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Abstract. In this paper, the dynamics of QD semiconductor lasers is investigated numerically. Large and small
signal modulations for various inhomogeneous broadenings have been studied. Computationally, we have solved
the rate equation for two-state InAs QD semiconductor lasers and the effect of inhomogeneous broadening on
response function and output power due to variation of QD parameters have been investigated in the presence and
absence of tunnelling. Also, we have studied these effects on optical gain and output power. We have shown that
tunnelling injection enhances the efﬁciency of the semiconductor laser.
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1. Introduction
Quantum-dot (QD) lasers have attracted much attention due to the presence of many properties such as
discrete energy states, ultralow threshold current, small
temperature-insensitive operation, etc. [1–3]. These systems are more interesting due to the fact that deltafunction density of state occurs in these systems leading
to an interesting spectrum linewidth of QD systems. So,
researchers are interested to ﬁnd out the dynamical properties of QD lasers for many years.
Experimentally, the modulation bandwidth of the QD
laser is lower than that of quantum well (QW) lasers [4].
In a QW, an electron in an excited state (ES) can fall to
the ground state (GS) by interacting with a phonon in
about 1 ps [5–7]. Phonons, having small energy, cannot
transfer electron between the discrete states of QD with
large energy separation. This leads to increase of relaxation time of the carriers in QD lasers. Experimental
results show that carrier relaxation time is about 100 ps
in InGaAs QD due to the lack of single phonon scattering and about 6 ps due to the existence of electron–hole
scattering [8–10].
Tunnelling injection laser (TIL) has been suggested
to enhance the modulation properties of QD lasers. In
TIL design, cold carriers are injected directly from the

QW layers into the active region including the QD
states [11]. In this mechanism, bandwidth increases due
to low concentration of carriers in the wetting layer
[12]. Phonon-assisted mechanism can describe the processes of tunnelling from the QW to the QD region [13].
Experimentally, the time to tunnel from QW to QD is
about a few picoseconds after considering the phononassisted processes [14]. Different semiconductors can be
employed as a QD and a carrier injector (QW) in the TIL
structures. For example, InGaAs1−x Nx have been used
as a QW and InAs as a QD to design a TIL structure [15].
Magnetism is a very subtle issue in functionalized
graphene and carbon-based materials. So, considering
exciton dephasing time is a subtle issue to improve
the performance of semiconductor QD lasers. In recent
years, the study of homogeneous broadening has been
an essential case in the literature to understand the lasing
process. Exciton–phonon interaction, electron–electron
interaction, and impurity scattering are responsible for
the excitonic dephasing process in QDs. These scattering mechanisms depend on carrier density and temperature. As it seems, exciton–optical phonon interaction
causes broadening in gain spectrum of QDs at high temperatures [16] and at low temperature the interaction
between exciton and acoustic phonon is the dominant process. There is an inhomogeneous broadening
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(inhom ) of the gain spectrum in the QD lasers which
is a consequence of size ﬂuctuations in the systems
[17]. The inhomogeneous broadening is chosen between
23 meV and 34 meV. The homogeneous broadening
(hom ) decreases by decreasing the temperature [18]. At
low temperatures, dots contribute in the lasing process
independently, while at higher temperatures, collective
lasing is expected due to higher homogeneous broadening. The electron–phonon interaction can describe
the temperature dependence of homogeneous linewidth.
Sugawara et al have chosen 5 to 10 meV homogeneous
broadening for ground state and 20 meV for excited state
in their simulation [18–20].
Dynamical properties of tunnelling injection QD
lasers were theoretically studied by considering homogeneous and inhomogeneous broadenings [21,22].
Gready et al have found that decrease of carrier temperature due to tunnelling narrows the homogeneous
linewidth leading to the improvement of the modulation
response [21]. In this paper, we obtain more dynamical
properties as compared to Gready et al paper, considering the effect of homogeneous and inhomogeneous
broadenings on dynamical properties of tunnelling
injection QD lasers. In our previous work, for different carrier relaxation times, the current-output power
characteristics and light emissions of the quantum-dot
laser have been calculated, but we did not import the
effect of tunnelling on the study of laser properties [22].
In this paper, we have investigated the effect of inhomogeneous broadening on the response function of the
InGaAs/GaAs QD lasers with and without tunnelling
by Runge–Kutta method. Our conﬁgurations consist of
three separated WL, ES, and GS states. At ﬁrst, an
energy diagram for the InGaAs/GaAs QD laser is presented by considering tunnel injection. Then, we write
the rate equations and calculate the modulation response
of the laser. Finally, we present the simulation results to
show the behaviour of output power, gain, and modulation response for small and large signal QD lasers. Our
analysis gives a good understanding of the impacts of
tunnelling injection on QD lasers. The capture time of
carriers in TIL design with tunnelling is expected to be
lower than that for QD lasers without tunnelling. Due
to the lack of hot carrier distribution, the modulation
properties can be improved in TIL lasing.

2. Model
In this section, we have described the rate equation
of a laser with two discredit states in the presence of
tunnelling. To compare the dynamical characteristics
of lasing design in the presence and absence of tunnelling, we have considered different conﬁgurations.
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Figure 1. Schematic of carrier dynamics of a lasing system.
Both carrier relaxation and escape in the couple of two discrete
and two continuous levels are presented (a) in the presence
and (b) in the absence of tunnelling [19].

Figure 1a illustrates a QD laser with tunnelling injection and ﬁgure 1b illustrates the case without tunnelling
injection [19].
Different processes like relaxation and escape of the
carriers in the two discrete and two continuous levels are
presented in ﬁgure 1. QDs have a charge neutrality condition and there is no correlation between QD layers.
Also, the QDs are distributed randomly in the model.
The performance of QD lasers are primarily dominated
by the dynamics of carriers and photons, like carrier
relaxation, capture and re-excitation into dots, and radiative or nonradiative recombination rate of the carriers.
In ﬁgure 1a, at ﬁrst the carriers are injected to the separate conﬁnement heterostructure (SCH) region, and then
they reach the quantum well (QW), after that majority
of carriers tunnel to the GS (quantum dot) with probability εt . Also the minority carriers escape from the
tunnel with probability 1 − εt and relax as in the case
where the tunnelling is absent. In ﬁgure 1b, at ﬁrst the
electrons are injected to SCH, then they go to wetting
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layer (WL), after that these carriers are captured to the
WL . Some carriexcited state (ES) in the capture time τES
ers escape from ES to continuous states in escape time
ES , and the others relax to the ground state (GS) in
τWL
ES . Also a number of carriers escape
relaxation time τGS
from GS to ES in escape time τGS
ES . Therefore, in our
model both capture and relaxation of carriers are taken
into account for a better description of a realistic lasing
process. Thus, based on our model, the rate equations
of QD tunnelling injection can be written as follows:
∂ NS
NS
NS
I
= − εt
(1 − PGS ) − (1 − εt )
∂t
e
τt
τd
∂ NWL
NS
NWL
= (1 − εt )
− WL (1 − PES )
∂t
τd
τES
NES
NWL
+ ES −
τWLr
τWL
∂ NES
NWL
NGS
= WL (1 − PES ) + GS (1 − PES )
∂t
τES
τES
NES
NES
NES
− ES (1 − PGS ) − ES −
τESr
τGS
τWL
−

∂ NGS
∂t

∂ SES
∂t

1 
(c/n r )gmES

SES
1 + (εmES SES /Va )
NES
εt NS
=
(1 − PGS ) + ES (1 − PGS )
τt
τGS
NGS
NGS
− GS (1 − PES ) −
τGSr
τES
1
(c/n r )gmGS

SGS
−
1 + (εmGS SGS /Va )
1 
(c/n r )gmES
SES β NES
=
SES −
+
1 + (εmES SES /Va )
τp
τsp

(1)

where VD is the volume of a dot.
VD = πr 2 h.

(9)

Coverage factor is considered as ξ = Nd VD in which
σ |2 is the transition
Nd is the QD volume density. |Pcv
matrix element and is given as follows [20]:
σ 2
|Pcv
| =

m 20 E G (E G +

)

12m e (E G +

)

2
3

.

(10)

Gain compression factor impacts are [20]:
εmES =
εmGS =

(2)
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σ 2
e2 | pcv
| τp h

2n 2r m 20 ε0 E ES hom
σ 2
e2 | pcv
| τp h
2n 2r m 20 ε0 E GS hom

(11)
.

The photon lifetime in the cavity τp is given as


c
ln(1/R1 R2 )
−1
αi +
.
τp =
nr
2L ca

(12)

(13)

Effective density of states in the WL is
ρWL =
(3)

m e kB T
.
π h2

(14)

ES is the electron escape time from ES to WL [20]:
τWL
ES
=
τWL

WL μ N
τES
ES b
.
−E
(E
WL
ES ) /k T)
ρWL (e
B

(15)

GS is the electron escape time from GS to ES [20]:
τES

(4)
(5)

1
(c/n r )gmGS

∂ SGS
SGS β N GS
=
SGS −
+
.
∂t
1 + (εmGS S GS )/Va )
τp
τsp
(6)

In the equations above, NS , NWL , NES , and NGS are
electron number in SCH, WL, ES, and GS respectively.
Also, SGS and SES are in turn the photon number of
GS and ES. I is the injection current. τp is the photon
lifetime. These equations can be converted to the conventional rate equation of a QD laser when εt is zero
1
1
[22]. gmGS
and gmES
are the maximum gains in the GS
and ES which read as
√
δ |2
ξ
2.35 2πe2 h |Pcv
1
gmES =
(7)
(2PES − 1)
2
cn r ε0 m 0 VD E ES inhom
√
δ |2
ξ
2.35 2πe2 h |Pcv
1
gmGS =
(2PGS − 1), (8)
2
cn r ε0 m 0 VD E GS inhom

GS
τES
=

ES μ N
τGS
GS b
.
μES (e(E ES −EGS ) /kB T )

(16)

PES and PGS are respectively the occupation probability
of electrons in ES and GS,
NES
(17)
PES =
μES Nd
NGS
PGS =
.
(18)
μGS Nd
Degeneracy of energy state in ES and GS are μES and
μGS respectively which are considered 4 and 2 in our
model.
The output power is given as
Pout =

hωcSGS log(1/R1 )

.
(19)
2n r L ca
In the analog modulation, a small AC signal adds to
the DC one. So, for a simple case the injection current with modulation frequency ω is I = I0 + I e jωt .
Here, I0 is the bias injection current and I is the
modulation amplitude. Similar to the injection current,
carrier density and photon density can be reformed by
small AC signal; X = X 0 + X e jωt where X = NS ,
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NWL , NGS , NES , S1 and S2 are parameters in the relation. Inserting the above time dependence relations to
the rate equations and neglecting nanosecond time, we
obtain
∂(Ns0 + NS eiωt )
I0 + I eiωt
=
∂t
e


(Ns0 + NS eiωt )
(NGS + NGS eiωt )
1−
− εt
τt
μGS ND
iωt
(Ns0 + NS e )
− (1 − εt )
(20)
τd
and also,


εt NGS NS
εt
I
εt NGS
+
=
.
NS iω − −
τt
τt μGS ND
e
τt μGS ND
(21)

Table 1. Deﬁnition of variables which are used in the equations.
Symbol

Description

Value
0.5 ps
0.5 ps
0.7 ns

EG
εt

Tunnelling lifetime
Scattering time of SCH
Carrier non-radiative
recombination lifetime
in the wetting layer
Electron capture time
from WL to ES
Electron relaxation
time from ES to GS
Spontaneous escape
lifetime in GS
Spontaneous escape
lifetime in ES
Spontaneous radiation
lifetime
Right facet reﬂectivity
Left facet reﬂectivity
Cavity length
Intrinsic absorption
coefﬁcient
Refractive index
Optical conﬁnement
factor
Spontaneous emission
coupling coefﬁcient
Radius of a QD (cylindrical shape)
Height of a QD (cylindrical shape)
Spin–orbit interaction
energy of QD mater
Recombination
energy for ES state
Recombination energy
for GS state
Recombination energy
for wetting layer
Band gap energy
Tunnelling probability

c
vg
T
e
h
kB
Nb

Light speed
Group velocity
Temperature
Electron charge
Planck constant
Boltzmann constant
Surface density

Nd

Volume density

1.5 × 1023 m−3

ND
Nl
m0
me

Number of dots
Number of layers
Electron mass
Effective electron mass
in lattice

1.24 × 107
5
9.11 × 10−31 kg
0.04 × m 0

τt
τd
τWLr
WL
τES
ES
τGS

τGSr
τESr
τsp

We consider the same formalisms for other carriers
and photon and obtain relation for modulation response
function SGS / I . Let us see the values of variables
in table 1.

R1
R2
L ca
αi

3. Results and discussion

nr


Figures 2a and 2b respectively show the plots of the
output power and optical gain respectively as a function of injection current in the presence and absence
of tunnelling injection when hom = 10 meV and
inhom = 30 meV.
As shown in ﬁgure 2a, the threshold current for the
case with tunnelling is lower than the without tunnelling,
but the maximum power in the presence of tunnelling is
larger than in the absence of tunnelling. In the absence
of tunnelling, by applying injection current, the carriers
release their energy with inserting to GS as the thermal
energy form. Also, some of them escape to the excited
state. So, in the tunnelling case, the cold carriers which
tunnel from QW into GS improve the slope efﬁciency
in TIL design. As shown in ﬁgure 2b, threshold gain
in the case of tunnelling is lower than the case without
tunnelling. But the saturated gain in the presence of tunnelling would be more than the case without tunnelling
when the injection current is increased.
Figures 3a and 3b indicate the output power and
optical gain respectively as a function of injection current in the presence and absence of tunnelling when
hom = 10 meV and inhom = 30, 40 and 50 meV.
Threshold current for both with tunnelling and without tunnelling is independent of inhom . The output
power spectra shown in ﬁgure 3a indicate a linear rise
with increasing current density, which is followed by
an almost constant maximum value at intensiﬁed currents. But output power in tunnelling injection reaches

β
r
h

E ES
E GS
E WL

1 ps
8 ps
0.7 ns
0.7 ns
0.5 ns
30%
30%
900 μm
200 m−1
3.5
6%
10−4
16 nm
16 nm
0.35 eV
1.0014 eV
0.9644 eV
1.0502 eV
0.8 eV
95%
3 × 108 m/s
8.571 × 107 m/s
293 K
1.6 × 10−19 c
6.64 × 10−34 m2 kg/s
1.381 × 10−34 J K−1
5 × 1015 m−2
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Figure 2. (a) Output power vs. current in the presence
and absence of tunnelling. Here inhom = 30 meV and
hom = 10 meV and (b) optical gain vs. injection current in the presence and absence of tunnelling. Here
inhom = 30 meV and hom = 10 meV.

a maximum in higher injection currents compared to
the absence of tunnelling. The best slope efﬁciency
and the enhanced maximum power is viewed for the
lowest value of inhomogeneous broadening which is
inhom = 30 meV and also for the tunnelling case.
As shown in ﬁgure 3b, the application of current lower
than the threshold current leads to negative optical gain.
However, by increasing current up to threshold current
(zero gain), the optical gain increases and reaches saturation. The optical gain in the presence of tunnelling
is always more than without tunnelling in the high current mode. In the threshold current where the optical
gain is zero, the system is independent of inhom for
both with tunnelling and without tunnelling conditions.
Also, a large saturation gain has been obtained when
inhom = 30 meV for both with tunnelling and without
tunnelling conditions.
Figures 4a–4c show the plots of modulation response
function in the presence and absence of tunnelling as
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Figure 3. (a) Output power vs. injection current with and
without tunnelling in various inhomogeneous broadening
when hom = 10 meV and (b) optical gain vs. injection current with and without tunnelling in various inhomogeneous
broadening when hom = 10 meV.

a function of frequency for hom = 10 meV and for
various values of inhom .
From this point of view in ﬁgures 4a and 4b,
both modulation bandwidth and resonance frequency
decrease with increasing inhom , but, the peak amplitude increases with increasing inhom . Our ﬁnding is
consistent with the results of Gready et al [21]. The
maximum modulation bandwidth in the presence and
absence of tunnelling belongs to almost equal values
of hom and inhom . The maximum modulation bandwidths of about 17.8 GHz and 13.9 GHz have been found
when inhom = 20 meV for the case with tunnelling
and without tunnelling respectively. The minimum modulation bandwidths of about 10.4 GHz and 8.9 GHz
have been found when inhom = 50 meV for the case
with tunnelling and without tunnelling respectively. The
highest modulation bandwidth is related to the tunnelling case. To explain more we have compared the
modulation bandwidth with and without tunnelling for
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Figure 4. (a) Response function frequency with tunnelling in various inhomogeneous broadenings when
hom = 10 MeV, (b) response function frequency without tunnelling in various inhomogeneous broadenings when
hom = 10 meV and (c) response function frequency with
and without tunnelling in various inhomogeneous broadenings when hom = 10 meV.
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Figure 5. (a) Response function frequency with tunnelling
in different homogeneous broadenings when inhom = 20
meV, (b) response function frequency without tunnelling in
various homogeneous broadenings when inhom = 20 meV
and (c) response function frequency without and with
tunnelling in various homogeneous broadening when
inhom = 20 meV.
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Figure 6. (a) Large-signal number of photons and output power for various inhomogeneous broadenings in the presence
of tunnelling when hom = 10 meV and (b) large-signal input current and number of photons for various inhomogeneous
broadenings in the absence of tunnelling when hom = 10 meV.

inhom = 20 meV and 30 meV. Modulation bandwidth,
resonance frequency, and the peak amplitude in the presence of tunnelling are more compared to that in the
absence of tunnelling.
Figures 5a–5c depict the modulation response function in the presence of tunnelling injection and absence
of tunnelling for inhom = 20 meV and different values
of hom .
As shown in ﬁgure 5, modulation bandwidth, peak
amplitude, and resonance frequency decrease with
increasing hom . In the presence of tunnelling, modulation bandwidth and the peak amplitude are more than
that in the absence of tunnelling. Maximum modulation bandwidth is found when hom = 1 meV for both
cases with tunnelling and without tunnelling and the
minimum modulation bandwidth is related to hom =
10 meV.
To conﬁrm the importance of inhomogeneous broadening in the application of lasers, we present the output

power vs. time curve for AC bias current in the GS state
as shown in ﬁgure 6. Relaxation oscillation and number of photons reduce by increasing inhom but turn-on
delay of the laser extends. In addition, tunnelling into
QD region can reduce the relaxation oscillation in the
system.

4. Conclusion
To investigate the effect of broadening on the dynamical
characteristics and response function, we simulate the
QD laser with different broadening parameters. Firstly,
we set the full-width at half-maximum (FWHM) of the
homogeneous broadening on 10 meV and changed the
FWHM of the inhomogeneous width from 20 to 50 meV.
Secondly, inhom was set on 30 meV and hom changed
from 1 to 10 meV. In general, the relaxation frequency
of a laser appeared to be proportional to the differential
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gain and the difference between the driving current and
the threshold current.
Compared to conventional QD lasers, due to the
higher differential gain and lower threshold current of
the TIL, it is easier to reach the relaxation frequency
even at low driving currents.
In addition, it was shown that carrier transport for
the small signal response with and without tunnelling
are not the same. For the TIL structure, carrier transport induced parasitic effect which is relatively weak,
and modulation bandwidth of TIL is larger than that
without tunnelling. Also, these results can be applied
to improve the characteristics of light–current diagram,
gain, small signal and large signal response of quantum
dot lasers.
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