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AHMED N ABDULLAH

Department of Physics, College of Science, University of Baghdad, Baghdad, Iraq
E-mail: Ahmednajim@scbaghdad.edu.iq

MS received 24 November 2016; revised 8 May 2017; accepted 12 May 2017; published online 31 August 2017

Abstract. The Skyrme–Hartree–Fock (SHF) method with MSK7 Skyrme parameter has been used to investigate
the ground-state properties for two-neutron halo nuclei 6He, 11Li, 12Be and 14Be. These ground-state properties
include the proton, neutron and matter density distributions, the corresponding rms radii, the binding energy per
nucleon and the charge form factors. These calculations clearly reveal the long tail characterizing the halo nuclei
as a distinctive feature.
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1. Introduction

The investigation of the structure of nuclei far from the
β stability line is one of the most interesting subjects in
nuclear physics. The use of the radioactive nuclear beam
(RNB) offers a good opportunity to study the properties
of nuclei far from the β stability line. Many new pro-
gresses have been made in recent years. The discovery
of halo phenomena in exotic nuclei is one of the typ-
ical examples. In general, the halo nucleus has large
neutron excess or proton excess where a few outside
nucleons are very weakly bound. Such halo systems are
well described by the few-body models, which assume
that halo nuclei consist of a core and a few outside nucle-
ons. The small separation energy of the last nucleon, the
extended density distribution and the narrow momentum
distribution due to the Heisenberg uncertainty principle
are important properties of halo nucleus. In this case,
the nuclear structure models based on the experimental
data for stable nuclei should be improved and new theo-
retical models to describe the special structure of nuclei
far from the β stability line are required [1].

Most exotic nuclei are so short lived that they cannot
be used as targets at rest. Instead, direct reactions with
RNB can be done in inverse kinematics, where the role
of the beam and the target are interchanged [2].

Zukav and Thompson [3] discussed the proton drip-
line nucleus 17Ne in a three-body model of 15O plus two
protons. The calculations showed that the 17Ne nucleus

has a Borromean structure, and a matter rms radius of
2.77–2.81 fm, which is in agreement with experimental
data. Antonov et al [4] calculated and compared charge
form factors corresponding to proton density distribu-
tions in exotic nuclei, such as 6,8He and 11Li, 17,19B and
14Be. The result of such a comparison would show the
effect of the neutron halo or skin on the proton distribu-
tions in exotic nuclei.

The aim of this research is to examine the valid-
ity of the Skyrme–Hartree–Fock (SHF) model to study
the nuclear structures of the halo nuclei. For this, the
ground-state proton, neutron and matter density distri-
butions, corresponding rms and the charge form factors
for two neutrons halo nuclei 6He, 11Li, 12Be and 14Be
have been calculated using MSK7 [5] Skyrme parameter
and the obtained results are compared with the corre-
sponding available experimental data.

2. Theory

The conventional Skyrme force is the most suitable force
to describe the ground-state properties of nuclei. This
force basically consists of a two-body term and a three-
body term [6]:

VCS =
∑
i< j

V (2)
i j +

∑
i< j<k

V (3)
i jk (1)
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with

V (2)
i j = t0(1 + x0 pσ )δ(�r) + 1

2
t1[δ(�r)�k2 + �k′2δ(�r)]

+ t2 �k′ · δ(�r)�k + iW0(�σi − �σ j ) · �k × δ(�r)�k,

(2)

V (3)
i jk = t3δ(�ri − �r j )δ(�r j − �rk). (3)

The three-body term in eq. (1) can be replaced by a
density-dependent two-body term [7]:

V (3)
i jk

∼= V (2)
i j = 1

6
t3ρ( �R)δ(�r), (4)

where

�R = (�ri + �r j )/2 and �r = (�ri − �r j ),

the relative momentum operators k̂ = (∇i − ∇ j )/2i and
k̂′ = −(∇i − ∇ j )/2i are acting to the right and to the
left, respectively [6].

The Skyrme forces, with the three-body term replaced
by a density-dependent two-body term, are unified in a
single form by Ge et al [8] as an extended Skyrme force:

VSkyrme =
∑
i< j

Vi j = t0(1 + x0 Pσ )δ(�r)

+ t1
2

(1 + x1 Pσ )[δ(�r)�k2 + �k′2δ(�r)]
+ t2(1 + x2 Pσ ) �k′ · δ(�r)�k
+ 1

6
t3(1 + x3 Pσ )ρα( �R)δ(�r)

+ i t4�k′ · δ(�r)(�σi + �σ j ) × �k, (5)

where Pσ is the space exchange operator, δ(�r) is the delta
function, �k is the relative momentum, �σ is the vector of
Pauli spin matrices and t0, t1, t2, t3, t4, x0, x1, x2, x3,
and α are Skyrme force parameters.

In the SHF method the proton, neutron or charge den-
sities are given by [9]

ρk(�r) =
∑
β∈k

wβψ+
β (�r)ψβ(�r), (6)

where k denotes the proton or neutron, ψβ is the single-
particle wave function of the state β and wβ represents
the occupation probability of the state β.

The root mean square (rms) radii of the neutron, pro-
ton and charge distributions can be obtained from these
densities as follows [6]:

rk = 〈r2
k 〉1/2 =

[∫ r2ρk(r)dr

∫ ρk(r)dr

]1/2

, k = n, p, c. (7)

The total charge form factor squared for unpolarized
electrons and target is given by [10]

|Fch(q)|2 = |F0(q)|2 + |F2(q)|2 . (8)

The elastic charge form factor, F0(q), is calculated by
the Fourier transform of the ground-state charge density
distribution [10], i.e.

F0(q) = 4π

Z

∫ ∞

0
ρ0ch(r) j0(qr) r2dr, (9)

where j0(qr) is the spherical Bessel function of order
zero and q is the momentum transfer from the incident
electron to the target nucleus.

The normalization of the ground-state charge density
distributions, ρ0ch, is given by [10]

Z = 4π

∫ ∞

0
ρ0ch(r)r2dr. (10)

The quadrupole form factor, F2 (q), is obtained by the
undeformed p-shell model as [10,11]

F2(q) = 〈r2〉
Q

(
4

5PJ
)1/2

∫
ρ2ch(r) j2(qr)r2dr,

(11)

where j2(qr) is the second order of the spherical Bessel
functions, Q is the quadrupole moment and PJ is a
quadrupole projection factor given as [11]

PJ = J (2J − 1)

(J + 1) (2J + 3)
. (12)

3. Results and discussion

The Skyrme–Hartree–Fock (SHF) method with MSK7
[5] parameter is employed to study the ground-state
proton, neutron and matter densities and the associated
root mean square (rms) radii of Borromean two-neutron
halo nuclei 6He (S2n = 0.975 MeV, τ1/2 = 806 ms),
11Li (S2n = 369 keV, τ1/2 = 8.75 ms), 12Be
(S2n = 3.67 MeV, τ1/2 = 20 ms) and 14Be (S2n =
1.27 MeV, τ1/2 = 4.35 ms) [12,13]. For complete-
ness, the binding energy per nucleon and elastic charge
form factors also are evaluated within the same frame-
work.

The nucleus 6He (Jπ , T = 0+, 1) is composed of
a core 4He (Jπ , T = 0+, 0) and two halo neutrons
(Jπ , T = 0+, 1). The nucleus 11Li (Jπ , T = 3/2−,
5/2) is composed of a core 9Li (Jπ , T = 3/2−, 3/2)
and two halo neutrons (Jπ , T = 0+, 1). The nucleus
12Be (Jπ , T = 0+, 2) is composed of a core 10Be (Jπ ,
T = 0+, 1) and two halo neutrons (Jπ , T = 0+, 1).
The nucleus 14Be (Jπ , T = 0+, 3) is composed of a
core 12Be (Jπ , T = 0+, 2) and two halo neutrons (Jπ ,
T = 0+, 1). The configurations {(1s1/2)

4}, {(1s1/2)
4,

(1p3/2)
5}, {(1s1/2)

4, (1p3/2)
6} and {(1s1/2)

4, (1p3/2)
6,

(1p1/2)
2} are assumed for core nuclei 4He, 9Li, 10Be
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Table 1. The calculated proton and neutron rms radii along with experimental results.

Nucleus 〈r2
p〉1/2 〈r2

p〉1/2
exp [14,15] 〈r2

n 〉1/2 〈r2
n 〉1/2

exp [15–17] 〈r2
n 〉1/2 − 〈r2

p〉1/2

6He 2.159 2.21±0.03 2.996 2.87±0.04 0.837
11Li 2.264 2.37±0.04 3.253 3.21±0.17 0.989
12Be 2.331 2.49±0.06 2.946 2.75±0.11 0.615
14Be 2.335 – 3.659 3.68±0.26 1.324

Table 2. The calculated charge, matter rms radii and the binding energy per nucleon
along with experimental results.

Nucleus 〈r2
c 〉1/2 〈r2

m〉1/2 〈r2
m〉1/2

exp [17–19] BE (MeV) BE exp. [12] (MeV)

6He 2.127 2.745 2.73±0.04 4.020 4.878
11Li 2.306 3.016 3.12±0.16 4.664 4.155
12Be 2.393 2.756 2.73±0.05 5.750 5.720
14Be 2.393 3.335 2.36±0.19 4.868 4.994

Figure 1. Proton, neutron and matter densities for 6He, 11Li, 12Be and 14Be halo nuclei compared with experimental data
(the shaded area). The experimental data for 6He and 11Li are taken from ref. [14] while the experimental data for 12Be and
14Be are taken from ref. [19].

and 12Be, respectively. The two halo neutrons in 6He,
11Li and 12Be are assumed to be in a pure 1p1/2 orbit
while those in 14Be are considered in a pure 2s1/2 orbit.

The calculated proton, neutron, charge and matter rms
radii and the binding energy per nucleon for 6He, 11Li,
12Be and 14Be halo nuclei using MSK7 Skyrme force
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Figure 2. The comparison between the calculated matter density of unstable and stable nuclei.

parameters are arranged in tables 1 and 2 together with
the corresponding experimental data. According to these
results, the obtained values agree reasonably with the
analogous experimental data for all nuclei under study.

The calculated proton, neutron and matter density dis-
tributions for 6He, 11Li, 12Be and 14Be halo nuclei using
MSK7 Skyrme parameter are respectively displayed as
blue, red and dashed curves in figure 1. The calculated
densities in figures 1a, 1b, 1c and 1d correspond to 6He,
11Li, 12Be and 14Be halo nuclei, respectively. The exper-
imental matter densities (denoted by the shaded area)
[14,19] are shown in these figures for comparison. It
is evident from these figures that the calculated matter
density distributions agree well with the experimental
data throughout the whole range of r . The long tail
behaviour (considered as a distinctive feature of halo
nuclei) is noticeably seen in the distribution of the neu-
tron density. This behaviour is related to the existence of
the outer two neutrons in the halo orbits. The calculated
proton densities of the considered nuclei, shown in these
figures, demonstrate steep slope behaviour because no
protons are found in the halo orbits (all protons in these
nuclei are found within their cores only). Besides, the
difference between the calculated neutron and proton

rms radii for interested halo nuclei is given in table 1.
This difference gives a supplementary support for the
halo structure of these nuclei.

Comparison of the matter density distributions of
the unstable (halo) nuclei 6He, 11Li, 12Be and 14Be
with those of the stable nuclei 4He, 7Li and 9Be are
displayed as dashed and solid curves, respectively in
figure 2. The calculated matter density distributions in
figures 2a, 2b, 2c and 2d correspond to pairs of (6He,
4He), (11Li, 7Li), (12Be, 9Be) and (14Be, 9Be) nuclei,
respectively. It is clear from this figure that the matter
density distributions of unstable nuclei and stable nuclei
are diverse. As the outer two-neutron halos in 6He, 11Li,
12Be and 14Be nuclei are weakly bound, the matter den-
sity distributions of these nuclei have a longer tail than
that of 4He, 7Li and 9Be nuclei. Figures 1 and 2 give the
conclusion that the halo phenomenon in 6He, 11Li, 12Be
and 14Be is connected to the outer two neutrons but not
to the core nucleons.

To illustrate the effect of long tail behaviour of the
matter density distribution for neutron-rich nuclei on the
charge form factors, the charge form factors (C0+C2)
for unstable nucleus 11Li and that of stable nucleus 7Li
are calculated using MSK7 parameter and shown in
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Figure 3. Dependence of the charge form factors on q for
7Li and 11Li nuclei using MSK7 parameter.

Figure 4. The comparison of the calculated elastic charge
form factors of the unstable nuclei 12Be and 14Be with that of
the stable nucleus 9Be using MSK7 parameter.

figure 3. The quadrupole form factor contribution (C2)
is obtained by the undeformed p-shell model. For com-
parison, the experimental data [11] of the charge form
factors of the stable nucleus 7Li are given in this figure.
It is obvious from this figure that the calculated charge
form factors of unstable nucleus decrease faster than that
of the stable nucleus; this is due to the coupling of the
additional four neutrons for the 11Li nucleus with the
7Li core which lead to a difference in the centre of mass
correction.

Figure 4 exemplifies the comparison between the cal-
culated elastic C0 charge form factors of the unstable
(halo) nuclei 12Be (red curve) and 14Be (blue curve)
and that of stable nucleus 9Be (green curve) calculated
by MSK7 parameter. It is clear from this figure that the
calculated form factors of 9Be, 12Be and 14Be isotopes
have one diffraction minimum throughout all ranges of
considered momentum transfer. In addition, the location

of the minimum value has backward shift with increas-
ing number of the neutrons. This change is due to the
enhancement of proton densities in the peripheral region
and also to the contribution of the charge distribution of
the neutrons themselves.

4. Summary and conclusions

The ground-state proton, neutron and matter density
distributions, the corresponding rms radii, the binding
energy per nucleon and the elastic electron scattering
form factors of two-neutron halo nuclei 6He, 11Li, 12Be
and 14Be are studied by the SHF method with MSK7
Skyrme parameter. The calculated results are compared
with the experimental data. The long tail behaviour, con-
sidered as a distinctive feature of halo nuclei, is evidently
revealed in the calculated neutron and matter density
distributions of nuclei under study. Besides, noticeable
difference is found between the calculated overall pro-
ton and neutron rms radii of these nuclei which also
indicates a halo structure. It is concluded that the SHF
method with MSK7 Skyrme parameter is capable of
reproducing information about the nuclear structures of
the halo nuclei as do those of the experimental data.
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