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Abstract. In this paper, we propose a stochastic evolution of the early Universe which can lead to a fractal
correlation in galactic distribution in the Universe. The stochastic equation of state, due to ﬂuctuating creation rates
of various components in a many-component ﬂuid, leads to a ﬂuctuating expansion rate for the Universe in the early
epochs. It provides persistent ﬂuctuations in the number count vs. apparent magnitude relation, as expected from the
observation of a fractal distribution of the galaxies. We also present a stochastic evolution of density perturbations
in the early Universe.
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1. Introduction
The basic assumption of standard cosmological model
is the Einstein’s cosmological principle [1,2] which,
in fact, is the hypothesis that the Universe is spatially
homogeneous and isotropic on large scales. This implies
linear deterministic Hubble’s law v = Hr (or a linear
red-shift–apparent magnitude relation) which is valid
at scales where matter distribution can be considered
on average uniform and the law is well established
within local scales. Many recent analyses (red-shift surveys such as cfA, Las Campanas, SSRS, LEDA, IRAS
and ESP for galaxies, and Abell and ACO for galactic clusters) have revealed that the three-dimensional
distribution of galaxies and clusters are characterised
by large-scale structures (hierarchical) and huge voids.
Such a distribution shows fractal correlations [3–6] up
to the limits of available samples. This has conﬁrmed
the de-Vaucouleurs power law density–distance relation, ρ(r ) ∝ (r/r0 ) D1 −3 with fractal dimension D1 ≈ 2
at least in the range of scales 1 to 200 h −1 Mpc, that is
sheet-like distribution of galaxies. In the above expression, D1 = 3 corresponds to perfect homogeneous
distribution of galaxies and a perfect linear Hubble
expansion.
A fractal is a geometric shape that is not homogeneous, yet preserves the property that each part is a

reduced-scale version of the whole [7]. That is, fractal
structures are self-similar structures or possess scaleinvariant properties. Most of the natural fractals are
random fractals (for example, the galactic distribution).
The reason is that, they consist of random shapes or patterns that are formed stochastically at any length scale.
Because of randomness, the self-similarity of natural
fractal is only statistical.
There are two views regarding the structure of the Universe. One is that the Universe shows inhomogeneities
on all scales and the other is that the Universe is inhomogeneous and essentially fractal on the scales of galaxies
and clusters of galaxies, but on larger scales this inhomogeneities are constrained by the observed smallness
of CMB ﬂuctuations and by X-ray background probes
and hence it becomes isotropic and homogeneous [8–
12], even though the cross-over scale to homogeneity is
not well identiﬁed [6]. Wu and others [8–10,12] argue
that D1 is not constant for all scales and it varies from
2 to 3 as we go from local to large scales. The isotropy
of CMB is the strongest evidence in support of this.
Hence they claim that even if luminous matter exhibits
this fractal character, the mass distribution of the Universe approaches homogeneity on large scales so that
FRW model is valid. However, it is to be noted that the
isotropy of CMB refers to background radiation. The
relation between CMB radiation and matter distribution,
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corresponding to galactic clustering, required more
detailed investigations and assumptions, because their
origin and evolution are entirely different.
Labini et al [13] have analysed a number of red-shift
surveys and found D1 = 2 for all the data they looked
at, and argued that there is no transition to homogeneity
for scales upto 1000 Mpc, way beyond the expected
turn-over. A controversy exists among cosmologists
regarding this switch-over scale to homogeneity. This
fractal behaviour of galaxy distribution within a scale
of 200 h −1 Mpc (this scale may be even deeper) is a
challenge for the standard cosmology, where the linear
Hubble law is a strict consequence of homogeneity of
the expanding Universe. The presence of dark matter
(distributed homogeneously) may save the cosmological principle even at small scales [14]. In this way, one
may save the usual FRW metric (which needs a homogeneous density), while a substantial revision to the models
of galaxy formation is required. On the contrary, if dark
matter is found to have the same distribution as that of
the luminous one, then a basic revision of the theory
must be considered.
In fact, from a theoretical point of view, one would like
to identify the dynamical processes which can lead to
such a fractal distribution, because no dynamical theory
till now explained how such a fractal Universe has arisen
from a pretty smooth initial state. Here, we propose a
stochastic model and argue that the Universe can exhibit
fractal correlation due to a stochastic evolution in the
early epochs.
The paper is organised as follows: Section 2 gives
a brief review of stochastic evolution of the Universe.
Section 3 describes the evolution of density perturbations under stochastic approach and determination of
PDF for density contrast δ at any epoch. The results and
conclusions derived from it are discussed in §4.
2. Stochastic evolution
Several recent measurements [15–23] indicate that
the present Universe contains components other than
ordinary matter and radiation, like vacuum energy,
quintessence etc. Let the equation of state for each
component, with density ρi , be written as pi = ωi ρi
(i = 1, 2, . . .), where pi is the corresponding pressure,
ωi = 0 for matter, 1/3 for radiation, −1 for vacuum
energy, etc.; in
general, −1 ≤ ωi ≤ +1. The total 
energy
density ρ = i ρi and the total pressure p = i pi .
From the law of conservation of total energy density,
expressed in the form

ȧ 
ȧ
ρ̇ =
ρ̇i = −3 ρ(1 + ω) = −3
ρi (1 + ω)
a
a
i

i

(1)

which follows from the Einstein equation, one can write
the total ω factor as

 ρi
p
i ρ̇i
−1=
(1 + ωi ) − 1, (2)
ω= =−
ρ
3(ȧ/a)ρ
ρ
i

where a is the scale factor. The conservation of individual components, which may be expressed as ρ̇i =
−3(ȧ/a)ρi (1+ωi ), is only an extra assumption because
it does not follow from the Einstein’s ﬁeld equation.
Equivalently, it can be stated that in a many-component
cosmic ﬂuid as in the above case, the Einstein equations, along with the equations of state of individual
components, are insufﬁcient to determine the individual
ρ̇i’s. Thus, it is more general to assume that only the
total energy density is conserved and this will lead to
the creation of one component at the expense of other
components. Since they are not uniquely determined by
the ﬁeld equations, such creations can be considered as
sporadic events, like those occurring in galactic nuclei,
which can result in ﬂuctuations in the ratio ρi /ρ. This,
in turn, will lead to a stochastic equation of state, as can
be seen from eq. (2). Consequently, the expansion rate
also will be ﬂuctuating and the equation for the Hubble
parameter will appear as a Langevin-type equation.
3
Ḣ = − H 2 (1 + ω),
(3)
2
where we assumed the background is ﬂat which is wellestablished. With ﬂuctuating ω, eq. (3) is a Langevintype equation, describing the evolution of the stochastic
variable H ; that is, the ﬂuctuating character of ω leads
to a random behaviour for the Hubble parameter. To
simplify further, we make use of the transformation x =
2/3H . Hence eq. (3) becomes
ẋ = 1 + ω.

(4)

This equation is a non-deterministic, stochastic, ﬁrstorder differential equation. For the sake of simplicity, it
was assumed that ω is a Gaussian δ-correlated stochastic
force with zero mean. We used stochastic methods [24]
for the analysis of this problem and the probability distribution function of the stochastic variable is calculated
by solving the corresponding Fokker–Planck equation
(FPE):

2 
∂ W (x, t)
1 ∂
2 ∂
= −D
+D
W (x, t).
(5)
∂t
∂x
∂x2
We ﬁnd the drift coefﬁcient D 1 = 1, and the diffusion
coefﬁcient D 2 ≡ D is assumed to be a constant. We
get a Gaussian distribution function W (x, t) [25]. Thus,
a ﬂuctuating ω-factor, in turn, will lead to ﬂuctuations
in the time evolution of the Hubble parameter, that is,
the expansion rate of the Universe becomes a stochastic quantity. We argue that such a ﬂuctuating expansion
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rate might have led to a randomness in the recession
velocities of the objects, in addition to peculiar velocities induced by density inhomogeneities.
The structures that we see today, are formed by a process known as gravitational instability, from primordial
ﬂuctuations in the cosmic ﬂuid [26]. But because the
strength of clustering is expected to increase with time
(evolution of density contrast is proportional to some
power of scale factor in the linear approximation according to the Standard Model), the galaxies must deviate
from the smooth Hubble expansion. According to standard Friedmann model [1,27], δv ∝ 0.6
0 δρ, where δρ
is the density perturbation and 0 is the present value
of the ratio between critical density and density of the
Universe. The peculiar velocity is one of the independent probes of inhomogeneities in the gravitational ﬁeld
induced by the density ﬂuctuations. Another probe is the
ﬂuctuations in the background radiation. Observations
show a very nearly linear Hubble expansion for local
scales, and deviations from this deterministic Hubble’s
law increases with red-shift, which is obvious from the
Hubble diagram or redshift (z)–apparent magnitude (m)
diagram [28]. Despite rigorous attempts to control random errors in measurements, there is a clear scatter in
it. Conventional explanation for the scatter is in terms of
the peculiar velocities induced by the observed density
ﬂuctuations [27]. But density ﬂuctuations are evolving phenomena, they cannot induce large randomness
observed at high red-shifts. The scatter in the Hubble
diagram or deviations from the linear Hubble expansion may also arise due to the inherent stochastic nature
of the Hubble parameter [25] apart from the peculiar
velocities which are signiﬁcant only in the late Universe.
The large scatter or randomness at high red-shifts can
be explained on the basis of this ﬂuctuating expansion
rate of the Universe.
The evolution of the Universe becomes stochastic, where time evolution of cosmological parameters
are described by Langevin-type equations [25,29] or
stochastic differential equations (SDE). We argue that,
such dynamical processes may lead to a fractal distribution (or a scale invariant inhomogeneous distribution)
of galaxies, because dynamical equations containing
stochastic quantity describe fractal growth [30,31].
In Standard Model, the density perturbations evolve
deterministically, proportional to some power of scale
factor in the linear approximation [27]. However, under
stochastic equation of state, dynamical equations
describing the evolution of density and its perturbation
must be stochastic. In ref. [29], we have shown that the
evolution of density is stochastic. In the following section we shall show that under these circumstances, the
time evolution of density perturbations are described by
Langevin-type equations.
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3. Evolution of density perturbations
In the early Universe, when cosmic ﬂuid is not unicomponent, a stochastic equation of state emerges, that is, the
factor ω in the equation of state becomes a ﬂuctuating
quantity. Hence, the evolution of density perturbations
is a stochastic process. In the early Universe, the energy
density in any region can be written as a perturbation
equation [32].
ρ(x, t) = ρb (t) + δρ(x, t),

(6)

where ρb is the background density, which at any time
t is independent of the location. However, ρ at different regions are slightly different in the early Universe,
and hence δρ also. The evolution of density contrast
(δ = δρ/ρ) according to Standard Model is a deterministic one, proportional to some power of the scale factor
in the linear approximation. In the stochastic approach,
due to a ﬂuctuating equation of state, its evolution is
a stochastic process. We assume that the total energy
density is conserved, and so
ρ̇ = −3H (ρ + p).

(7)

After some simpliﬁcations we get the evolution equation
of δρ as [26]
δ ρ̇ = −3(ρb + pb )δ H − 3Hb δρ.

(8)

Here the sufﬁx ‘b’ stands for the background. Using
δρ = ρb δ, eq. (8) becomes
δ̇(t) = −3Hb ω(t)δ − 3[1 + ω]δ H.

(9)

Now,
Hb2 =

8π G
ρb
3

8π G
(ρ − δρ).
3
Equating both sides, we have

(H − δ H )2 =

H2 =

8π G
ρ
3

(10)
(11)

(12)

and
8π G
δρ.
3
Using eqs (12), (13) and (6), we get



δρ −1/2
1 8π G
−1/2
1+
δρ(ρb )
.
δH =
2
3
ρb
2H δ H =

Retaining only ﬁrst-order terms, this becomes

1 8π G δρ
δH =
√ .
2
3
ρb

(13)

(14)

(15)
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Substituting for Hb and δ H in eq. (9), it becomes

δ̇ = 6π Gρb [ω − 1]δ.
(16)
Using the transformation
y = ln δ

(17)

eq. (16) becomes

ẏ = 6π Gρb [ω − 1].

(18)

This is a Langevin-type equation. As it has another
stochastic variable (ρb ), we have to write the stochastic equation for ρb also and the resulting system of
equations has to be treated together, which leads to a
two-variable distribution function. For this, we deﬁne a
transformation
1
.
(19)
x=√
6π Gρb
Therefore, from eq. (18) and the conservation equation
for density, we have
ẏ = −

1 ω(t)
+
x
x

(20)

and
ẋ = 1 + ω(t).

(21)

To write the FPE, we need the drift and diffusion terms.
From the general equation
x˙i = h i + gi j i j .
The drift coefﬁcients are
∂
(1)
gi j .
Di = h i + gk j
∂ xk

(22)

(23)

The diffusion terms are
(2)

Di j = gi j g jk .

(24)

From eqs (20) and (21) the drift terms are
1
1
1
(1)
D (1)
(25)
y = − − 2 ≈ − 2 ; Dx = 1,
x
x
x
where we have used the fact that in the early Universe
ρb is very high. The diffusion terms are
1
1
(2)
(2)
; D (2)
(26)
yx = Dx y = ; Dx x = D.
2
x
x
Here the diffusion terms arise from ﬂuctuations in the
mean ω factor alone and D is a constant. Now we write
the FPE for the distribution function W (y, x, t) as

∂ W (y, x, t)
∂
∂ (1)
∂2
= − D (1)
Dx + 2 D (2)
y −
∂t
∂y
∂x
∂ y yy

∂2
∂ ∂
D
(27)
+ 2 Dx(2)
+
2
yx W (y, x, t).
x
∂x
∂y ∂x
D (2)
yy =

Substituting for the drift and diffusion coefﬁcients

1 ∂
∂
1 ∂2
∂ W (y, x, t)
= − 2
−
+ 2 2
∂t
x ∂y ∂x
x ∂y

2
2
∂
2 ∂
W (y, x, t) (28)
+D 2 +
∂x
x ∂ x∂ y
and neglecting the crossed term and applying a separation ansatz, W = u(x)v(y)e−λt we get (by variable
separation)


1 d2 v
D d2 u
1 dv
2 1 du
=x
−
−
−λ .
(29)
v dy 2 v dy
u dx
u dx 2
Here both sides can be equated to a constant (say c). We
have a set of equations for u(x) and v(y). They are
dv
d2 v
− cv = 0
−
dy 2 dy

(30)

and
1 
d2 u
1 du
c
+
−
(31)
λ + 2 u = 0.
2
dx
D dx
D
x
Due to the essential singularity of eq. (31) at x = 0, a
series solution is possible. However, if we take c = 0,
then we shall get a compact solution (to understand a
general behaviour). After solving eqs (30) and (31) we
can write the complete solution as

x
+ ikx − λt ,
(32)
W (y, x, t) = a exp y +
2D
where
1
λ
k2 =
−
.
(33)
D 4D 2
Physically reasonable solution exists for λ ≥ 1/4D.
A is the normalisation constant, chosen as 1/2π. The
general solution is obtained by integrating eq. (32) in
the range −∞ ≤ k ≤ +∞ and we get
W (y, x, t) = √

1
4π Dt

e y exp −

(x − t)2
.
4Dt

(34)

This is Gaussian in x. We can write the distribution
function√in terms of the original variables y = ln δ and
x = 1/ 6π Gρb . The distribution function in terms of
δ and ρb is
W (δ, ρb , t) =

1
96π 2 G Dρb3 t

√
2
(1 − t 6π Gρb )
× exp −
.
24π Gρb Dt

(35)

Thus, the density perturbation evolves in a nondeterministic way.
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4. Discussion and conclusions
When the Universe is approximated by a manycomponent ﬂuid, the ﬂuctuations in creation rates are
certainly physical processes which can lead to stochastic
ﬂuctuations in the mean ω factor of the equation of state
(that is, a stochastic equation of state). The evolution
of the Universe becomes stochastic (or the expansion
rate of the Universe ﬂuctuates), where the time evolution of the cosmological parameters are described by
the Langevin equations or SDE. We argue that such
dynamical processes may lead to fractal distribution (or
a scale-invariant inhomogeneous distribution) of galaxies, because the ﬂuctuations in the evolution process
never lead to structures with perfect symmetry and most
natural fractals are formed through stochastic process.
For a homogeneous distribution of galaxies, Hubble’s
count law is
N (< m) ∝ 100.2D1 m ,

(36)

where m is the apparent magnitude of the object and
N represents the number of galaxies brighter than the
magnitude m. D1 = 3 corresponds to homogeneous distribution. Equivalently, one can express (1) in terms of
red-shift (z) also, that is, N (< z). Apparent magnitude
is related to z in the following way:

DL
m − M = 5 log
+ 25,
(37)
1 Mpc
where M is the absolute magnitude of the galaxy. The
luminosity distance DL is given by
DL = r j a(t0 )[1 + z],

(38)

where a(t0 ) is the present scale factor and r j is the radial
coordinate of the object which emitted the light at some
time t j in the past. In ﬂat FRW models, r j is found as

 t0
ct j 2/3 t0 dt
c dt
=
.
(39)
rj =
a(t j ) t j a(t)
t j a(t)
Integrating
rj =

√
2c
H j [ 1 + z − 1]
a(t j )

(40)

and
DL =

√
2c
(1 + z)2 [ 1 + z − 1],
Hj

(41)

where the Hubble parameter H j corresponds to the
epoch t j . Thus, the luminosity distance is related to
red-shift [1], which depends on the Hubble parameter.
The ﬂuctuations on this number counts around the average behaviour as a function of m or z can discriminate
between a genuine fractal distribution and a homoge-
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neous one [33]. Number count vs. apparent magnitude
can be used to test whether the large-scale distribution of galaxies can be compatible with a fractal or
with a homogeneous behaviour [13,34]. In a fractal distribution, one expects to ﬁnd persistent scale-invariant
ﬂuctuations around the average behaviour, which do not
decay with m or z. On the other hand, in a homogeneous
distribution, on large enough scales, the relative variance of the counts should decrease exponentially with
m [1,34]. Labini et al [33,34] claim that, the relative
ﬂuctuations in the counts as a function of m has a constant magnitude (for z ≥ 0.1), which cannot be due to
any smooth correction to the data as evolution effects,
but they can be the outcome of an inhomogeneous distribution of galaxies.
In the previous section, we have shown that a ﬂuctuating ω-factor, in turn, will lead to ﬂuctuations in the time
evolution of the Hubble parameter, that is, the expansion rate of the Universe becomes a stochastic quantity.
We argue that such a ﬂuctuating expansion rate might
have led to a randomness in the recession velocities of
the objects, in addition to peculiar velocities induced by
density inhomogeneities. We also argue that, this randomness in the recession velocities of galaxies led to a
fractal distribution of galaxies and clusters of galaxies.
From eqs (36) and (41) we can see that a ﬂuctuating
or stochastic expansion rate may provide the constant
ﬂuctuations observed in the number count vs. m or z
relation.
As ﬂuctuations are always present in physical processes, they never lead to structures with perfect symmetry. For example, random walk of particles, diffusionlimited aggregation etc. lead to fractal structures. In
the preceding sections we have shown that the evolution of the Universe becomes stochastic under a
stochastic equation of state. A stochastic equation of
state emerges due to ﬂuctuations in the creation rates.
Under these conditions, the expansion rate of the Universe becomes stochastic and induce randomness in the
recession velocities of galaxies, especially in the early
epochs.
This stochastic evolution of the Universe may provide
a dynamical process leading to a self-similar structure
in the Universe and also produce the scatter observed in
the Hubble diagram at high red-shifts, where peculiar
velocities are inadequate. We predict that the persistent
ﬂuctuations found in the number counts vs. apparent
magnitude relation, especially for high red-shifts (early
epochs), which do not decay with m, may be due
to the stochastic nature of the Hubble parameter. As
both density and Hubble parameter are stochastic in
the early epochs, time evolution of density perturbations must be non-deterministic and hence described
by SDE as we have done in §3. In this paper, we
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have not made any attempt to characterise the statistically scale-invariant structures observed in the range
of scales 1–200 h −1 Mpc by measuring either the correlation function or power spectrum; we have attempted
only to provide a possible stochastic process which
can produce an inhomogeneous distribution of galaxies.
Here we have only argued that a stochastic evolution of
the Universe may lead to a scale-invariant large-scale
structure.
Acknowledgements
The author is extremely thankful to Prof. K Babu Joseph
for his valuable suggestions. He also would like to thank
the referee for the valuable suggestions.
References
[1] P J E Peebles, Principles of physical cosmology (Princeton series, Princeton, 1993)
[2] E W Kolb and M S Turner, The early Universe (AddisonWesley, Redwood City, 1990)
[3] F Sylos Labini, Europhys. Lett. 96, 59001 (2011)
F Sylos Labini, Class. Quant. Gravity 28, 164003 (2011)
[4] P Coles, Nature 391, 120 (1998)
[5] L Pietronero, Astron. Astrophys. 443, 11 (2005)
[6] Y V Baryshev et al, Fractals 06, 231 (1998)
[7] B
B
Mandelbrot,
The
fractal
geometry of nature (Freeman, NewYork, 1977)
T Vicsek, Fractal growth phenomena (World Scientiﬁc, Singapore, 1989)
[8] K K S Wu, O Lahav and M J Rees, Nature 397, 225
(1999)
[9] L Guzzo, New Astron. 2, 517 (1997)
[10] J Yadav, S Bharadwaj, B Pandey and T R Seshadri, Mon.
Not. R. Astron. Soc. 364, 601 (2005)
[11] S Bharadwaj, A K Gupta and T R Seshadri, Astron.
Astrophys. 351, 405 (1999)

Pramana – J. Phys. (2018) 90:2
[12] J S Bagla, J Yadav and T R Seshadri, Mon. Not. R. Astron.
Soc. 390, 829 (2007)
[13] F S Labini, M Montuori and L Pietronero, Phys. Rep.
293, 66 (1998)
[14] F S Labini et al, Europhys. Lett. 86, 49001 (2009)
[15] S Perlmutter et al, Astrophys. J. 517, 565 (1999)
[16] G Riess et al, Astron. J. 116, 1009 (1998)
[17] L Freedman et al, Nature 371, 757 (1994)
[18] M Krauss, Astrophys. J. 501, 461 (1998)
[19] J Pierce et al, Nature 371, 385 (1994)
[20] I Zehavi and A Dekel, Nature 401, 252 (1999)
[21] M Kamionkowski and N Toumbas, Phys. Rev. Lett. 77,
587 (1996)
[22] R Caldwell, R Dave and P J Steinhardt, Phys. Rev. Lett.
80, 1582 (1998)
[23] I Zlatev, L Wang and P J Steinhardt, Phys. Rev. Lett. 82,
896 (1999)
[24] H Risken, The Fokker–Planck equation (SpringerVerlag, New York, 1984)
[25] C Sivakumar, M V John and K Babu Joseph, Pramana
– J. Phys. 60, 1 (2003)
[26] T Padmanabhan, Structure formation in the Universe
(Cambridge University Press, Cambridge, 1993)
[27] P J E Peebles, The large scale structure of the Universe
(Princeton University Press, Princeton, 1980)
[28] A K Kembhavi and J V Narlikar, Quasars
and active galactic nuclei – An introduction
(Cambridge University Press, Cambridge, 1999)
F Hoyle, G Burbidge and J V Narlikar,
A different approach to cosmology (Cambridge University Press, Cambridge, 2000)
J C Pecker, J. Astrophys. Astron. 18, 323 (1997)
[29] C Sivakumar, M V John and K Babu Joseph, Pramana
–J. Phys. 56, 1 (2001)
[30] A Berera and L Z Fang, Phys. Rev. Lett. 72, 458
(1994)
[31] R C Ball and T A Witten, Phys. Rev. A 29, 2966
(1984)
[32] A R Liddle and D H Lyth, Phys. Rep. 231, 1 (1993)
[33] A Gabrielli and F S Labini, Europhys. Lett. 3, 286 (2001)
[34] F S Labini et al, Physica A 226, 195 (1996)

