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Abstract. This paper considers the generation of multi-butterﬂy chaotic attractors from a generalised Sprott C
system with multiple non-hyperbolic equilibria. The system is constructed by introducing an additional variable
whose derivative has a switching function to the Sprott C system. It is numerically found that the system creates
two-, three-, four-, ﬁve-butterﬂy attractors and any other multi-butterﬂy attractors. First, the dynamic analyses
of multi-butterﬂy chaotic attractors are presented. Secondly, the ﬁeld programmable gate array implementation,
electronic circuit realisation and random number generator are done with the multi-butterﬂy chaotic attractors.
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1. Introduction
Chaos has attracted a great deal of attention from the
academic circles in the past few decades. Studies on
chaos began to ﬂourish because of its great potential application. So far, there exists a host of literature
related to the construction of chaotic systems. The earlier studies were presented by Sprott and Chen who
respectively discovered some simplest chaotic ﬂows
and non-equivalent Lorenz-type systems [1,2]. The
most recent studies were presented by Wang, Jafari,
Tlelo-Cuautle, Wei, Pham et al who studied the hidden attractors in some new chaotic systems with no
equilibrium or one stable equilibrium or inﬁnite equilibria [3–12]. Li, Kengne, Lai et al created a series of
chaotic systems with multiple coexisting attractors and
multiple equilibria [13–17]. Scholars usually present
chaotic systems by analysing the number and stability of
their equilibria. It is generally recognised that nonlinear

system having more unstable equilibria may generate
more complex chaotic signal which can enhance the
security of encrypted information. For engineering
applications, multi-scroll and multi-wing chaotic attractors with multiple equilibria are widely constructed and
deeply investigated [18–23]. Multi-scroll and multiwing chaotic attractors are designed by applying the
switching function method [24–27], trigonometric function method [28,29], heteroclinic orbit method [30,
31], coordinate transformation method [32,33] etc.
to Chua circuit, Colpitts oscillator, Dufﬁng oscillator, Jerk system, Lorenz and Lorenz-type systems for
increasing their equilibria. They generally have symmetry in the phase space and more complex geometric
topologies. The electronic circuit design is regarded
as an important method to analyse the multi-scroll
and multi-wing chaotic attractors. It can physically
verify the existence of multi-scroll and multi-wing
chaotic attractors and provide the possibility for their
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engineering applications [34–36]. Lu, Chen, Yu et al
succeeded in designing the circuit to realise different
types of multi-scroll and multi-wing chaotic attractors
[37,38]. Trejo-Guerra et al presented a good survey
on integrated circuit design of chaotic attractors and
gave some circuit examples for implementing multiscroll attractors [39–41]. Munoz-Pacheco et al indicated the limitations of the current-feedback operational
ampliﬁer (CFOA) on realising multi-scroll attractors
[42].
Implementation of chaotic and hyperchaotic systems using ﬁeld programmable gate arrays (FPGA) are
widely investigated in [43–45]. Chaotic random number
generators are implemented in FPGA for applications in
image cryptography [46]. FPGA-implemented Dufﬁng
oscillator-based signal detectors are proposed in [47].
The FPGA implementation of a class of multi-scroll
chaotic attractors has been presented with very-highspeed integrated circuits hardware description language
(VHDL) [48]. Memristor-based chaotic systems and
their FPGA circuits are discussed with their qualitative
analysis in [49]. FPGA implementation of fractionalorder chaotic system using approximation method is
investigated recently for the ﬁrst time [50–53]. TleloCuautle et al comprehensively and concretely discussed
the FPGA applications in chaotic systems, artiﬁcial
neural networks, random number generators (RNG)
and secure communication systems [54]. So far, the
FPGA has become an important tool for the realisation and analysis of complex systems in engineering
ﬁelds.
To our best knowledge, it is really interesting and challenging to discover some systems with unique chaotic
attractors. This paper aims to construct multi-butterﬂy
chaotic attractors from a novel generalised Sprott C system. After showing different types of multi-butterﬂy in
the system, the FPGA implementation, electronic circuit
realisation and random number generator are executed
as engineering applications. Many studies related to
chaos-based applications with common chaotic systems
can be seen in [55–61]. In this paper, some engineering
applications are executed in a different way with a class
of new multi-butterﬂy chaotic attractors.
The paper is organised as follows. Section 2 gives
the model of the generalised Sprott C system and analyses its equilibria. Section 3 shows the multi-butterﬂy
chaotic attractors of the system. Section 4 implements
FPGA application for phase portraits in multi-butterﬂy
chaotic attractors. Sections 5 and 6 describe the design
of an electronic circuit for realising the multi-butterﬂy
chaotic attractor and presents a random number generator as engineering applications. Section 7 summarises
the conclusions of the paper.
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Figure 1. The (a) two-, (b) three-, (c) four- and (d) ﬁvebutterﬂy chaotic attractors of system (2).
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Table 1. The multi-butterﬂy attractors of system (2) with function f (z).
f (z)
5sgn(z)
5[sgn(z − 5) + sgn(z + 5)]
5[sgn(z − 10) + sgn(z + 10)
+ sgn(z)]
5[sgn(z − 15) + sgn(z + 15)
+ sgn(z − 5) + sgn(z + 5)]

Equilibria

Types of attractors

Figure

(±1, ±1, 5, 5)
(±1, ±1, −5, −5)
(±1, ±1, 0, 0)
(±1, ±1, 10, 10)
(±1, ±1, −10, −10)
(±1, ±1, 5, 5)
(±1, ±1, 10, 10)
(±1, ±1, −5, −5)
(±1, ±1, −10, −10)
(±1, ±1, 0, 0)
(±1, ±1, 10, 10)
(±1, ±1, 20, 20)
(±1, ±1, −10, −10)
(±1, ±1, −20, −20)

Two-butterﬂy attractor

Figure 1a

Three-butterﬂy attractor

Figure 1b

Four-butterﬂy attractor

Figure 1c

Five-butterﬂy attractor

Figure 1d

2. The generalised Sprott C system

(a)
15

where x, y, z are state variables, and a, b are positive real parameters. The Sprott C system bears a
close resemblance to the Lorenz system in that they
exist as a butterﬂy strange attractor and two symmetrical equilibria.
√
√ It can be veriﬁed that the equilibria
S1,2 (± b, ± b, 0) of system (1) are non-hyperbolic
points
√ with the same eigenvalues μ1 = −a, μ2,3 =
± 2bi.
A universal method for generating chaotic system is
to extend the dimension of three-dimensional chaotic
system by using linear or nonlinear feedback control [6–
8,11,12]. For generating multi-butterﬂy attractors, we
introduce an additional variable u̇ = f (z) − u to system
(1), then a generalised Sprott C system is obtained as
follows:
⎧
ẋ = a(y − x),
⎪
⎪
⎪
⎪
⎨ ẏ = x z − xu,
(2)
⎪
ż = b − y 2 ,
⎪
⎪
⎪
⎩
u̇ = f (z) − u,
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In 1994, Sprott reported 19 cases of three-dimensional
(3D) autonomous ordinary differential systems with either ﬁve terms and two quadratic nonlinearities or six
terms and one quadratic nonlinearity, whose solutions
are chaotic [1]. These systems were named as Sprott
A-S systems, where the Sprott C system was given as
follows:
⎧
ẋ = a(y − x),
⎪
⎨
ẏ = x z,
(1)
⎪
⎩
2
ż = b − y ,
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Figure 2. The projections on (a) x–z plane and (b) y–z plane
of the three-butterﬂy chaotic attractors.

where f (z) is expressed as
f (z) =

n

i=1

li sgn(z + pi ),

(3)
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Figure 3. The Poincaré sections of system (2) with
f (z) = 5[sgn(z − 5) + sgn(z + 5)]. (a) x − z plane and
(b) y −z plane.

with real parameters li , pi (i = 1, 2, . . . , n) and signum
function sgn(z + pi ) that is deﬁned as sgn(z + pi ) = 1
for z ≥ pi and sgn(z + pi ) = −1 for z < pi . Obviously,
f (z) is a switching function. It is easy to verify that the
generalised system (2) is dissipative for computing its
divergence ∇V = ∂ ẋ/∂ x + ∂ ẏ/∂ y + ∂ ż/∂z + ∂ u̇/∂u =
−a − 1 < 0 (a > 0). It is clearly reasonable to assume
that system (2) will yield an attractor as the time tends
to inﬁnity.
The equilibria of system (2) can be obtained by assuming ẋ = ẏ = ż = u̇. It can be calculated that any
equilibrium point √
O(x ∗ , y ∗ , z ∗ , u ∗ ) of system (2) satis∗
∗
ﬁes x = y = ± b, z ∗ = u ∗ = f (z ∗ ). By linearising
system (2) at O, the Jacobian matrix is written as
⎛
⎞
−a
a
0 0
⎜ z ∗ − u ∗ 0 x ∗ −x ∗ ⎟
T=⎝
.
0
−2y ∗ 0 0 ⎠
0
0
0 −1
By some simple calculations, we get that the eigenvalue
λ of the matrix T should satisfy the following equation:

-60
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Figure 4. The (a) time series and (b) frequency spectra of
system (2) with f (z) = 5[sgn(z − 5) + sgn(z + 5)].

(λ + 1)(λ + a)(λ2 + 2b) = 0.

(4)

It follows that O is a non-hyperbolic equilibrium√point
with eigenvalues λ1 = −1, λ2 = −a, λ3,4 = ± 2bi.
Thus, the equilibrium point O has two-dimensional stable manifolds tangent to the eigenvectors with respect to
the eigenvalues λ1 , λ2 , and local two-dimensional centre manifolds tangent to the eigenvectors with respect to
the eigenvalues λ3 , λ4 .
It can be concluded that the function f (z) of the generalised Sprott C system (2) can extend the number
of equilibria of system (1) without changing the nonhyperbolic properties of the equilibria. Different types
of function f (z) create different numbers of equilibria.
It is clear that system (1) has a butterﬂy strange attractor with a pair of symmetrical non-hyperbolic equilibria
for appropriate values of parameters a and b. Then
we may ask whether there is any possibility that the
generalised system (2) with multiple pairs of symmetrical non-hyperbolic equilibria generates multi-butterﬂy
strange attractors. The following section will answer this
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Figure 5. The general RTL block of multi-butterﬂy chaotic attractors.

Figure 6. The RTL schematics of multi-butterﬂy chaotic attractors.

question by investigating the dynamical behaviours of
system (2).
3. Multi-butterﬂy chaotic attractors
Here, we shall present the dynamical analysis of system
(2) by numerical simulation. System (2) is solved by
using the fourth-ﬁfth-order Runge–Kutta integrator with
a step size t = 0.01 on Matlab software. Various types
of multi-butterﬂy chaotic attractors are found in system
(2) by using different types of function f (z). Suppose
the parameters a = b = 1 and initial value x(0) = 1,
y(0) = 1, z(0) = 1 and u(0) = 1, then two-, three-,
four-, ﬁve-butterﬂy chaotic attractors can be numerically
observed, as shown in ﬁgure 1. Table 1 gives the types
of attractors of system (2) with function f (z).
The three-butterﬂy attractor in ﬁgure 1b is taken as an
example for further study. In order to look more closely
at the attractor, the projections on x–z and y–z are plotted as shown in ﬁgure 2, where the red points represent
the corresponding equilibria. The chaotic characteristic of the attractor can be determined by computing its
Lyapunov exponents, Poincaré section and frequency
spectra. By using the Wolf method [62], the Lyapunov
exponents of system (2) can be obtained as γ1 = 0.1601,

γ2 = 0, γ3 = −1, γ4 = −1.1601. Accordingly, the
maximum Lyapunov exponent γ1 > 0 and the Lyapunov dimension Dγ = 3.0741 is fractal. Therefore,
the attractor of system (2) is chaotic. The Poincaré sections on x = 0 and y = 0 are given in ﬁgure 3. It is
obvious that the Poincaré section consisting of an inﬁnite number of points is divided into three sheets which
gather around the equilibria. The time series and frequency spectra of variable z are plotted in ﬁgure 4. The
frequency spectrum in ﬁgure 4b seems to have a ‘noise
background’ and a broad peak which is in agreement
with the characteristics of chaos.
On the basis of the generalised system (2), chaotic
attractors with any number of butterﬂies can be generated via function f (z) with different integer n and
suitable real numbers li , pi . As to the function f (z)
with n + 1 sign functions, n-butterﬂy attractors can be
observed in system (2).

4. FPGA implementation of multi-butterﬂy chaotic
attractors
In this section, we shall discuss the implementation of
the proposed multi-butterﬂy chaotic attractors in FPGA

6
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Figure 7. The RTL schematics of (a) two-butterﬂy function, (b) three-butterﬂy function, (c) four-butterﬂy function and
(d) ﬁve-butterﬂy function.
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Figure 8. The phase plane projections on x–z plane and y–z plane of the (a) two-butterﬂy attractor, (b) three-butterﬂy attractor,
(c) four-butterﬂy attractor and (d) ﬁve-butterﬂy attractor.
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Table 2. Resources utilised by the multi-butterﬂy attractors.
Resource

Available

Two-butterﬂy

Three-butterﬂy

Four-butterﬂy

Five-butterﬂy

LUT
FF
DSP
IO
BUFG

101400
202800
600
285
32

516
256
14
129
1

572
256
16
129
1

606
256
16
129
1

660
256
16
129
1

Figure 9. The power consumed by (a) two-butterﬂy attractor, (b) three-butterﬂy attractor, (c) four-butterﬂy attractor and
(d) ﬁve-butterﬂy attractor.

[43–48] by applying the Xilinx (Vivado) system generator. The challenge on implementing the proposed
chaotic attractors is the integrator block conﬁguration
and design which is not a readily available block in the
Xilinx system generator. Hence, we implement the integrators using the following mathematical relation:
dxi
[xi (n + 1) − xi (n)]
= lim
.
(5)
h→0
dt
h
Thus, the modiﬁed state equations of system (2) for
implementing in FPGA can be derived as follows:
x(k + 1) − x(k)
= a(y(k) − x(k)),
h
y(k + 1) − y(k)
= x(k)z(k) − x(k)u(k),
h

z(k + 1) − z(k)
= b − y(k)2 ,
h
u(k + 1) − u(k)
= f (z(k)) − u(k),
h

(6)

Further solving eqs (6), we have
x(k + 1) = [a(y(k) − x(k))]h + x(k),
y(k + 1) = [x(k)z(k) − x(k)u(k)]h + y(k),
z(k + 1) = [b − y(k)2 ]h + z(k),
u(k + 1) = [ f (z(k)) − u(k)]h + u(k).

(7)

The value of h is taken as 0.001 and the initial
conditions are fed into the forward register. The system generator model is then cross-compiled to generate

Pramana – J. Phys. (2018) 90:6
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Figure 10. The electronic circuit diagram of the two-butterﬂy chaotic attractor.

Vivado project ﬁles which are then implemented in Kintex 7 (Device=7k160t Package=fbg484 S). The register
transfer level (RTL) schematics are presented for better understanding of the FPGA design. The static and
dynamic power consumptions in watts are presented as
well. Figure 5 shows the RTL block diagram of the
multi-butterﬂy chaotic attractors. Figure 6 shows the
RTL schematics of system (2) implemented in Kintex
7. Figure 7 shows the RTL schematics of the functions.
Figure 8 shows the phase plane projections on x–z and
y–z planes of the multi-butterﬂy attractors.
Table 2 shows the resources consumed by the attractors. As mentioned in table 2, the multi-butterﬂy chaotic
attractors use 256 ﬂip-ﬂops, 129 input/output pins and
only one gate buffer for all the four functions. The lookup tables (LUT) increase from two-butterﬂy (516) to
ﬁve-butterﬂy (660) because the signum function implementations are used with a LUT created along side the
sampling time. Also the DSP (signal processors) usage
for three-, four- and ﬁve-butterﬂy attractors remains the
same whereas for the two-butterﬂy attractors it is less
with 14 DSP. This is because the signum LUT created for
all the attractors are the same (2) but the three-, four- and
ﬁve-butterﬂy attractors used the shared signum function and hence the number of DSPs required does not
change. Figure 9 shows the power consumption of the
multi-butterﬂy attractors. The consumed power change

is seen only because of the LUT increase and the static
power used by the FPGA remains at 0.112 W for all the
four attractors.
5. Electronic circuit realisation of two-butterﬂy
chaotic attractor
In this section, the electronic circuit application is implemented for multi-butterﬂy chaotic attractors generated
from generalised Sprott C system (2) on the oscilloscope. Two-butterﬂy chaotic attractor is chosen as an
example for electronic circuit implementation because
its signals are in the linear range of operator ampliﬁers.
The differential equations which generate two-butterﬂy
attractor can be simpliﬁed from system (2) as follows:
⎧
ẋ = y − x,
⎪
⎨
ẏ = x z − xu,
(8)
2
ż
⎪
⎩ =1−y ,
u̇ = 5sgn(z) − u.
The designed circuit diagram of system (8) is shown
in ﬁgure 10, where R1 = R2 = R8 = 400 k,
R3 = R4 = R6 = 40 k, R5 = 6000 k, R7 =
1200 k, R9 = R10 = 100 k, C1 = C2 = C3 =
C4 = 1 nF, Vn = −15 V and Vp = 15 V. Running
the circuit, we can see the phase portraits of system (8)

6
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6. Random number generator (RNG) with
multi-butterﬂy chaotic attractors
The chaotic system has been commonly used in RNG
design owing to its high complexity and sensitivity.
In this section, multi-butterﬂy chaotic attractors generated from generalised Sprott C system (2) are used
as the entropy source for RNG. The RNG design is
realised for two-butterﬂy, three-butterﬂy, four-butterﬂy
and ﬁve-butterﬂy chaotic attractors of system (2). The
RNG design processes are given in Algorithm 1 as the
pseudocode.
In Algorithm 1, the parameters and initial conditions
of multi-butterﬂy chaotic attractors are needed for the
RNG design. After entering these values, h must be
Algorithm 1 RNG design algorithm pseudocode

Figure 11. The phase portraits of two-butterﬂy chaotic
attractor on the oscilloscope: (a) x–z plane and (b) y–z
plane.

on the oscilloscope as shown in ﬁgure 11. It is easy
to see that the oscilloscope outputs are consistent with
the Matlab simulations. Consequently, the two-butterﬂy
attractor of system (1) is realised by the electronic
circuit.

1: Start;
2: Entering parameters and initial value of the system;
3: Determination of the value of h;
4: Sampling with determination h value;
5: while (least 1 MBit data) do
6:
Solving the chaotic system with RK4;
7:
Convert ﬂoat to binary number (32 bit);
8:
Select the bits (LSB-8 bit) from 32 bit binary number;
9: end
10: if (test results == pass) then
11:
Successful results (Ready tested 1 M. Bit data);
12:
RNG applications (simulation, modelling, arts, data
hiding, watermarking, etc.);
13: else
14:
return the previous steps and generate bits again;
15: end
16: End.

Table 3. RNG NIST-800-22 test results for x outputs (last 8 bits) of two-butterﬂy
(2-B), three-butterﬂy (3-B), four-butterﬂy (4-B) and ﬁve-butterﬂy (5-B) chaotic
attractors.
Statistical tests
Frequency (Monobit) test
Block-frequency test
Cumulative-sums test
Runs test
Longest-run test
Binary matrix rank test
Discrete Fourier transform test
Non-overlapping templates test
Overlapping templates test
Maurers universal statistical test
Approximate entropy test
Random-excursions test (x = −4)
Random-excursions variant test (x = 9)
Serial test-1
Serial test-2
Linear-complexity test

2-B

3-B

4-B

5-B

0.4629
0.5518
0.4164
0.3845
0.9821
0.2940
0.6009
0.1255
0.9598
0.2114
0.8887
0.1206
0.6328
0.8565
0.6834
0.8367

0.5768
0.3689
0.7765
0.0949
0.6836
0.5312
0.2086
0.2171
0.8780
0.8986
0.8002
0.1056
0.1585
0.7565
0.6148
0.0767

0.1290
0.5470
0.1730
0.5171
0.8897
0.6353
0.9487
0.0510
0.4114
0.5240
0.6503
0.4454
0.0522
0.0383
0.0314
0.5473

0.8902
0.1530
0.8393
0.1615
0.0751
0.1739
0.9050
0.2956
0.5803
0.5007
0.3632
0.8406
0.1837
0.3147
0.1452
0.4554
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determined for discretisation process with the Runga–
Kutta 4 (RK4) method. After the discretisation process,
ﬂoat numbers are obtained. Later, the obtained ﬂoat
numbers are converted to 32 bits binary numbers and
RNG designs are executed with these binary numbers.
In design processes, the last 8 bits of the x outputs are
used in all the multi-butterﬂy chaotic attractors.
To show the success of the RNG designs, the NIST800-22 statistical tests were used [63]. The NIST-800-22
tests have 16 different tests such as runs, frequency, and
serial tests. The calculated P values of NISTS-800-22
tests should be greater than 0.001. The NIST-800-22
test results are given in table 3. As seen in table 3, the
random numbers generated from x outputs in all the
multi-butterﬂy chaotic attractors successfully passed all
the tests with last 8 bits. The designed random numbers
can be used in many applications that require randomness such as simulation, modelling, arts, data hiding,
watermarking, etc.
7. Conclusions
In this paper, we proposed a new four-dimensional generalised Sprott C system with a switching function. The
system has inﬁnite number of non-hyperbolic equilibria. One notable feature of this system is that it can
generate multi-butterﬂy strange attractors by selecting
different switching functions. The two-, three-, four-,
ﬁve-butterﬂy attractors are numerically presented. By
using the FPGA implementation, electronic circuit and
RNG designing, the multi-butterﬂy chaotic attractors
were experimentally realised.
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