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Abstract. In this paper we report a time-delayed chameleon-like chaotic system which can belong to different
families of chaotic attractors depending on the choices of parameters. Such a characteristic of self-excited and
hidden chaotic flows in a simple 3D system with time delay has not been reported earlier. Dynamic analysis of the
proposed time-delayed systems are analysed in time-delay space and parameter space. A novel adaptive modified
functional projective lag synchronization algorithm is derived for synchronizing identical time-delayed chameleon
systems with uncertain parameters. The proposed time-delayed systems and the synchronization algorithm with
controllers and parameter estimates are then implemented in FPGA using hardware–software co-simulation and
the results are presented.
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1. Introduction
Nonlinear dynamical systems are categorized into two
main categories: systems with self-excited and system
with hidden attractors [1–6]. A self-excited attractor has
a basin of attraction that is associated with an unstable equilibrium, while a hidden attractor has a basin
of attraction that does not intersect with small neighbourhoods of any equilibrium points [7–12]. Hidden
attractors are mostly exhibited by systems with only one
stable equilibrium [13–15], infinite equilibrium [16],
line of equilibrium or no equilibrium [17–21]. Hidden
attractors are important in many engineering problems
as they allow unexpected responses [22,23]. Control of
such hidden oscillations is a big challenge because of
multistability and coexisting attractors [24–26]. Chaotic
attractors with no equilibrium points [25,27–30], with
only stable equilibria [13–15], and with curves of equilibria [31] have attracted much attention in recent years.
Fractional-order no-equilibrium systems have been discussed in [3,32]. Chaotic and hyperchaotic systems
showing several classes of attractors depending on the
values of the parameters have been investigated in

[34,35]. Even for some dynamical systems, the developed orbit and state could be dependent on initial setting,
thus switch between chaotic and/or periodical systems
can be triggered [36].
Time-delayed differential equations play important
roles in some engineering applications [37–42]. Stability analysis of delayed differential equations have
been discussed in [38]. Synchronization of such timedelayed systems is a major complex problem and many
synchronization schemes have been applied on them
[39–41]. Synchronization of chaotic and hyperchaotic
systems has found an important role in various fields
of science and engineering. Since the pioneering work
by Ott et al in [43] for controlling a chaotic system
and by Pecora and Carroll in [44] for synchronization
of two chaotic systems, various practical applications
of them were found in numerous engineering fields,
such as electrical, chemical, communication security
and mechanical engineering [45–49]. Synchronization
of chaotic systems has been achieved through active
method [47–50], adaptive method [51–53], sliding
mode [32,33,54–56], projective synchronization (PS)
method [57,58], function projective synchronization
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3. Dynamic properties of the TDC

Table 1. Type of attractors.
System name

Parameter value

TDC-1
TDC-2
TDC-3
TDC-4

aτ
aτ
aτ
aτ

= 0, bτ
> 0, bτ
< 0, bτ
= 0, bτ

=0
=0
=0
= 0

Type of attractor
Hidden attractor
Hidden attractor
Self-excited attractor
Hidden attractor

The dynamic properties of the TDC systems (table 1)
such as equilibrium points, eigenvalues, Lyapunov
exponents and bifurcation with time delays and parameters are derived and discussed in this section.
3.1 Equilibrium points

(FPS) method [59,60], modified projective synchronization (MPS) method [61,62], generalized projective synchronization (GPS) method [47,63], modified function
projective synchronization (MFPS) method [62,63], lag
synchronization [47,64,65] method, etc. Among these
methods, projective method has got considerable attention, due to the dependency of synchronization errors to
a scaling factor.

2. Time-delayed chameleon (TDC)
Jafari et al introduced a unique simple chaotic flow
which can belong to three famous categories of hidden attractors plus systems with self-excited attractors
[34]. A hyperchaotic attractor which can exhibit both
self-excited and hidden attractors depending on the
value of parameters was also proposed in [35]. Inspired
by the above papers, we are interested in analysing
the existence of such characteristics when introducing
time delays in the system. We modify the chameleon
[34] by introducing multiple time delays in the state y
in the dimensionless 3D model and the time-delayed
chameleon (TDC) is defined as
ẋ = y(t − τ1 )
ẏ = −x + zy(t − τ2 ) + aτ
ż = −x − 15x y(t − τ3 ) − x z + bτ ,

(1)

where aτ , bτ are the parameters and τ1 , τ2 , τ3 are the
multiple delays of the TDC system. Different time
delays are given to the state variable y to show that the
feedback to the states are delayed and we wish to study
the effects of this on the system.
Depending on the values of the parameters, the TDC
system shows four distinct attractors as described in
table 1. Figures 1a–1d show the 2D state portraits of
the TDC systems for the time delays τ1 = 0.05, τ2 =
0.055, τ3 = 0.045 and initial conditions [0, 0.5, 0.5].

The equilibrium points of the delayed and non-delayed
systems are the same. The equilibrium points and the
type of equilibrium points are listed in table 2.
3.2 Local stability analysis
The local stability analysis of the equilibrium points can
be achieved with Jacobian matrix and eigenvalues. For
linearizing the TDC system (1) let us use x = x ∗ +
xi , y = y ∗ + yi , z = z ∗ + z i in (1) and derive the
Jacobian matrix as



0
e−λτ1
0 

(2)
J E = 
y ∗  ,
−1
z ∗ e−λτ2
 −1 − 15y ∗ − z ∗ −15x ∗ e−λτ3 −x ∗ 
where x ∗ , y ∗ , z ∗ are the equilibrium points of the TDC
systems. The characteristic equation of the system is
derived as
[(J0 + e−λτ Jτ ) − λI ] = 0,

(3)

where J0 is the normal Jacobian matrix and Jτ is the
Jacobian matrix for the time delay τ . As the equilibrium
points of the delayed and non-delayed systems are the
same, the Jacobian matrix J0 and Jτ also remain the
same. The characteristic equation can be calculated for
the TDC-2 and TDC-3 systems as




λ3 + λ2 a + eλτ2 + λ eλτ1 + aeλτ2 + eλτ1 = 0 (4)
and it is clear from (4) that one eigenvalue of the TDC2 and TDC-3 is λ1 = −a and we can find that the
characteristic equation (eq. (4)) is a transcendental equation around the interior equilibrium point which has
infinitely many eigenvalues. The characteristic equation
has an absolute minimum of a at λ = 0. So the characteristic equation has no real solutions. Hence, assuming
that the eigenvalues are purely imaginary, we use λ = iθ
with θ > 0 in (4),
iθ 3 + iθ 2 (a + eiθ τ2 ) + λ(eiθ τ1 + aeiθ τ2 ) + aeiθ τ1 . (5)
Using commensurate time delay τ and equating real and
imaginary terms,
(θ 2 − a) cos(τ θ ) + θ (aθ + sin(τ θ )) = 0
θ 3 + (θ 2 − a) sin(τ θ ) − θ (cos(τ θ ) + a) = 0.

(6)
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Figure 1. 2D phase portraits of (a) TDC-1 (a = 0, b = 0), (b) TDC-2 (a = 0.002, b = 0), (c) TDC-3 (a = −0.001, b = 0)
and (d) TDC-4 (a = 0, b = 0.001).
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Figure 1. Continued.
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Table 2. Equilibrium points of the TDC systems.
System name
TDC-1
TDC-2
TDC-3
TDC-4

Equilibrium points

Type of equilibrium

[0, 0, z]
[a, 0, −1]
[a, 0, −1]
No equilibrium

Line equilibrium
Stable focus
Unstable equilibrium
No equilibrium

Table 3. Lyapunov exponents and Kaplan–Yorke dimension of TDC
systems.
System name

Lyapunov exponents

Kaplan–Yorke dimension

TDC-1
TDC-2
TDC-3
TDC-4

0.07487; 0; −0.5252
0.09060; 0; −0.5345
0.07364; 0; −0.5404
0.09014; 0; −0.5173

2.143
2.170
2.137
2.174

Solving eq. (6) for a = 0.002 and τ = 0.05 we get
−1.006 as the real part and ±3.45 as the imaginary part.
Hence, the eigenvalues are complex conjugate pair with
negative real part (stable focus) and thus the TDC-2 system exhibits chaotic oscillations. For a = −0.001 and
τ = 0.05 the eigenvalue λ1 = −a becomes a positive
value and hence irrespective of the other two eigenvalues the TDC-3 system is unstable and shows chaotic
oscillations.
3.3 Lyapunov exponents
Various algorithms are proposed based on chaos synchronization for the estimation of Lyapunov exponent of
time-delayed dynamical systems [66–68]. In this paper,
we adopted the technique employing the synchronization of identical systems coupled by linear negative
feedback mechanism [67] for finding the exact Lyapunov exponents of the TDC systems. The calculated
Lyapunov exponents are given in table 3. However, note
that there are different methods for calculating Lyapunov exponents. These methods can sometimes result
in different values [69–72].
3.4 Bifurcation
The bifurcation analysis of the TDC systems can be done
by two different methods: (1) bifurcation of the TDC
system with parameters aτ and bτ with the time delays
fixed at τ1 = 0.05, τ2 = 0.055, τ3 = 0.045 and (2)
bifurcation of the TDS systems with time delays while
the parameters are fixed as discussed in table 1 and hence
second method has four different cases of bifurcations.
While bifurcating the system for aτ , the value of bτ = 0
and similarly while bifurcating the system for bτ , the

Figure 2. Bifurcation of the TDC system with aτ .

value of aτ = 0. Figures 2 and 3 shows the bifurcation
of the TDS system with parameters aτ and bτ respectively. As can be seen from figure 2, the TDS system
shows chaotic oscillations for −0.0015 ≤ aτ ≤ 0.008
and takes a routine period doubling route to chaos. When
aτ < 0 the system behaves like a self-excited attractor,
when aτ = 0 the TDS system shows hidden attractor
with line of equilibrium and when aτ > 0 the TDS system shows self-excited attractor with stable equilibrium.
Similarly, the TDS system shows chaotic oscillations for
−0.001 ≤ bτ ≤ 0.01 as can be seen from figure 3.
The second method is about the investigation of the
effect of time delays (τ1 , τ2 , τ3 ) on the TDS systems
with the parameters fixed as in table 1. Hence, we discuss this method as four cases for each TDS system.
First, we discuss the bifurcation of the TDS-1 system
with time delays. Figures 4a–4c show the bifurcation
plots of the TDS-1 system for time delays τ1 , τ2 , τ3 .
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TDS-3 system for time delays τ1 , τ2 , τ3 as shown in
figures 6a–6c. The TDS-3 system shows chaotic oscillations for 0.05 ≤ τ1 ≤ 0.0575, 0.004 ≤ τ2 ≤
0.05, 0.042 ≤ τ3 ≤ 0.05 and shows period doubling
route to chaos. The final analysis is for the TDS-4 system and figures 7a–7c show the bifurcation of the system
with time delays. The TDS-4 system takes a period
doubling route to chaos and shows chaotic oscillations
for 0.048 ≤ τ1 ≤ 0.055, 0.004 ≤ τ2 ≤ 0.05 and
0.042 ≤ τ3 ≤ 0.053.

4. Adaptive modified functional projective lag
synchronization (AMFPLS)
Figure 3. Bifurcation of the TDC system with bτ .

The TDS-1 system shows chaotic oscillations for 0.05 ≤
τ1 ≤ 0.056, 0.001 ≤ τ2 ≤ 0.055, 0.045 ≤ τ3 ≤ 0.05
and takes period doubling route to chaos. The second
case is about the discussion of bifurcation of TDS-2 with
time delays. Figures 5a–5c show the bifurcation plots of
the TDS-2 system for time delays τ1 , τ2 , τ3 . The TDS2 system shows chaotic oscillations for 0.045 ≤ τ1 ≤
0.053, 0.001 ≤ τ2 ≤ 0.07 and 0.045 ≤ τ3 ≤ 0.055.
The third analysis is about the bifurcation plots of the

In this section we derive a novel lag synchronization
algorithm by using modified functional projective synchronization [59–62] assuming that uncertainty exists in
the parameters of the slave system. We used the TDS-2
system to demonstrate the algorithm. Let us define the
master system as
ẋm = ym (t − τ1 )
ẏm = −xm + z m ym (t − τ2 ) + aτ
ż m = −xm − 15xm ym (t − τ3 ) − xm z m + bτ ,

Figure 4. Bifurcation of the TDS-1 system with time delays: (a) τ1 , (b) τ2 and (c) τ3 .

(7)
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Figure 5. Bifurcation of the TDS-2 system with time delays: (a) τ1 , (b) τ2 and (c) τ3 .

Figure 6. Bifurcation of the TDS-3 system with time delays: (a) τ1 , (b) τ2 and (c) τ3 .
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Figure 7. Bifurcation of the TDS-4 system with time delays. (a) τ1 , (b) τ2 and (c) τ3 .

where τ1 , τ2 , τ3 are the time delays and aτ , bτ are the
parameters of the master TDS-2 system.
The slave system with AMFPLS controllers can be
defined as
ẋs = ys (t − τ1 ) + u x
ẏs = −xs + z s ys (t − τ2 ) + âτ + u y
ż s = −xs − 15xs ys (t − τ3 ) − xs z s + b̂τ + u z ,

(8)

where τ1 , τ2 , τ3 are the time delays and âτ , b̂τ are the
uncertain parameters of the slave system. The modified
functional projective lag synchronization errors can be
defined as
ex = xs − αx xm (t − τ )
(9)

where αx , α y , αz are the modified projective functions
to synchronize the master and the slave systems and τ
represents the delay constant. The error dynamics of (9)
can be derived as
ėx = ẋs − αx ẋm (t − τ ) − α̇x xm (t − τ )
ė y = ẏs − α y ẏm (t − τ ) − α̇ y ym (t − τ )
ėz = ż s − αz ż m (t − τ ) − α̇z z m (t − τ ).

ėx = ys (t − τ1 ) − αx ym (t − τ − τ1 )
−α̇x xm (t − τ ) + u x
ė y = −xs + z s ys (t − τ2 )


−xm + aτ
−α y
+z m ym (t − τ − τ2 )
−α̇ y ym (t − τ ) + âτ + u y
ėz = −xs − 15xs ys (t − τ3 ) − xs z s


−xm − xm z m + bτ
−αz
−15xm ym (t − τ − τ3 )
−α̇z z m (t − τ ) + b̂τ + u z .

(11)

Let us define the parameter estimation errors as

e y = ys − α y ym (t − τ )
ez = z s − αz z m (t − τ ),

Using (7) and (8) in (10)

(10)

eaτ = âτ − aτ
ebτ = b̂τ − bτ .

(12)

To achieve AMFPLS between the master and the
slave system, the errors (9) should converge such that
limt→∞ ei → 0 for i = x, y, z. To achieve this, let us
define the adaptive feedback controllers as
u x = −ys (t − τ1 ) + αx ym (t − τ − τ1 )
+ α̇x xm (t − τ ) − k x ex

Pramana – J. Phys. (2017) 89:92

Figure 8 (a). Time history of the synchronized states for αx = 1, α y = 1, αz = 1.

Figure 8 (b). Time history of the parameter estimates for αx = 1, α y = 1, αz = 1.
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u y = xs
+
u z = xs
+
+


−xm + aτ
− z s ys (t − τ2 ) + α y
+z m ym (t − τ − τ2 )
α̇ y ym (t − τ ) − aτ − k y e y
+ 15xs ys (t − τ3 ) + xs z s


−xm − xm z m + bτ
αz
−15xm ym (t − τ − τ3 )
(13)
α̇z z m (t − τ ) − bτ − k z ez .

Using (13) in (11),
ėx = −k x ex
ė y = eaτ − k y e y
ėz = ebτ − k z ez .

(14)

To derive the stability of the proposed synchronization
(AMFPLS), let us define the Lyapunov candidate function as

1
V = e2x + e2y + ez2 + ea2τ + eb2τ .
(15)
2
The first derivative of the Lyapunov function (15) is
V̇ = ex ėx + e y ė y + ez ėz + eaτ ėaτ + ebτ ėbτ .

(16)

Using (14) in (16)
V̇ = −k x e2x − k y e2y − k z ez2
+ eaτ (e y + â˙ τ ) + ebτ (ez + b̂˙τ ).

(17)

Let us define the parameter estimates as
â˙ = −e y
b̂˙ = −e .
z

(18)

Using parameter estimates (18) in (17),
V̇ = −k x e2x − k y e2y − k z ez2

(19)

which is negative definite and hence the system errors
converge to zero asymptotically.
To verify the AMFPLS algorithm and the effectiveness of the controllers and parameter estimates, we
derive the numerical simulation results. The initial conditions of the master system is defined as [0.1; 0.2; 0.3],
the parameters for the master system are taken as
[0.002, 0], the slave system as [0.4; 0.5; 0.6] and the
parameter estimates as [0.01; 0.1]. The modified projective functions are assumed in three different cases
as αx = 1, α y = 1, αz = 1 for achieving completelag synchronization, αx = −1, α y = −1, αz = −1 for
antilag synchronization and αx = 1 + β sin(π t), α y =
1 − β sin(π t), αz = 1 + β cos(π t) with 0.01 ≤ β ≤
0.1 for modified projective functional lag synchronization. Figure 8a shows the complete-lag synchronization
of TDS-2 systems, figure 8b shows the estimated
parameters, figure 9a shows antilag synchronization
of TDS-2 systems, figure 9b shows the parameter

estimates, figure 10a shows the modified
functional projective lag synchronization and
figure 10b shows the time history of the parameter
estimates.

5. FPGA implementation of the TDC systems
Recently, many new chaotic and hyperchaotic systems are realized using field programmable gate arrays
(FPGA). Implementation of chaotic and hyperchaotic
system using FPGA is widely investigated [73–75].
Chaotic random number generators are implemented
in FPGA for applications in image cryptography [76].
FPGA-implemented Duffing oscillator-based signal
detectors are proposed [77]. Digital implementations
of chaotic multiscroll attractors are extensively investigated [73,78]. Memristor-based chaotic system and
its FPGA circuits are discussed with their qualitative
analysis [79]. FPGA implementation of fractional-order
chaotic system using approximation method is investigated recently for the first time [33–35].
In this section we implement the time-delayed
chameleon system in FPGA. We utilize the hardware–
software co-simulation [80] to implement the TDC
systems. For this, we use the system generator toolbox of
Matlab for Xilinx Vivado 2016 version and Simulink is
used just to see the output waveforms. The time delays
are configured with the built-in delay block elements
(z −T ) and the time delay is calculated with T = τ/ h
where τ is the time delay and h is the step size. For a
time delay of τ = 0.05 and step size of h = 0.001
the latency time of the delay element is calculated
as
0.05
= 50.
T =
0.001
The communication between the hardware and the
software is established with Ethernet-like protocols
and we have designed the hardware co-simulation for
execution on Virtex 7-XC7 chipset. For implementing
integrator we use the Xilinx system generator shown in
figure 11.
For FPGA implementation of the system and its synchronization, we choose the TDC-2 system with initial
conditions of the master system as [0.1; 0.2; 0.3], the
parameters for the master system are taken as [0.002, 0],
the slave system as [0.4; 0.5; 0.6] and the parameter
estimates as [0.01; 0.1]. The modified projective functions are assumed to be αx = 1 + β sin(π t), α y = 1 −
β sin(π t), αz = 1 + β cos(π t) with 0.01 ≤ β ≤ 0.1 for
the modified projective functional lag synchronization.
First, we implement the master system in FPGA with
commensurate time delay τ = 0.05. Figure 12 shows

Pramana – J. Phys. (2017) 89:92
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Figure 9 (a). Time history of the synchronized states for αx = −1, α y = −1, αz = −1.

Figure 9 (b). Time history of the parameter estimates for αx = −1, α y = −1, αz = −1.
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Figure 10 (a). Time history of the synchronized states for αx = 1+0.01 sin(π t), α y = 1−0.01 sin(π t), αz = 1+0.01 cos(π t).

Figure 10 (b). Time history of the parameter estimates for αx = 1+0.01 sin(π t), α y = 1−0.01 sin(π t), αz = 1+0.01 cos(π t).
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Figure 11. Xilinx system generator block diagram of the integrator.

Figure 12. Xilinx RTL schematics of the master system.

Figure 13. 2D phase portraits of the TDC-2 system executed with hardware–software co-simulation on Virtex 7-XC-7 and
plots shown in Matlab.
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Figure 14. Xilinx RTL schematics of the AMFPLS algorithm.

Figure 15. Xilinx RTL schematics of the controller (eq. (13)).

the RTL schematics of the master system implemented
in FPGA. Figure 13 shows the 2D phase portraits of the
master system plotted using Matlab and executed in Virtex 7-XC7-VX980tffg-1926 with hardware–software
co-simulation.
For implementing the AMFPLS algorithm, the master
system is taken as in figure 12 and the slave system is
implemented with controllers (13) and parameter estimates (18). Figure 14 shows the overall RTL block
diagram of the AMFPLS algorithm implemented in Virtex 7-XC7. Figures 15 and 16 show the RTL schematics
of the controller (13) and the parameter estimates (14).
Figure 17 shows the power consumed by the resources

for implementing the AMFPLS in Virtex 7-XC7 and
table 4 shows the resources consumed. Figure 18 shows
the time history of the synchronized states of the master
and the slave systems. Figure 19 shows the time history
of the estimated parameters.
6. Conclusion
We presented a new time-delayed chameleon chaotic
system with multiple chaotic flows for different choices
of parameters. Lyapunov exponents and bifurcation
plots in parameter space showed the existence of chaotic
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Figure 16. Xilinx RTL schematics of the controller (eq. (18)).

Figure 17. Power consumed by the resources for implementing the AMFPLS algorithm.
Table 4. Resources consumed for implementing the
AMFPLS algorithm in Virtex 7-XC7.
Resource

Utilization

Available

Utilization (%)

LUT
LUTRAM
FF
DSP
IO
BUFG

3066
416
1412
116
193
1

612000
221400
1224000
3600
720
32

0.50
0.19
0.12
3.22
26.81
3.13

oscillations. Bifurcation of the TDC systems with time
delays demonstrated the impact of the delay elements on

Figure 18. Synchronized states of the TDC-2 systems with
AMFPLS implemented in Virtex 7-XC7 and plots shown in
Matlab using hardware–software co-simulation.

the system characters. A modified functional projective
synchronization algorithm was derived and investigated
with identical TDC systems with uncertain slave parameters. The master and the slave systems with the controllers and the parameter estimates were implemented
in FPGA using hardware–software co-simulation for the
execution in Virtex 7-XC7 boards and the results were
presented.
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Figure 19. Estimated parameters of the TDC-2 slave system
with controller (13) and parameter estimates (18) implemented in Virtex 7-XC7 and plots shown in Matlab using
hardware–software co-simulation.
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