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Abstract. Considering a homogeneous and isotropic Universe characterised by the Friedmann–Lemaître–
Robertson–Walker line element, in this work, we have prescribed a general formalism for the cosmological solutions
when the equation of state of the cosmic substance follows the general structure φ( p, ρ) = 0, where p, ρ are
respectively the pressure and the energy density of the cosmic substance. Using the general formalism we recover
some well-known solutions, namely, when the cosmic substance obeys the linear equation of state, a Chaplygintype equation of state, or a nonlinear equation of state. Thus, the current work offers a new technique to solve the
cosmological solutions without any prior relation between p and ρ.
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1. Introduction
During the present century, a large number of observational results point to the overall regularities, which are
global rather than local. The simplest and the most elegant assumption is that, our Universe is homogeneous
and isotropic on the large scales of our Universe. Geometrically, the metric in this case can be expressed in
the Friedmann–Lemaître–Robertson–Walker (FLRW)
form and the dynamics of the Universe is governed by
the Einstein’s ﬁeld equations G μν = 8π G Tμν , where
the left-hand side of the Einstein’s equations, i.e. G μν
carries the information of the geometrical sector, Tμν
is the energy–momentum part of the matter distribution
and 8π G is the Einstein’s gravitational constant (here
G is the Newton‘s gravitational constant). The righthand side of the ﬁeld equations, i.e. Tμν contains the
cosmological ﬂuid consisting of dust, radiation and the
so-called vacuum energy. Various forms of dark energy
may also appear, where the violation of the strong energy
condition takes place that is effectively (ρ + 3 p) < 0 in
which ρ, p respectively stand for the energy density and
the pressure of the dark energy. It is an intriguing fact

that dark energy has become a fundamental problem in
modern cosmology.
If the background Universe is described by the FLRW
line element, then the dynamics of the Universe can in
principle be determined once a relation between the
energy density and the pressure of the cosmic ﬂuid
is prescribed. This is the most common and viable
approach to investigate the cosmic evolution. But sometimes, the expansion rate of the FLRW Universe with
different functional forms might be assumed. Although
both the approaches are phenomenological and perhaps
be equally valid, nevetheless, here we are interested in
the ﬁrst proposal. Towards this direction, many attempts
have already been done starting from the simple relation
p = wρ, a barotropic equation of state (we note that here
we call w as the equation of state parameter) to some
complex one, but with an explicit relation between p and
ρ, of course. However, one may think of what happens
if one does not prescribe any equation of state but tries
to ﬁnd the cosmological solutions, may be in an implicit
way. Of course this could be very interesting as the cosmological solutions for other speciﬁc relations can be
easily recovered. This is the motivation of the paper in
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which we seek for the cosmological solutions when we
do not prescribe any particular equation of state.
In this paper, we have presented the most general solution of the cosmological equations with the scale factor
a(t) expressed in an implicit form. This is possible when
we assume an equation of state connecting pressure and
density. The most important feature of the present work
is that, it is a method to obtain the solution for the scale
factor for any ﬂuid characterised by an arbitrary equation of state. We have given examples of linear equation
of state in a perfect ﬂuid, the Chaplygin gas representing dark energy with a special equation of state, and a
general equation of state in nonlinear form. The wellknown solution for radiation Universe already existing
in literature have been derived. One must note that, in
the present context, the exact solution cannot always be
expressed in an explicit form. In our opinion, beyond
all the known homogeneous and isotropic solutions, it
is important to explore many other such solutions using
the present general approach.
The manuscript is organised in the following way: In
§2, we have established the general formalism to ﬁnd out
the cosmological solutions. In the next sections we have
shown how one can recover the corresponding cosmological solutions for certain speciﬁc equations of state
using the general formalism. In §3, 4 and 5, we have
taken a linear equation of state, a generalised Chaplygin
ﬂuid, and a general class of nonlinear equation of state
and presented their cosmological solutions. Finally, §6
concludes our work.

or, in a different form:
ds 2 = 

a 2 (t)
1 + k0r 2 /4

2
2
2
2 [dr + r dθ

+ r 2 sin2 θ dφ 2 ] − dt 2 .

Here, k0 = 0, 1, −1, indicating the spatial curvature
constants. Now, the ﬁeld equations are given by [2]
2ä ȧ 2 + k0
+
= −kp + 
a
a2
and

 2
ȧ + k0
= kρ + .
3
a2

u α = 0 and u 4 = 1.

ȧ
ρ̇ + 3 (ρ + p) = 0.
a

It is obvious that




∂ S(ρ, p) 2
∂ S(ρ, p) 2
+
> 0.
∂ρ
∂p

(8)

(9)

(10)

Therefore, either (∂ S(ρ, p)/∂ρ)  = 0 or (∂ S(ρ, p)/∂ p)
 = 0, or both ∂ S(ρ, p)/∂ρ and ∂ S(ρ, p)/∂ p are nonzero.
Let us assume that (∂ S(ρ, p)/∂ p)  = 0.
Then by the implicit function theorem [3], there exists
a function p(ρ), such that, the pressure

where G ij ’s are the Einstein tensor, u i is the ﬂuid velocity
four vector with

p = p(ρ)

u i u i = −1 (u 4 > 0).

and

The Friedmann–Lemaître–Robertson–Walker metric
for a homogeneous isotropic Universe is provided by


dr 2
2
2
2
2
2
2
ds = a (t)
+r (dθ +sin θ dφ ) − dt 2 ,
1 − k0 r 2
(3)

(7)

Here, the number of unknown functions is 3, for example
a(t), ρ(t) and p(t). The number of independent equations is 2, for example (5) and (6). Equation (8) is not an
independent equation because it follows from the ﬁeld
equations (5) and (6). We can, therefore, render the system determinate by imposing one equation of state:

In this section, physical units are so chosen that [1],
G = c = 1, k = 8π . Roman indices take values
{1, 2, 3, 4}, Greek indices are {1, 2, 3}. Spatial coordinates are denoted by {x 1 , x 2 , x 3 }, while the time
coordinate is speciﬁed by x 4 ≡ t. Einstein’s ﬁeld equations (involving the cosmological constant ) for a
perfect ﬂuid source are furnished by

(2)

(6)

The energy conservation equation from the ﬁeld equations (5) and (6) is as follows:

S(ρ, p) = 0.

(1)

(5)

We have used above the co-moving system of coordinates

2. Notations and ﬁeld equations

G ij + k[(ρ + p)u i u j + pδ ij ] − δ ij = 0,

(4)




dp
∂ S(ρ, p) ∂ S(ρ, p)
=−
.
dρ
∂ρ
∂p

(11)

(12)

We would now explore the system of ﬁeld equations
in radiation era and in matter-dominated era. Therefore,
we assume the following physically appropriate inequalities a > 0, ρ > 0, and p > 0.
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We digress here slightly to deduce some consequences
of the ﬁeld equations (5) and (6). We get clearly from
these equation

k
(13)
ä = − (ρ + p)a + a.
6
3
Equation (13) is sometimes referred to as the Raychaudhuri equation [1,4]. It provides the cosmic acceleration
which is governed by forces on the right-hand side of
(13).
The ﬁeld equations yield


1 2
 2
4π
k0
ȧ −
ρ+
a =− .
(14)
2
3
6
2
Equation (14) stands for the conservation equation of the
total energy of the Universe with kinetic energy 21 ȧ 2 , and
the gravitational potential energy as the second part on
the left-hand side of (14).
Now, we go back to eqs (5), (6), (8), and (14) to obtain
the general solution of the system. We deﬁne a function


dρ
> 0,
(15)
M(ρ) := exp
ρ+p

(16)

The conservation equation (8) reduces to
d
[ln M(ρ) + ln a 3 ] = 0
dt
or
M(ρ) a 3 = m 0 ,

(17)

(18)

which is a positive constant of integration. By the inverse
function theorem [3], the inverse function M −1 exists
such that
ρ = M −1 (m 0 a −3 ).

3. The linear equation of state
We start our analysis with the linear equation of state
between density and pressure given explicitly in the
form
S(ρ, p) = c12 ρ + c22 − p
or
p = c12 ρ + c22 .

(22)

Here, c1  = 0, c2 are two prescribed constants. Using
(15), (19), and (22), one can deduce that
M(ρ) = [(1 + c12 )ρ + c22 ]1/(1+c1 ) = m 0 a −3 .
2

(23)

Hence,
ρ = M −1 [(m 0 a −3 )]
= (1 + c12 )−1 [(m 0 a −3 )1+c1 − c22 ]
2

(24)

and from (22), we have
p = c12 (1 + c12 )−1 [(m 0 a −3 )1+c1 − c22 ] + c22 .
2

(25)

For a homogeneous linear equation of state, we have to
put c2 = 0. Thus, we have

where the pressure p = p(ρ). So, we get
dM(ρ)
M(ρ)
=
> 0.
dρ
ρ+p

19

(19)

Let us now solve the ﬁeld equations for the function
a(t). From (14) and (19), we have
−1/2

1  −1
dt
=
k M (m 0 a −3 ) +  a 2 − k0
.
(20)
da
3
Hence
−1/2

1  −1
t=
k M (m 0 a −3 ) +  a 2 − k0
da + t0 ,
3
(21)
where t0 is the constant of integration. The right-hand
side of eq. (21) is a function of the scale factor a. The
density was earlier expressed in eq. (19).
In the next sections, we consider the applications of
the general solution (21) for a few special cases of the
equation of state.

ρ = (1 + c12 )−1 (m 0 a −3 )1+c1

2

and from (21) with  = 0, we get
−1/2

k
2 −1
−3 1+c12 2
(1 + c1 ) (m 0 a )
t=
a −k0
da +t0 .
3
(26)
√
In the radiation era [5], the constant c1 = 1/ 3. Thus,
eq. (26) implies that
t − t0 =

a da
2/3
k(m 0 /2)2

− k0

.

(27)

a2

We work out explicitly on the integral (27) above for
three cases k0 = 0, −1, +1 as follows:
3.1 Flat Universe (k0 = 0)
For the spatially ﬂat Universe, i.e. when k0 = 0, using
the integral (27), one arrives at
a2
t − t0 = √ 2/3 > 0,
km 0
which can be solved to
1/3 √
a(t) = k 1/4 m 0
t − t0 .

(28)

(29)

This is a well-known result for the radiation-ﬁlled Universe. This predicts a singularity at t = t0 .
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3.2 Open Universe (k0 = −1)
Similarly, for the open Universe, the integral (27)
reduces to
  2/3 2
 m
0
+ a2,
(30)
t − t0 = k
2
which gives
 2/3 2


m0

2
> 0.
a(t) = (t − t0 ) − k
2

(31)

This is an ever expanding model of the Universe. We
ﬁnd that the solution predicts a singularity at t = t0 ±
2/3
k(m 0 /2)2 .
3.3 Closed Universe (k0 = 1)

(32)

In this case, it is easily seen that a(t) = 0, when
2/3
(t − t0 )2 = k(m 0 /2)2 . That means t − t0 =
2/3

± k(m 0 /2)2 , presents two situations at extreme
points, big bang and the big crunch. These are usual
consequences for the positive spatial curvature (k0 = 1).

(35)

where ν = (γ + 1)(n + 1), and
dM(ρ)
1
= (γ + 1)(n + 1)ρ n [(γ + 1)ρ n+1 − A]
dρ
ν
ρ n M(ρ)
=
(γ + 1)ρ n+1 − A
M(ρ)
=
(γ + 1)ρ − A/ρ n
M(ρ)
.
(36)
=
p+ρ
Now, from (18) and (35), one gets

 m ν 
1
0
n+1
ρ
A+
.
=
γ +1
a3

Finally, for the closed Universe,
  2/3 2
 m
0
− (t − t0 )2 > 0.
a(t) = k
2

and from (15), we have



dρ
M(ρ) = exp
(γ + 1)ρ − (A/ρ n )
= [(γ + 1)ρ n+1 − A]1/ν ,

(37)

The pressure can be obtained from eq. (33). Finally, eq.
(21) leads to the relation
  
 m ν 1/(n+1)
1
1 
0
t − t0 =
k
A+
3
γ +1
a3

−1/2
+ a 2 − k0

da.

(38)

4. The equation of state for a Chaplygin gas

Thus, the above expression yields the scale factor as a
function of time – at least in an implicit form.

The equation of state in this case satisﬁes the following
equation [6]:

5. Nonlinear equation of state

S(ρ, p) = p − γρ +

A
,
ρn

that means,
p = γρ −

A
,
ρn

(33)

where γ , A and n are the prescribed constants. The case
for A = 0 has been discussed in §3. The case γ = 0
represents a polytropic equation of state for negative n
and A. The equation of state p = p(ρ) mentioned in
eq. (33) is interesting. Usually it is called the equation
of state for a modiﬁed Chaplygin gas.
Following the procedure given in (12), we have
  
nA
dp
∂S ∂S
=−
= γ + n+1
(34)
dρ
∂ρ ∂ p
ρ

We consider a general equation of state of the form
p = −ρ − f (ρ), where f (ρ) is any continuous function of the energy density. This kind of equation of
state is very interesting because it can cover a wide
range of models for different functional forms for f (ρ).
For p = −ρ + γρ λ (where γ  = 0 and λ are real
constants), different inﬂationary solutions including the
well-known power law and exponential were found in
[7]. Later on this equation of state has been investigated in a series of papers with interesting features
[8–12]. As a speciﬁc and an academic example, we
introduce a special equation of state: p = −ρ − Cρ α ,
where α  = 1, C can be any real numbers, which was
introduced in [8]. This equation of state can represent a quintessence-type or a phantom-like dark energy
depending on the sign of C. Now, applying the same
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procedure, one may see that the energy density can be
solved as
m 
0
ρ 1−α = C(α − 1) ln
.
(39)
3
a
As ρ is real and positive, depending on the sign of
the function ln(m 0 /a 3 ), which is positive at very early
time, and negative at very late time, we could have different scenarios. Thus, at early time, when ln(m 0 /a 3 )
is positive, we must have C(α − 1) > 0, implying
either C > 0, α > 1 or C < 0, α < 1. At late
time, i.e., when a → ∞, ln(m 0 /a 3 ) is negative, and
hence for ρ to be real, we must have C(α − 1) < 0.
That means either C < 0, α > 1 or C > 0, α <
1.
However, for the above equation of state, the scale
factor can be solved as (for  = 0 and k0 = 0)
a 3 = m 0 exp[− D(t − t0 )2(1−α)/(1−2α) ],

(40)

where t0 is some integration constant and D is also a
constant given by



√
D=
24 π



Universe. Finally, there is another equation of state of
f (ρ) = ρ η − 1 (see ref. [11]) (where η is a real number)
which is very similar to the CDM cosmological model
for |η|  1. By employing similar methodology for this
equation of state, one may calculate the geometric variables, such as the scale factor, Hubble rate etc., in terms
of the cosmic time.

6. Summary and conclusions
In the last couple of years, physical cosmology has seen
its successive developments with different new theories as well as the observational data. In particular,
lots of dark energy models in the context of Einstein
gravity and different modiﬁed gravity theories, alternatives to the Einstein gravity, have been the central
theme to understand the dynamical evolution of the Universe. Nevertheless, the actual dynamics of the Universe
remains a mystery for several reasons. In Einstein gravity, one mainly focusses on the equation of state of the


2(1−α)/(1−2α)
2α −1
1/(2(1−α))
.
(C(α − 1))
2(1 − α)

As an example, we consider the following equation of
√
state when f (ρ) = Bρ 1/2 , i.e., p = −ρ − B ρ [13].
Thus, in that case, we apply the procedure similar to the
one we have followed in the previous sections. Hence,
we get


2√
M(ρ) = exp −
ρ = m 0 a −3 ,
(42)
B
and the energy density takes the form
  3 2
a
B2
ln
.
ρ=
4
m0

(43)

The scale factor can be solved as (for k0 = 0,  = 0)
√
(44)
a 3 = m 0 exp[− exp(− 6π |B| (t − t0 ))],
where t0 is some constant of integration. Thus, we ﬁnd
that for inhomogeneous equations of state, the scale factor can be explicitly solved as the function of cosmic
time, and hence the other cosmological parameters as
well. However, it is readily seen that the solutions carry
some important information about the evolution of the
Universe. For instance, in eqs (40), (44), one can see that
the scale factor does not allow any ﬁnite time singularity. Moreover, it shows an exponential expansion of the

19

(41)

underlying ﬂuid and try to solve the Einstein’s equations.
Following this approach, with some simple and complicated choices of p = ψ(ρ), where p, ρ are respectively
the pressure and energy density of the underlying ﬂuid
connected by any analytic function ψ, the evolutions
equations, mainly, the expansion scale factor is determined, and hence the dynamics of the Universe. For
implicit relations between p and ρ, which could also
be a justiﬁed possibility, mere attention is furnished.
The current work is an attempt to establish a general
way in order to solve the evolution equations for the
scale factor. Thus, considering the FLRW Universe as
the background geometry, we have established a general formalism to ﬁnd the expansion scale factor when
the equation of state of the cosmic ﬂuid, whether it is
an explicit relation between p and ρ, or the implicit,
is given. We have shown how the particular cases, i.e.
when the equation of state is linear, or Chaplygin-type
ﬂuid, or even if the equation of state is more complicated, are recovered using the general formalism that
we have provided. Thus, in summary, the current work
offers a new and interesting technique to solve the evolution equations of the Universe when the cosmic ﬂuid
of the background Universe follows a general equation
of state irrespective of any individual functional relation
between p and ρ.
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