(a)–(c)
t
=
−
1.0
T
and
(d)–(f)
t
=
1.0
T.
delay
delay
2
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Figure 8. Laser profiles of 20 fs-800 nm fields and the XUV pulses, the time-frequency analyses of the MHHG from H+
2 and
+
T2 and the classical return energies for the cases of the combined fields with (a)–(c) tdelay = − 1.5 T and (d)–(f) tdelay = 1.5 T.

XUV photon energy can still be obtained, which means
the multiplateau structure of the MHHG is not very sensitive to the wavelength of the XUV pulse. With the
increase of the pulse intensity, further extension of the
multiplateaus can be found, which is similar to those
produced from the 30 nm XUV pulse.

4. Conclusion
In conclusion, we investigate the XUV pulse effects on
+
the signal modulation of the MHHG from H+
2 and T2 .
It is found that:

Figure 9. The wavelength and the pulse intensity effect of
the XUV pulse on the multiplateau structures of the MHHG
from H+
2 (a) λXUV = 40 nm and (b) λXUV = 60 nm. The
delay time between the IR field and the XUV pulse is chosen
to be tdelay = 0.0 T.

XUV pulse is chosen to be tdelay = 0.0 T. As seen, by
properly adding 40 nm XUV (figure 9a) and 60 nm (figure 9b) XUV pulses, the multiplateaus separated by the

(1) By properly adding the XUV pulse into the IR
field, multiplateaus on the MHHG spectra, separated by the XUV photon energy can be found,
which is attributed to the absorption of the extra
XUV photons during the recombination process.
As the XUV pulse intensity increases, further
extension of the multiplateaus on the MHHG
spectra can be found. Moreover, this multiplateau
structure is insensitive to the wavelength of the
XUV pulse.
(2) The intensities of the extended multiplateaus
+
+
from H+
2 (or T2 ) are higher than those from T2
(or H+
2 ) for shorter (or longer) pulse durations.
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Moreover, in the shorter pulse duration, the intensities of the extended harmonics from the positive
delay time of the XUV pulse are higher than those
+
from the negative delay time for both H+
2 and T2 .
In the longer pulse duration, the intensities of the
extended harmonics from the negative (or the positive) delay time of the XUV pulse are higher than
those from the positive (or the negative) delay
time for light nuclei (or heavy nuclei).
(3) Due to the different contributions of the harmonics from the RP and the FP of the laser
field, the red-shifts of the extended harmonics
can be found by adding the XUV pulse with zero
delay. By enhancing the intensity of the XUV
pulse, the red-shifts of the extended harmonics
are decreased. Moreover, as the delay time of the
XUV pulse increases negatively and positively,
the blue-shifts and the red-shifts of the extended
+
harmonics can be found from both H+
2 and T2
respectively.
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